CHAPTER 13 INTEGRATION IN VECTOR FIELDS

13.1 LINE INTEGRALS

1.

2.

3.

10.

11.

12.

r=ti+(l-t)j=>x=tandy=1-t=>y=1-x=(c)
r=i+j+tk=>x=1,y=1,andz=t = (e)

r=(2cos t)i+(2sint)j =>x=2costandy=2sint = x*+y? =4 = (g)

.r=ti=z>x=t y=0andz=0= (a)

. r=tit+tj+tk=>x=t, y=t,andz=t = (d)

r=tji+(2-2t)k=>y=tandz=2-2t = 2=2-2y = (b)

2
. r=(t2—1)j+2tk=>y=t2—1andz=2t=>y=%-—-l=>(f)
. r=(2cost)i+(2sint)k=>x=2costandz=2sint=>x’+z2=4= (h)

. r(t):ti+(1—t)j,0_<_t$l:g—%:i—j2|%|=\/ij;x:tandy:1—t=>x+y=t+(1_t,)=1

1 1
= [ ooy o= l t1-40 Fa= | (VD) a=[VE],=v2

C [}

dr =\/§;x=t,y=1—t,andz=1=>x—y+z—2

r(t)=ti+(l—t)j+k,0$t51=>Q=i——j=>|a

dt

1
=t-(1-t)+1-2=2t~2= J f(x,y,2) ds = J (2t—2)ﬂdt=ﬁ[t2—2t]é=_ﬂ
(o] 0

r(t)=2ti+tj+(2—2t)k,05&51=>g%=2i+j—2k=>|g{ =IF1F4=3xy+y+2

1

1

= (2t)t+t+(2—2t) = J f(x,y,2) ds = I (2t2—t+2)3dt=3[%t3—%t2+2t]0=3(§-.%+2)=1_23_
C 0

x(t) = (4 cos t)i+ (4 sin t)j + 3tk, —27 <t < 27 = §E = (4 sin t)i+ (4 cos )j + 3k

2
=|df|= VI6 sin?t+ 16 cosTt+9 =55 VATHy? = Vibcos L+ 16 s’ t =4 > J f(x,y,5) ds = J @) dt
C -27

=[20t127, = 80~
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13 (t) = (i+ 25 +30) +t(=i -3~ 2k) = (1 - )i+ (2~ 30)j + (3 20k, 0< e < 1= P= i 352k

:’%|=\/1+9+ =V xt+y+z=(1-t)+(2—3t)+(3-26) =66t = I f(x,y,2) ds

. C
1 1
= [ 6-o0 viEa=sv[1-¢] =(ovii)(})=svE
0
0
14. x(t) = ti+tj + tk, 1<t<oo=#3t-1+_|+k =>|dt =+/3; V3 V3 =I3.

Cryi+a? 22 30

= J f(x,y,2) ds=T (E{g)\/ﬁdm[-%]:o:blg& (—%+1)=1
1

C

15. Cp r(t)=ti+t%,0<t <1 E=itoy =>|% =vV1+at% x4+ F-P =t + V-0 =t +]t]=2t

1
=> f £(x,y,2) ds=I 2t\/1+4t7dt_[ (1+4¢2) /2]0 OREEE F=1G6v5-1);
0

G
Cy: r(t)=i+j+tk,05t51=>a——k=>|dt‘—1 X+ ¥-22=1+/T-t2 =242

y

f(x,y,z) ds = J - tz)(l) dt = [2t ---t3] =2 -3 =g therefore J f(x,y,z) ds
C

~N

f(x,y,2) ds + J f(x,y,2) ds=%\/5+g
C

c 2

1
16. Cy: r(t):tk,OStsl:dr—k=>| |_1x+f—z_o+f 2=

_1 - = —'31=__'
= J f(x,y,2) ds—i ) dt_[ t] ;

3 o 3
1
Cy: r(t):tj+k,05t51=>g—€=j=>|%|=l;x+\/§-—z2=0+ f-1=vi-1

1
= I f(x,y,2) ds = J WVE-1)) dt=[%t3/2—t]l =-§-—1=—%;
C, 0 °

Ca: r(t)=ti+j+k, 0<t<1=>%F _I:IH—‘_l x+\/_—z =t+y1-1=t

= I f(x,y,2z) ds = 1 (£)(1) dt:[g]:):%: i f(x,y,2) ds = J fds+J' fds+J fds=_%+(_l)+%

G 2 C3
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X+y+2 _ _t+t+t _1

et L es dr _ k | |__ V3
17. !'(t)—tl+tj+tk,0<a.5t$b=>a— i+j+k = . o el

b
= I f(x,y,z) ds = I (%)ﬁdt:[\/ilnltl ]::ﬁln(g),since0<a5b
C a
(—asmt)]+(acost)k=>‘ |—\/a.§sm5t+a7cos2t_|a|,

r(t) = (a cos t)j+ (a sin t)k, 0<t<21r=>

18.
lajsint, 0<t< 7 T r
—\/x5+z7=---\/0+a5 sin’t = e = J f(x,y,z) ds = J —|aFaintdt+I jaf sin t dt
lalsint, 1<t <27 ¢ 3 *
2
=[a? cos t]: —[a? cos t]: =[a%(~1) —a?]-[a? - a?(-1)]= —4a?
3
19. r(x) = xl+y1—x1+71,0<x<2=>gr—1+xj =>| I—\/1+x2 f(x,y)—f(x,-f) (x2 2x=>des
x
y) ¢

h 2
=I (2x)V1+x dx=[§(1+x2)3/2]0=%(53/2_1)=10‘/§"2

0
4
x+(x-z-) 4
= dr _ = £ ( ﬁ)z = 4x+x
20. x(x) = m+-2--_]=>a-I 1+x),0<x<l=#| | Vet (x,y) =f| %% cpre by e
f sl W e 0 4 2 ¥ 1,1 _1n
J'fdszj 4x +x 14x dx=[ (x+’ﬁ—)dx=[%+xm] =3+35=55
4?1-+‘-x!I 2 0
21. x(t) = (2 cos )i+ (2sin t)j, 0<t <} =>dt_(—2sint)i+(2cost)3:ldz=2;f(x,y)=f(2cost,2sint)
/2
_2cost+2sint=>lfds=I (2cost+2mnt)(2)dt=[4smt-—4cost]"/2—4 (—4)
C 0

16’

22. ¥(t) = (2coat)1+(2mnt)3, 2t27= a— (-—25mt)1+(2cost)]=>| | 2; f(x,y) = f(2 cos t,2 sin t)

/4
=4cos’t—2sint=> I fds= J (4 cos?t —2 sin t)(2) dt ={4t +2 sin 2t +4 cos t]:;z
n/

2
=(w+2+2ﬁ)—(2w+o+0)_2(1+ﬂ)—

1
=2+ M= J 8(x,y,2) ds = I sty (2vEF 1) dt
(o] 0

2. x(t) =(2-1)j+ 2k, 0t < 1= §= 2tJ+2k=>l

=] (%t)(Z\/t’+l)dt=[(¢,2+1)];=23/z_1=2\/§_1

0
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24, r(t) = (2 - 1)j + 2tk, —15t51=>g{=2tj+2k

= g—ﬂ:zx/t§+1;-M= J 5(x,y,z) ds
c

25.

26.

(5= 1) +2)eVTF D) at

1
30(t2 41 dt=[30(t3+t)] =60(%+1)=80;
(t+1) Fre )| =00(3+1)

(t’—l)[30(t2+1)]dt=]. :m(t“—1)dc=[30(§55---r.>]l =60(%—1)=—48

= J yé(x,y,2) ds =
-1 -1

Le—

:?:—ﬁ:—s—o:—g;Myzz J x6(x,y,z) ds = J 06 ds =0 = X = 0; Z =0 by symmetry (since 6 is
[} C

independent of z) = (%,7,%) = (0,-%,0)

r(t) = v2ti+v2tj+(4 -2k, 0<t < 1 :s{=\/§i+\/§j—-2tk:lg§|= V2244t =215 4%,

1
(a) M=J5ds=f 3t {(2vV1+¢7) dc_[2(1+t2 ] 2(2%/2 1) =422
C 0
1
(b) M= I §ds = J O evVIF?) d =[tvT+ 2 +hn(t+ vVIF O]y =[vZ+In(1 +2)]- (0 +1n 1)
0

_.\/_+In(1+\/_
r(t):ti+2tj+§t3/2k,0_<_t52aa——1+21+t‘/2k=>|d'|—\/1+4+ =6+8

2 2
M= J §ds= J (3vEFE)(VEFt)dt = J 3(5+t) dt=[132-(5+t)2]:=%(72—52)=%(24)=36;
C 1) 0

2
t[3(5 +¢)] dt = J (15t + 3t2) dt =[-1§t’ +t3]: =30 +8 = 38;
)
2
2[3(5+1)] dt =2 I (15t + 3t2) dt = 76; M, = I 26 ds = [ 263235 + 1)) at
0 C 0

O O 10

M
(10t3/2 4 2t3/2) dt—[4t5/’+ t7/2] =42 +3@" =16v2+ 22 =1 o =2

M
19 oM 76 _19 - Xy 144\/5 4
18;)!—-7;4——-3-——9 ,andz:—m—:-m_-—7\/-
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27. Let x=acostandy=asint, 0 <t < 2. ’I‘hen%%:—asint,%%:acost,%%zo
27
:\/(%) +(%l) (%%) dt=adt;[, = I(x +y? 6ds J (a2 sin?t + a2 coszt)a6dt
c 0
2r 2x
=I a3 dt = 2r6a%; M = I&(x,y,z)ds J& t = 2réa => R, = \/- \[22’;1 =a,
0 0
1
2. r(t) = ti+(2-20k, 0t <1 =j- 2k=>| tl_fM jm;:[ 8v/5 dt = 6/5;
C 0
f 1
I, J(y +22)6ds = J [t2+(2—2t)2]6\/5dt=] (5t2—8t+4)6\/5dt=6\/5[%t3—4t2+4t] =%6\/5;
c 0 ° 0
1 1 .
L= J(x +22)6 ds =J [ 2+(2—2t)2]6\/5-dt=J (41~ 86+ 4)6/8 dt = 6/ [41° - 47 141 =45V/5;
c 0 0 0
1
Iz=l(x’+y)6ds I( +t2)6fdt—5\/_[3'] —3'5\/_=>Rx \/_ \/ng "'\/— \/Z
C 0
and R, = Iz=1 |
M~/3

29. r(t) = (cos t)i+ (sin t)j + tk, 0<t<2ﬂ'=> -('-sin t)1+(cost)_|+k=>| =Einl t+ cos? t + 1 = /2

»

I 4 . 2r

(a) M= J&ds J&ﬁdt=2w6ﬂ;lzzj(x2+y §ds= J’ cos? t + sin t)6\/_dt-21r6\/_
0 c 0

=>R, = IM’:l

o'—ﬁi

(b) M= J 5(x,y,2) ds =
C

=R1=\/%=1

30. x(t) = (t cos t)i+ (t sin t)j+2—ﬁt3/2k, 0<t<1 =>§{=(cos t—t sin t)i+ (sin t +t cos t)j+ /2k

4
6v/2 dt =476+/2 and I, = J (x2+y*)éds = f §4/2 dt = 476+/2
[}

C

>|d|= e+ =t+1r0gt< M= J&ds—].(t.+1)dt—[§(t+l)2] =Yz-11)=}

c

1

My, = J 26 de = J‘ (2‘/_t3/2)(t+1) dt = 2_3\/_51‘ 15/2 1 317) gt = 2\/—[2t7/2+ t5/2]
C 0 0
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_2v/2(2 2\ _ 2V/2(24\_ 1612 _Mxy“(mﬂ) 32v2 .
=53+ D)= @)= ==-w=15 ) h=] (e
C

1

1
l (t2 cos?t +t2 sin®t)(t +1) dt = I (t3+t2)dt—[z+§;]0=%+%=ﬁ: R, = ‘/%g \/%

0

31. é(x,y,z) = 2 —z and r(t) = (cos t)j + (sin t)k, 0 <t < 7 => M = 2x — 2 as found in Example 4 of the text;

" L4
also | 4| = 1; 1, = J (y2 +122)6 ds = I (cos?t +sin?t) (2 —sin t) dt = J (2—sin t) di = 27— 2 = Rx=\/1iv;1
C 0 0

=1

32, x(t) =ti+ 2‘/-t3/ +-t2—k 0<t<2=> —n+ft‘/ +tk=>|g-|..\/1+2t+t’ VA +t)3 =1+t for
2

05t52;M=l6ds=I (-t-}ﬁ)(ut)dt-l d=%M, ix&ds_l (m)(ut)dt_[%;]:_z;

2

2 2 2
M“= J yd ds = -[ ¥t3/2dt=[%§t5/z] =;1%;Mxy= J z&ds:j' g;dt:[t;](’:%:ﬁ:%!:l.
C 0

[}
&=J§=§ﬁ

33-36. Example CAS commands:

x:= t -> cos(2#t); y:= t -> sin(2xt);

=t -> t7(5/2);

fi= (x,y,2) -> (1+(9/4)%2°(1/3))'(1/4);

sqrt(D(x)(t)2 + D(y)(t)2 + D(z)(t)"2: absvee := unapply(%.t);
a:= 0: bi= 2«Pi:

integrand:= simplify(f(x(t),y(t),z(t))*absvee(t));
int(integrand,t=a..b);

evalf(%);

CIW[Xay,z,t]

rft_] = {x[t],y[t],2[t]}

flx_y—z_] = (1 + 9/4 2(1/3)y(1/4)
x[t_] = Cos[2 t]

y[t_] = Sin[2 t]



Section 13.2 Vector Fields, Work, Circulation, and Flux 1087

zt_] =

{ab} = {0,21’1},

vit_] =

sft_] = Saqrt[ v[t] . v[t] ]
integrand = fx[t],y[t],z[t] s[t]
NIntegrate[ integrand, {t,a,b} ]

13.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX

-1/2 -3/2 =
. f(x,y,2) =(x2+y* + zz) / = % = —%(x2 +y2+ zz) / (2x) = —x(® +y2 + zz) 3/2; similarly,

-3/2 -3/2 —xi—yj—
g-g=—y(x2+y2+zz) / and%:—Z(x2+y2+z2) Py gpo Mook 213‘/2
y (x2+y2+12)
_ _1 2,2, ,2 of _1 x .
. f(x,y,z)=In \/xz-l-y +zz—2ln(x +yi+z )=>ax_2(x e s )( X) = TR
e of _ y of _ 2 _xi+yj+zk
similazly, 5y = A A e T ey 2 T Vit e 2
- 2,2, 08 _2x Gs__ % o8 _
. gx,y,z) =e*—In(x®+y )=>6—-—-;1—:_‘—y- = x2+yzanda_ez
—2x_\; 2 \ii oo
= Vg= s )i — + %k
& (x +y )l (x2—+-y2)J

og

e yts PFmxtnand PFoyixs V= +ai+(@+ai+(ctyk

g y,2) =xy+yz+xz = 52

. |Flinversely proportional to the square of the distance from (x,y) to the origin = \/ (M(x, )% + (N(x,y))?

k . - o - —x s y .
= k > 0; F points toward the origin = F is in the direction of n = i— j
1y s Vet V¥

= F = an, for some constant a > 0. Then M(x,y) = ~m2&=s and N(x,y) = oy
= FE NN S
= \/(M(X¢Y))2 +(Nxy)?=a=a= ) k z=> F= —kx ky j, for any constant k > 0

J,
x'+y @ g

. Given x?+y2=2a?+b? let x = \/a,2 + b2 cos t and y= —\/a2 +bZsint. Then
r= (\/ Al + b? cos t)i-— (\/ al + b? sin t)j traces the circle in a clockwise direction as t goes from 0 to 27

>v= (—\/a,2 + b2 sin t)i—(\/ a2 +b? cos t)j is tangent to the circle in a clockwise direction. Thus, let
F=v= F=yi—xjand F(0,0) =0.
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7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
field F, and calculate the work W = J
C

.dr
dt”

(a) F = 3ti+ 2tj+4tk and d"-—-l+,|+k=>F

1

dr _9

dt—9t=>W J. 9t dt_f
0

1
1
(b) F=3t%i+2tj + 4tk and =i + 265 + 4%k = FE=n?i167 > W= J (762 +16t7) dt = [%t3+2t8]
0

_T,9_13

1
Cdn d
(c) 1 = ti+tj and r, =i+ +tk; Fy = 3ti+ 2t andH'Tl=l+,=>Fl-.§tl=5t=>wl=J stdt=J;
]

1
dl.'z 9
F2—31+2J+4tka.nd dt =k=> FZ'W':‘“ > W, = J 4 dt =2 =$W=W1+W2=§
0
8. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = J F. g:
C

() F=(t21

. odr 1 _ 1 —lan-1¢] =7
+l)_]and —1+J+k=>th éw_lmdt_[tan t]o_

1
(b)F:(tzil)_]andg:—i+2tj+4t3k=>F-g—f: 2t =>W=J (2+1)];=1n2

o s e s o 1 dr dry 1 dr.
(c) p=ti+tjandry=i+j+tk; F; = ( +1)Jand dt_l+‘l=>F1 dt ‘i:'l'sz—%Ja“d'ﬁ—k

NS

1
dr, 1
=>F2'_<1T=0:>W=J mdt:
0

9. Substitute the parametric representation for r(t) = x(t)i+ y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = J F-gf.

[}
(a)F=\/fi—2tj+\/€kand——1+1+k=$F F=i-n=>W= J(2\/-—2t)dt—[ t3/2 - ]_—_%
F=t2 dr _ . : 3 dr _ 4.4 o2 _ 4_ o2 _f4.5 31 __1
(b) F=t%—2tj+tkand L =i+2j+4t°%k = F-L=at 3t=>W-I(4t 3t)dt_[gt t]o_ i
(1]



10.

11.
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1
(c) r1=ti+tjandr2=i+j+tk;Fl=—2tj+\/ikand%%=i+j:Fl-%'tlz-.—zt:wl=I ~2t dt .
0

1
d d
=—1;F,=\/€i—2j+kand-al-;3=k=>F2-—d%-=l=>W2=l dt=1=W=W,+W,=0

Substitute the parametric representation for r(t) = x(t)i+ y(t)j + z(t)k representing each path into the vector
field F, and calculate the work W = J %
C

1
(8) F=t%i+t% +t’k and %=i+j+k=> F-d:=3t2=>w= J 3t2dt=1
]

1
(b) F=t3i—t5+t°k a.nd%%:i+2tj+4t3k=> 1-‘-§§=';3+2t7+4t.8 >W= J (3 + 27 + 48) dt

L=

1
I O YUY I 4
SletTtet =1

1
d d
(¢) 1 =ti+tjand r,=i+j+tk;Fl-_-tﬁiandaftl:i-pj»Fl-a'.tl=t2=>w1=J tzdt=%;
[}
d d i
F2=i+ej+tkand-d'?2=k=>1~‘,-—(;t3=t=>w2=J tdt=1=>W=W,+W,=3
o

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = I F g—t!
C

1
(a) F=(3t2—3t)i+3tj+kandd:=i+j+k=>F-%{:st2+1#W:I (3t2+1)dt=[t3+t];=2
0
(b) F=(3t>—3t)i+3t% +k and d:=i+2tj+4t3k=>F-%=6t5+4t3+3t2—3t
1 1
=>W=I(6t5+4t3+3t’—3t)dt=[ts+t4+t3-—%t2] =3
0

. dr, . . dr
(©) p=tittjand p=i+j+tk; Fy =(3t*—3t)i+kand p=i+j= F - =823t

1 1
1 . d d
=>w1=j (3&2—3t)dt=[t3—%t2]o=—%;F2=3tj+kand—dl;—’=k=>F2-{$=l=>W2=I di=1
V] 0

SW=W,+W; =4
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12. Substitute the parametric representation for r(t) = x(t)i+ y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = J. -g—:
(o}

1
(@) F=2ti+2i+2kand E=itjska F-Eoptow= j 6t dt =[3t2]] = 3
(1]

(b) F=(t2+t)i+(t*+t)j+(t +t2)k andg§=i+2tj+4t3k=> F-4E =6t + 54 + 32

1
> W= J (6t5+5t4+3t2)dt=[t6+t5+t3];=3
0

d
(€) n=ti+tiand s, =i+j+tk; Py =ti+tj+2kand Fl=i+j= Fl-%itlﬂt

1 1
d d
=>w1=J 2t dt = 1; F2=(1+t)i+(t+1)j+2kmda’{:k:F,--d%’=2=>w,=J 2dt =2
0 0
SW=W,+W,=3

13. r=ti+t%+tk, 0 <t <1, and F=xyi+yj—yzk = F = t3i+ t% ~ t°k and d:=i+2tj+k
1
=>F-dz=2t3=> work:J 2t3dt=%
0
14. r= (cos t)i+ (sin £)j + §k, 0 < t < 27, and F = 2yi+ 3xi + (x + )k

= F = (2 sin t)i+ (3 cos t)j + (cos t +sin t)k and,ﬂ{ = (— sin t)i+ (cos t)j+%-k = Fg%
2%

=5cos’t—2+%cost+%sint=>work = I (5 coszt—2+%cost+%sin t,)dt
2
=[%t+%sin 2t—2t+%sint-%cos t]ow=51r-—41r=1r

15. r = (sin t)i+ (cos t)j +tk, 0 <t < 2m, and F=2i+xj+yk = F =ti+ (sin t)j + (cos t)k and
2r
%:(cos )i~ (sin t)j+k=>F-g% =t cos t —sin®t +cos t = work = J. (t cos t —sin?t +cos t) dt
0

. 2r
=[cost+tsint—%+ﬂ’z&+sint = -7
1]

16. r = (sin )i+ (cos t)j +§k, 0 <t <27, and F = 6si+y%j + 12xk = F= ti++(cos? t )j + (12 sin t)k and

%:(cos t)i — (sin t)j+%k=> F-g—t—' =t cost—sint cos’t+2sint



17.

18.

19.

20.

21.

22.
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= work =

o;ﬂ;:

27
(t cos t —sin t cos®t + 2 sin t)dt =[cos t+t sint+%cos3t-2 cos t] =
0

x=tandy=x>=t’=>r=ti+t%, -1<t <2, and I"=xyi+(x+y)j:F:t"’i+(t+t2

)
2

%=i+2tj=>F-%=t3+(2t2+2t3)=3t3+2t2=>nydx+(x+y)dy=1 dr gy = J.(3t3+2t2)dt
(0] C -1

—[3¢44 23] = 16)_(3_2)_45,18 _69

=[§e+3¢ ]_1‘(1“ )-(§-3)=%+3=9%

Along (0,0) to (1,0): r=ti,0<t<1,and F=(x—y)i+ (x+y)J=>F..t1+tJandg:_1=>F gt_t
Along (1,0) to (0,1): r=(1—t)i+tj,0<t<1, and F=(x—y)i+(x+y)j3F=(1—2t)i+jand

% —i+j=F- g = 2t;

Along (0,1) to (0,0): r=(1-1t)j,0<t<1l,and F=(x—y)i+(x+y)i=F=(t-1)i+(1~t)j and

1 1 1 1
Q =-—j= F- dt_.t—1=> J (x—y)dx+(x+y)dy=J tdt+I 2tdt+] (t—l)dt:f (4t—1) dt
L c 0 0 0 0
=[22—t] =2-1=1
r=xi+yj=y%+yj,2>y>-1, and F=x%-yj= yl—y_]:>ad—r—2y1+_|andF g'-—2y -y
= [ p.dray _ CLa] T o (Lo1) (64 4)_3_63_ _39
éjF‘TdS”J F-3 ¢ j(2y y)dy =[3y° 2”] =(3-3)-(%-9)=3-%-=-3%
c 2 2
r = (cos t)i+ (sin t)j,OSts% and F = yl—x_|:>F (sin t)i— (cos t)j and ~(—sm )i+ (cos t)j
/2
=>F-%=—sin2t—coszt:—1 = J F-dr= J (-ndt=-%
C 0

r=(+)+t(+2) =1 +t)i+(1+2t)j,0<t <1, and F=xyi+(y—x)j = F=(1+3t+2t2)i+1tj and
1

dr_ . o dr 2 — — 2 2,2.3]" _25
dr it ojs Fodf= 1456427 = work = J A= I(1+5t+2t de=[t+5t +3t] L
C 0

r=(2cos t)i+(2sint)j, 0 <t < 2m, andF: VE=2(x+y)i+2(x+y)j

= F = 4(cos t +sin t)i + 4(cos t + sin t)j and =(-2sint)i+(2cost)j = F- dt

= —8(sin t cos t+sin2t)+8(cos2t+cos t sin t): 8(coszt——sin2t) =8 cos 2t => work = J Vf-dr
C

N

™

JF -4E g =J 8 cos 2t dt =[4 sin 2t13" =
0
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23. (a) r=(cos t)i+ (sin t)j, 0 <t < 2m, F) =xi+yj, and Fy = —yi+xj => —(—-sm t)i+ (cos t)j,

= (cos t)i+ (sin t)j, and Fy = (—sin t)i+ (cos t)j = F; - gt =0and F,- a— =sin?t +cos?t =1

2r 27
= Circ) = J 0 dt =0 and Circy = J‘ dt = 2m; n = (cos t)i+ (sin t)j=>F1-n=coszt+sin2t=1and
0 0
27 27
F,-n=0 = Flux; = J dt = ﬂ'andFluxz_I 0dt=0
0 0
(b) r=(cos t)i+ (4 sin t)j, 0<t<27r=> = (—sin t)i+ (4 cos t)j, F; = (cos t)i+ (4 sin t)j, and
27
F, = (—4 sin t)i + (cos t)j=>F1-g—:=15 sin t cos t and Fz‘%%=4=>0i“51=[ 15 sin t cos t dt
0
27
[1551n t] —Oa,ndCucz_J. 4dt=8mn={—2=cos t )i+ —lmsint j=F,-n
3 ;;17 17
2r 27
4 2 4_ 2 — 15 4
= cos“t + sint and Fy-n =~ smtcost:}Flux:J F;-n |v|dt=.[ 17 dt
Wit Wik 2 Wit =] (Fy-m) | 7 v
27 27

= 87 and Flux, = J.(Fz-n)|v|dt I( 15 smtcost)\/—dt—[ - sin t]
0 0

24. r = (a cos t)i+ (asin t)j, 0 < t < 2m, F; = 2xi—3yj, and Fy = 2xi+ (x - y)]=> —(—asmt)1+(acost)3,
F, = (2a cos t)i— (3a sin t)j, and F, = (2a cos t)i+ (acos t —asin t)j = n|vi= (a cos t)i+ (a sin t)j,
Fl-n|v|:=2a2 cos?t — 3a2 sin?t, and F2-1:||v|=2a2 cos?t +a? sin t cos t — a2 sin?t

2r

. 2 . 27
= Flux, = I (2a2 cos?t + 3a? sinzt) dt = 2a2[%+§%§] —3a2 [%—ﬂ%—g—’] = —7a?, and
? 0 o

27
. 2r 2 2 . 2r
Flux, = J (2a? cos?t + a2 sin t cos t —a? sin?t) dt = 2a2[%+¥]0 +a-2—[sin2t]0t—a2[%—%]o = 7a?
0
. . . dl‘]_ . . . d!‘l .
25. F; = (a cos t)i+ (a sin t)j, = (—a sin t)i+ (a cos t)j = F, = 0 = Circ; = 0; M; = a cos t,

N; =asin t, dx = —asin t dt, dy = a cos t dt = Flux, = J M;dy—-N; dx= (a2 cos?t +a? sinzt)dt
C

Oty

s
= J a? dt = a’m;
0
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dr, dr ?
F, =ti, I 2o Fz-ﬁ_t:Cu‘c t dt =0; My =t, N, =0, dx = dt, dy = 0 = Flux,
“a
a
= I M,dy—-Nydx= I 0 dt = 0; therefore, Circ = Circ, + Circy = 0 and Flux = Flux; + Flux, = alr
c -8

dry
. Fy =(a? cos?t)i+ (a2 sint)j, —a—— (—asin t)i+(acost)j = F,- -a-_ —a3 sin t cos?t +a% cos t sin?t

3
= Cire; = (—a3 sin t cos®t + a3 cos t sinzt) dt = —-2%; M, = a? cos?t, N, = a? sin?t, dy = a cos t dt,

Oy

L4
dx = —a sin t dt = Flux; = J M, dy—-N, dx= J (a3 cos®t + a3 sin®t) dt =%a3'
C (V]

a
a d
F2=t2i,%=i=>F2-?rtZ=t2=>Circ2= J z“da_T,M,_ﬁ N, =0,dy =0, dx =dt
-8

= Flux, = j M, dy — N, dx = 0; therefore, Circ = Circ, + Circ, = 0 and Flux = Flux, + Flux, = %a:;
(o]

d d
. F; = (—asin t)i+ (a cos t)j, -;g—: (—asin t)i+(acos t)j = F, % = a? sin?t + a? cos?t = a2

=> Cirey; = a? dt = a’r; M, =-asint, Ny =acost,dx=—asintdt,dy =acostdt

d

I,
= Fluxl = dt

L4
— (a2 2
Mldy—qux_J( a‘sintcost+a smtcost)dt 0; F, =1tj, dt_1=>F2 =0
0

a
= Circ, = 0; My =0, Ny =t, dx = dt, dy = 0 = Flux, = J M,dy—-N,dx= I —t dt = 0; therefore,
C —a
Cire = Cire, + Circ, = a?r and Flux = Flux; + Flux, =0

d d
.Fy= (—a? sin?t)i + (a2 coszt)j, -al—;l = (—asin t)i+ (a cos t)j = F, Hftl = a% sin®t + &% cos®t

n
= Circy = J a? sin3t + a3 cos t)dt_ga ; M, = —a? sin?t, N; = a? cos’t, dy = a cos t dt, dx = —a sin t dt
0
K dr, dr,
= Flux; = JMI dy - N, dx=I (-aacostsinzt+a3 sintcoszt)dt=%a3; F2=t;2 e _1=>F2 dt =0
C 0

a
= Circ, =0; My =0, N, = t2,dy =0, dx = dt = Flux, = J M, dy—N,dx = I —t2dt = —-%a:’; therefore,
c “a
Cire = Cire, + Circ, = $a° and Flux = Flux; + Flux, = 0
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29. (a) r=(cos t)i+(sint)j, 0 <t<m and F= (x+y)i—(x2 +y2)j = g%: (—sin t)i+ (cos t)j and

F = (cos t +sin t)i'-(008212+sin2'i)j = F-%:-—sin t cos t —sin?t —cos t = I F-Tds
C

o ~
(—sin t cos t —sin?t —cos t) dt =[—%sin2t—%+§‘-n4ﬁ—sin t]o = —%

oO——3

(b) r=(1-2t)i, 0<t<1,and F=(x+y)i—(x®+y?)j :g—’::-i and F=(1-2t)i~(1-2t)%j=>

1
1
F-%%:%—l = I F-Tds= I (-1 de=[t2~t] =0
1]
d

(c) p=(1—t)i—tj, 0<t <1, and F.—.:(x+y)i-—(x2+y2)j=>artl=-i—jand F = (1 —2t)i—(1 -2t +2t2)j

d dr, |

=>F-%=(2t—1)+(1_2t+2t2)=2t2=>Flow1=J I-‘--;%:I 2w dt=2;r = —ti+ (-1,
¢, [

d
0<t<1,and F=(x+y)i—(x2+y2)j=>35t"—'=-—i+jand F=—i—(t2+t2-2t +1)j

1
. . dr. dr.
=-i—(262-2t+1)j = F-2=1-(2 -2+ 1) =2t — 2 = Flow, = I Fyl= J (2t —2t2) dt
G, 0

1
=[t2—§t3]0 =% = Flow = Flow, + Flow, =%+%= 1

d
30. From (1,0) to (0,1): r; =(1—t)i+tj,0<t <1, and F=(x+y)i—(x’+y’)j=>—dt€-=—i+j,
1
F=i-(1-2t+2t2)j,andn1|vl|=i+j=>F-n1|v1|=2t—2t’=>ﬂuxl=I (2t - 2¢2) a
V]
1
=[t2-2¢3] =1,
[ 3 ]0 3 4
) ¢
From (0,1) to (—1,0): £ = —ti+(1—-t)j, 05t <1, andF:(x+y)i—(x2+y2)j=>-dT2=—i—j,

F = (1-2)i—(1-2t+2t2)j, and ny |vy|= =i +j = Fony | vp| = (2t — 1) +(~1+ 2t - 2t?) = —2 + 4t — 242

1
2.3 __2.
= Flux, = J (-2 +4t—2t2)dt=[—2t+2t2—§t3]0_—3,
N dr.
From (—1,0) to (1,0): 13 =(—1+2t)i, 0<t<1, and F = (x+y)i—(x*+y?)j :-dT3=2i.

F = (-1+2t)i— (1 -4t +4t?)j, and ng | v5|= =2j = F-ng |v5| = 2(1 - 4t +4t?)

1

1
= Fluxg =2 J (1—4t+4?)dt = 2[t—2t2 +%t3]0 =%~ => Flux = Flux, + Flux,; + Flux; = %—%+%=%
0



31.

32.

33.

34.

35.
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F=- zjonx2+y2=4;

Yy s X
1+
Vxi4+y® xE 4y
at (2,0), F=j; at (0,2), F = —i; at (=2,0),

* (#’—4)’ I"=—2i+‘/7tzj; at(_# ﬁ)
N

—gi-Tgiiet\ -

F=

F=xi+yjonx>+y%=1;at (1,0), F=1i;
at (—1,0), F = —i; at (0,1), F =j; at (0,-1),

-

i+5-j;

(a) G = P(x,y)i+ Q(x,y)j is to have a magnitude v/ a2 + b2 and to be tangent to x> +y? =a?+b%ina

counterclockwise direction. Thus x* +y? =aZ+b% = 2x+2yy' = 0=y = —’y(- is the slope of the tangent

line at any point on the circle = y’ = —% at (a,b). Let v=—bi+aj=>|v|= \/ai + bf, with vin a
counterclockwise direction and tangent to the circle. Then let P(x,y) = —y and Q(x,y) =x
= G = —yi+xj = for (a,b) on x? + y? = a? + b? we have G = —bi+aj and |G| = Vel + bl

(b) G =(\/x2+yz)F =(\/a2+b2)F, since x2 +y? = a? 4+ b?

(a) From Exercise 33, part a, —yi+ xj is a vector tangent to the circle and pointing in a counterclockwise
yi—xj
x“+y

direction => yi— xj is a vector tangent to the circle pointing in a clockwise direction = G =
is a unit vector tangent to the circle and pointing in a clockwise direction.

(b) G=-F

The slope of the line through (x,y) and the origin is % = v =xi+yj is a vector parallel to that line and

pointing away from the origin = F = —

Xy is the unit vector pointing toward the origin.
X
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36. (a) From Exercise 35, — X +_3] is a unit vector through (x,y) pointing toward the origin and we want
X M

|F| to have magnitude /X +y” = F = /X +y2(—7x-;ﬂ,) = —xi—yj.

xX“+y

i+yj xi+yj
b) We want |F|= C =»>F=—=C (— X ):—C( ),C 0, and constant
®) Ve +y VY VE+y x?+y? #0

2
37. F = —4t3 + 8t% + 2k and gt =i+2f=> F-g' = 12t3 = Flow = J 1283 dt = [3t4]; =
0

1

1

38. F = 12t% + 9t?k and ¢ E=3j+ak> F~g: =722 = Flow = J 72t dt = [24t3] ) = 24
0

39. F = (cos t —sin t)i+ (cos t)k and 4 dt = (—sin t)i+ (cos t)k = F- '&fz —sintcost+1

:Flow_T (—smtcost+1)dt-[2cos t+t] ( +1r) (%+0)=1r
0

40. F = (- 28mt)1—(2cost)_|+2kanddr (2smt)1+(2cost)_]+2k=F d' =—4sint—4cost+4=0
= Flow =0
41. Cy: r=(cos t)i+ (sin t)j + tk, 0<t<2=>F_(2cos t)i+ 2tj + (2 sin t)kand -—( sin t)i+ (cos t)j +k

=F- gz —2costsint+2tcost+2sint=—sin2t+2tcost+2sint

/2
/2
= Flow, = J (—sin 2t + 2t cos t + 2 sin t) dt=[%cos 2t+2tsint+2 cos t —2 cos t] ==l+4m
]

0
Cy r=j+Z(1-tk,0<t <1 F=a(l-t)i+2%kand =Tk F-P= —r
= F]ow2 = J —r dt =[—ﬂ't]é= -

0

Cy r=ti+(1-t)j,0<t<1=>F= 2tl+2(1—t)_|anda—-_1—,]:]i‘ a-_

1
1
=> Flowy = J 2t dt =[t2]° =1 = Circulation = (~14+7)~7+1=0
0
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a:=0; b:= Pi;

M:= (x,y,2) ->3/(1 + x2);

Ni= (x.y,2) ->2/(1 + y2);

P:= (x,y,2) -> 0;

Fi= t -> vector(M(x(8),y(£)2(t)), N(x(t),y(£)3(8)), PGx(8),y(®)2(®))]);
dri= t -> vector([D(x)(t), D(y)(t), D@)(®));

integrand:= dotprod(F(t), dr(t), orthogonal);

int(integrand, t=a..b);

evalf(%);

Mathematica:
Clear(x,y,z,t}

rft_] = {x[t],y[t],z[t]}

flx_y-] = {

3/(14x2) ,

2/(1+y2) }

x[t_] = Cos[t]

y[t_] = Sin[t)

2[t] = 0

{ab} = {O’Pih

vit_] = r'[t]

integrand = fix(tly[tlaft]) . Vit
integrand = Simplify[ integrand ]

13.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS

1. %E_x.—@yN Q% %—E %E—Z—T:Conservative

2. %E=xcosz..%l;{ %%—ycosz:%2 %ﬂ=smz=-6—=>Conservative

3. ay ~1#1=9N=, Not Conservative 4. %H-—lqé 1-.a—=> Not Conservative

5. gz—o;él %M: Not Conservative

6. %:0:%,*&4:0 FP' -5;(--—-e siny = T:Conurvative

1. -g—i= 2x = f(x,y,0) =X +g(v,0) = P = g— 3y = g(y,2) = T+h(z)=f(x,y,z)—x +T+h(z)
= % = W(2) = 42 5 h(s) = 22+ C = f(x,y,5) = 22 +§1§—+2z +C

8. %—y+z=>f(x,y,z) (y+z)x+g(y,z)=>5;—x+3—-x+z=>3—=z=’g(y,z)—zy+h(z)

= f(x,¥,2) = (y +z)x + zy + h(z) =>3-i=x+y+h’(z) =x+y = h'(z) =0 = h(z) = C = f(x,y,3)
=(y+z)x+zy+C

9. Of

= eYt% = f(x,y,2) = xe¥ 12 4 g(y,2) = %: xey+2"+g-g-=xe"+2' 3

3—— 0 = f(x,y,2)

=xe"*2 4 h(z) = & = 226747 4 b/(z) = 25677 = W(3) = 0 = h(z) = C = f(x,y,7) = xe*# 4 C






10.

11.

12.

13.

14.

15.
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%:ysin z = f(x,y,2) = xy sin z + g(y,2) :%:xsin z+g%=xsin z ﬁ%—f;:ﬂ = g(y,z) = h(z)
= f(x,y,2) = xy sin z+h(z) = %:xy cos z +h'(z) = xy cos z = h/(z) = 0 = h(z) + C = f(x,y,2)

=xysinz+C

g i = ) = Lin(y?+2) +g(xy) = =% in x4 sec? (x 43) = gx)

=(x In x —x) + tan (x +y) + h(y) = f(x,y,2) =§1n(y +2%)+ (x In x —x) + tan (x +y) + h(y)

of__ Y 2 = sec? y = =
#3;-y2+zz+sec (x+y)+h'(y) =sec (x+y)+m=>h'(y)-—0=>h(y)_C=>f(x,y,z)

=%ln(y2+z2)+(x In x—x)+tan(x+y)+C

ot
dy

o _ Y -1 __ X o8 x 7
= —1—-5 = f(x,y,z) = tan™" (xy) + g(y,2z) = 5= = Ty +3? =Tyt + Tt
=

3% = -\77{77 = g(y,2) = sin! (yz) + h(z) = f(x,y,2) = tan™" (xy) +sin™" (y2) + h(z)

O Y 41 (2) = — +:>h’(z) lah@=mizi+C
Yz

=az"ﬁ_zz Vi

= f(x,y,2) = tan~1 (xy) + sin~!(yz) +Injz|+C

Let F(x,y,z)_.2xl+2y1+2zk=>6P—0—%"H,%I\: —%E %N—_ 8M=>de+Ndy+Pd21s
L of _ 2 of _08 _ - =x24v2=

exmt,§—2x=>f(x,y,z)_x +g(y,z)=>ay—ay—2yﬁg(y,z)—y +h(z) = f(x,y,2) =x*+y* = h(z)
(2,3,-6)

=>3——h'(z)—22=>h(z)_z +C = f(x,y,8) =x* +y? +22+C => I 2x dx + 2y dy + 2z dz
(0,0,0)

=1£(2,3,-6) - £(0,0,0) = 2% + 3% + (-6)? = 49

Letl"(x,y,z)-yz1+xz_|+xyk=>%— %— —6M—= =%—E %—Nz =2WM=>de+Ndy+szis

exa.ct,a— yz=>f(x,y,z)—xyz+g(y,z)=>a—=xz+3-—_xz=>5;_0=g(y,z) h(z) = f(x,y,2)

=xyz +h(z)=> 3;:xy+h'(z) =xy = h'(z) =0 = h(z) =C = f(x,y,2) =xyz +C

(3,5,0)
= yz dx + xz dy +xy dz = {(3,5,0) - f(1,1,2) = 0-2= -2
(1,1,2)
Let F(x,y,2) = 2xy1+(x -z )]—2yzk=>gP —2z_.%E Q%_O_gi %g 2:(:‘?9—1;;I

= M dx + N dy + P dz is exact; 6f.-2xy=>f(x,y,z)=x y +g(v,2) =>(-9;=x2+g$—x2-—z :gfl g2

= g(3,2) =~y +h(2) = f(x,y,2) =Py —yz? +h(z) > O = ~2ya + W(z) = ~2y2 = W(5) =0 = h(z) =
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(1,2,3)
= f(x,y,2) =x’y —yz2? + C = 2xy dx +(x? —22) dy — 2yz dz = £(1,2,3) - £(0,0,0) =2 - 2(3)% = -
(0,0,0)
i o2 (4 oP ON OM _o_0P ON_,_OM
16. Let F(x,y,z) = 2xi—y*j (1+z )k:ay—O— ' %a =0 o’ Bx— =%y

3
=>de+Ndy+Pdzlsexa»ct;%=2x=>f(x,y,z)=x2+g(y,z)a%:%:—yzag(y,z)=—%—+h(z)
= f(x,y,2) = x* ——+h(z)=>a— h'(z) = -—:-5=>h(z) —4 tan~'z 4+ C = f(x,y,2)
(3,3,1)

y -1 2 4
=x2—7—4tan z4+C=> 2xdx—y dy—l—fdz=f(3,3,1)-—f(0,0,0)
—Z
(0,0,0)

=(9-23Z—4-§+c)—(0-o—o+0)=—1r

17. LetF(x,y,z)=(sinycosx)i+(cosysinx)j+k=>g—P—0—%N- %I‘—/I---O'-—al %-cosycosx:w
=>Mdx+Ndy+Pdzis exax:t;%:sinycosx=>f(x,y.z)=sinysin x+g(y,z)=>3;=cosysin x+3§-
=cosysinx$g%=0=>g(y,z)=h(z)=>f(x,y,z)=sinysinx+h(z)ﬁ%:h’(z):l:}h(z):z+0

(0,1,1)
= f(x,y,z) =sinysinx+z+C = sin y cos x dx + cos y sin x dy +dz =1{(0,1,1) - £(1,0,0)
(1,0,0)
=(0+14+C)-(0+0+C)=1
18. Let F(x,y,z) = (2 cosy)i+(31;—-2xsin y)j+( ) 3— —QEN %M—O-gi,%ﬁ——2 siny = —aM-
. - og
= Mdx+N dy+szlsexact;%:2008)'=>f(x,y,z)=2xcosy+g(y,z)=>g§=—2xsmy+a—
=—§,—2xsinyﬁ%:%:g(y,z):lﬂyﬁh(z)=>f(x,y,z)=2xvcosy+ln|y|+h(z):%:h’(z):%—
= h(z) =Inz|+C = f(x,y,2) =2x cos y +In |y|+In |z|+C
(1,7/2,2)
= 2cosydx+(§,-2xsin y)dy+%dz=f(1,§,2)-f(o,2,1)
0,2,1)
=(2-0+1ng+1n2+c)-(o-cos2+1n2+1n1+C)=1n§
19. Let F(x,y,2z) = 3x 1+( )]+(2zlny)k=> —Zy— —51\1 %—M=0=%§,g—§=0=%%
=>Mdx+Ndy+szlsexz-mct;,a = 3x? = f(x,y,2) = x3 8f bg _

+g(y,2) = 3y g}; => gy,z) =2 Iny+ h(z)

2ZIny+h'(z)=22Iny = h’(z) =0=h(z) =

= f(x,y,2) =x3+2% In y+h(z)=$m= =C = f(x,y,2)



21.

22,
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(1,2,3)

2
=x®+22lhy+C= 3x? dx+%-dy + 2z In y dz = 1(1,2,3) — £(1,1,1
¥
(1,1,1)

=(1+9In2+C)—(1+04+C)=91In2

2
20. Let F(x,y,z) = (2x In y-—yz)i+(x —xz)j—-(xy)k=>a x:%l;‘ %1;4- y_gz g_l:: z=8_M
X2
3de+Ndy+szisexa.ct;8f—2xlny yz=>f(x,y,z)__x21ny xyz+g(y,z)=>ﬁ——--xz+gg
2
=x‘y“"z="g =0= g(y,2) = h(Z)=>f(x,y,Z)=x21ny—xyZ+h(Z)=>E=—XY+h’(z)=—xy=>h(z)=o
(2,1,1)
2
=>h(z)=C=>f(x,y,z)=leny—xyz+C=> (2xlny—yz)dx+(’—‘y-—xz)dy—xydz
1,2,1)
=1(2,1,1)-(1,2,1) =(4In1-24+C)—(In2-2+C)=-In 2
j—( % 0P _ _1 _ON 8M_(.8P ON_ _1 _9OM
Let F(x,y,2) = ()‘*( y)l (,z)“=>37— 20 o T kP T Oy
=>de+Ndy+szisexa.<:t:;‘9 y:t’(x,y,z) F+e(ye) = %:—j‘i+a—§=%_;”_‘i
[i]
=>3-§-=%-=¢g(y,z)=%+h(z)=>f(x,y,z)=§+¥+h(z)=>g-§-=—y+h'(z)—-——=>h’(z) 0= h(z) =
(2,2,2)
=§+¥ 1 1 x\ay-Ydi= —f1,1,1)=(2+24+c)-(L+1
= f(x,y,2) =5 +3+C = j ydx+<z yz)dy Y an=12,2,9 -1, =(3+3+¢)-(}+1+c)
(1,1,1) .
=0
_ 2xi+2yj+2zk 2_2,.2,.2.90 _x0p_y 0p_g
Let F(x,y,2) = I andlet f* =x’+y’+a’ > 5o =%, 55=5, 5, =%
= 9P _ 4yz =ON OM_ _dxs_0P ON__4xy_ oM i .
By =57 Bz p4_3;’_ﬁ_ p4—-ay:de+Ndy+szxsexa.ct,
2 [/} 2
&= ;f;";—r:f(xm) n(x2+y’+z2)+g(y,z)=>gi= 4 L

x2+y2+z2+3_)7mxz+y2+z2
=>g—§=0=>g(y,z)=h(z)=>f(x,y,z) (s +y? +22) +hz) = & —Z;l,+—+ @)
2 — —_ =
=W€+zz=>h'(z)_0=>h(z)—C=f(x,y,z)_ln(x +y2+2 )+c

(2,2,2)
= 2x dx + 2y dy + 2z dz

=1(2,2,2) - f(~1,-1,-1)=Iln 12—-In 3=1In 4
Xty +2 (2,2,2) -f(~1,-1,-1) =1n n

(~1,-1,-1)

23. r=(i+j+k) +t(i+2—2k) = (1 +t)i+(1+2t)]+ (1 - 2t)k = dx =dt, dy =2 dt, dz = -2 dt

(2,3,-1) 1

1
=> ydx+xdy+4dz= j (2t +1) dt + (t +1)(2 dt) + 4(-2) dt = J (4t —5) dt=[2t2—5t];=_

(1,1,1) 0 0
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(0,3,4)
2
24, r=1t(3j+4k) = dx=10,dy =3 dt,dz =4 dt = x2 dx +yz dy+(y7) dz

(0,0,0)
1

1
= J (12t2)(3 dt)+(9—$)(4 dt) = J 54t2 dt =[18t2][1] =18
0 0

25. ?95_0 %_1: 361:[_2 —-g—l; 3—1:_0_%1;4 = M dx+ N dy + P dz is exact = F is conservative

=> path independence

6.0 -____¥i_ __ONOM___  xa __PON_____ Xy ____oM
. P ——— e ————— e el P
oy (\/x2+y2+zz) 0z’ 0 (\/x2+y2+zz) ox’ ox (\/x2+yz+z2) By
= M dx + N dy + P dz is exact = F is conservative = path independence

27. g}; =0= %1: %—1:[ 2z = g—i Z—I)f = y %I;I = F is conservative => there exists an f so that F = Vf;
M =Bty = —+s(>')=> }7+s’(y)=1;2x =>s'(s')=?=>s(y)=—51,+c

2 2
>ixy)=%-}+C=>F= v(%’-‘-)

28. ‘Zl;—cosz=%ﬁ,aM 0= gl; 1(99_1: -y- %M = F is conservative => there exists an f so that F = Vf;
4] , .
%:e Iny = f(x,y,z) =e* In y+g(y,z)=> +8§=—-+smz:af,_smz:g(y,z)

=ysin z+h(z) = f(x,y,z) =e* In y 4+ y sin z+h(z) :Ezycos z+h'(z) =y cos z = h'(z) = 0
=>h(z)=C=1f(x,y,z)=¢"Iny+ysinz+C= F= V(eXIny+y sin z)

oP _ N oM _ 6P BN : . . o
29. = =0= B o = =0= T => F is conservative => there exists an f so that F = Vf;

gf___x +y = f(x,y,2) = x +xy+g(y,Z)=>3——x+g§"y +X$g§

=y’ = g(v,2) = §y* +h(z)
= f(x,y,2z) = gx +xy+§y3+h(z):ﬂ=h’(z)=ze = h(z) = ze? — ¢+ C = f(x,y,2)

%x +xy+;’ 34zl - +C>F= V(Ex +xy+§y3+ze’—e")

B B

(1,0,1)
(a) work:J F-%dt:J. F-dr=[%x3+x)’+31;ys+zez—-e]( 100 (§+0+0+e—e) (§+0+0—1)
A A
=1
B
(1,0,1)
(b) W°1‘k=J F'dr=[1x +x}’+:1;y3+ze -e] =
A (1,0,0)
B
(1,0,1)
(c) work=J‘: F-dr= [%x3+xy+3y +ze* —¢€ ](1,0,0)=
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B
Note: Since F is conservative, J. F -dr is independent of the path from (1,0,0) to (1,0,1).
A

30. ‘?WP-_—. xeY? 4 xyze¥® +cos y = %%, %%: ye¥* =6@WP’ ngz ze¥? =%L;4- => F is conservative => there exists an f so
— O _ vz — weYT o _ ., 08 _ vz gg__
that F = Vf,g;.-e = f(x,y,z) = xe +g(y,z)=>5§-xzey +b—y--xze +z cosy=>8y—zcosy
= g(y,2) =2 sin y + h(z) = f(x,y,2) = xe¥* +z sin y + h(z) = %—: xye¥? +sin y +h'(z) = xye’* +sin y
= h'(z) =0 = h(z) = C = f(x,y,z) =xe"* +z sin y + C=> F = V(xe’* +z sin y)

B
(a) work = J F-dr =[xe"® +2 sin y]g:;'/:)’o) =(14+0)~(1+0)=0
A
B
(b) work = I F-dr = [xe*® + 2 sin ylg';/:)’o) =0
! 10
B .
(c) work = I F-dr =[xe'* +2z sin y]g:;'/:)'o) =0
A

B
Note: Since F is conservative, J F -dr is independent of the path from (1,0,1) to (1,%,0).
A
31. (a) F= v(x%?) = F=3x%%+ 2x3yj; let C, be the path from (—1,1) to (0,0) = x =t —1 and
y=—t+1,0<t <1 = F=3(t— (=t +1)%+2(t —1)%(=t +1)j = 3¢t — D% -2t — 1)%

1
and r; = (t—1)i+ (-t +1)j = dry =dti~dtj = I F-dr, = J (3¢t = 1)*+2(t—1)%]dt
0

51

. ,
= I 5(t—1)*dt =[(t - 1)5](1’ = 1; let C, be the path from (0,0) to (1,1) = x =t and y =t,
0

1
0<t<1=>F=3t%+2t% and py = ti+tj = dr, = dti+dtj = J F-dr,:J (3t*+2t4) dt
C, 0

1
= J' Btddi=1= J Fedr= I F-dr1+j F-dry =2
0 C G C,
(1,1)
(b) Since f(x,y) = x3y? is a potential function for F, I F-dr=1(1,1)-f(-1,1)=2

("‘1'1)
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o ox = —2xsiny = %M = F is conservative => there exists an f so that F = Vf;

. . 8,
C,;ﬁ=2xcosy=.=~f(x,y,z)=x2<:osy+g(y,z)=>(%f’=—x2 smy+y=—xgsmy=>a—g=0=>g(y,z)=h(z)
= f(x,y,2) = x* cosy+h(z)=> =h'(z) =0=>h(z) =C = f(x,y,2) =x% cos y+C = F= V(x% cos y)

(a) I2xcosydx —x%sinydy= [x cosy]EI'O;—O l=-1

(1,0)

(¢}

(b) J2xcosydx—xzsinydy=[x2cosy]( 11{)_1—( 1)=2
& .

(c) J 2xcosydx—xzsinydyz[x2cosy]E '1)0)-1—1—0
C

(d) J 2x cos y dx —x? sin y dy=[x2 cos y]El'o;—l =0
C

33. (a) If the differential form is exact, then %—3:%—1} => 2ay =cy for all y = 2a =, % gP = 2cx = 2c¢x for
ON _ M

all x, anda—wéby=2ayforally=>b=2aandc=2a
(b) F= V{ = the differential form with a = 1 in part (a) is exact = b=2 and ¢ = 2

(x,y,2) (x,y,2)
34. F= V= g(x,y,z) = F.dr= I Vf.dr = f(x,y,z) - £(0,0,0) :Bg=gf__ ’%g_ By~ 0, and
(0,0,0) (0,0,0)

o) .
_6.%_—.%_0 = Vg= V{=F, as claimed

35. The path will not matter; the work along any path will be the same because the field is conservative.
36. The field is not conservative, for otherwise the work would be the same along C, and C,.

37. Let the coordinates of points A and B be (x4,y4,2,) and (xB,¥p:2B), respectively. The force F = ai + bj + ck
is conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is
f(x,y,2) = ax + by +cz + C, and the work done by the force in moving a particle along any path from A to B is
f(B) —f(A) = f(xp,¥p,2p) — f(Xa, YA, 24) = (axp + byp + czp + C) — (ax, + by, +cz4 +C)

= a(xp —x4) +b(yp ~ v4) +c(zg ~2,) = F - AB

38. (a) Let -GmM=C = F=C X it Y i+ 2k
(x2+y2+zz)/ (x2+yz+za)/ (x2+y2+zz)/
- 0P _ —3yzC (9N M _ =3xzC %g ON _ —3xyC 8M o F
) R R O * ey e
of xC C
= VI f £ of — = f(x,y,2) = - —C—__
or some f; = e +y2+z2)3/2 (%,y,2) (x2+y2+22)1/2+g(y,Z)
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of yC g _ yC g
N +52= = =2=0= g(y,2) =h(z)
oy (x4 y2 +zz)3/’ % (x2+y2+22)3/2 dy
of 2C ' zC C
o0 ()= —C o h(z)=C, =y, = ———C——
2 (x24y24 2 (2 +y2+22) " (2+y*+ 22)1/2

Let C, =0 = f(x,y,2) = —————]— is a potential function for F.
(x2 +y2 +22)

1105

(b) If s is the distance of (x,y,2) from the origin, then s = VvVt yZ +22. The work done by the gravitational

Py
P
2
field F is work = J F-dr:[ GmM ] =g§—1M-—gEnfM=GmM(§l——sL), as claimed.
3 ;;x§+y!+zf P 2 1 2 1
1

13.4 GREEN’S THEOREM IN THE PLANE

1. M=—y=—asint,N=x=acost,dx=~—asintdt,dy=acostdt=>%1;—{ _6———1"5—"1 and

ON _
oy

»

5

2
Equation (3): § Mdy-Ndx= ‘r [(—a sin t)(a cos t) — (a cos t)(—a sin t)] dt = J. 0dt=0;
¢] 0 0

” (%¥+€TN)d xdy = Hdedy=0, Flux
R

Equation (4): § Mdx+Ndy= T [(~a sin t)(—a sin t) + (a cos t)(a cos t)] d T a? dt = 2ma?;
0 0
Va a
JJ (%M %M)dxdy— I J 2 dxdy = I 4\/&"'—y2 dy = 4[ \/a’—y2+—sm E]
R /'2—2'& - ~a —-a

= 2a? (% + %) = 2a2r, Circulation

2. M=y=asint,N=0,dx=-asintdt,dy=acostdt:%%:O,%%:1,%—)( O,andgN 0;

2
Equation (3): Mdy-Ndx= a?sintcostdt= az[% sin’t]: =0; J. j 0 dxdy =0, Flux
R

Equation (4): Mdx+Ndy=

[

aQ—e—- Oa—6—
oy o—¥

. 27
—a?sin?t) dt = —a?t -8R 2617 — _ 2;II(6N_6M)dd
(—a? sin?t) a[2 == ]0 wa . o 9y x dy
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27 27 2
= J I —1 dxdy J J —rdrdf = I —92- df = —na?, Circulation
0 1]

3. M =2x =2acos t, N = -3y = ~3a sin t, dx = —a sin t dt, dy_acostdt=>

ON_ _,
y =%

M-29 T 0,3—_0 and

Equation (3): § Mdy-Ndx= | [(2a cos t)(a cos t) + (3a sin t)(—a sin t)] dt
C

oY

»

"
. 2r . 2r
= 2a7 cos?t — 3a? sin?t) dt = 2a2|t 4 S0 26]™" _ g 2t _sin 217" _ o 2 371a? = —ra?;
K oo s i ,
2r a "

[J08)- oo [ o= fit ot

v

Equation (4): § Mdx+Ndy = J [(2a cos t)(—a sin t) + (—3a sin t)(a cos t)] dt
C 0

»N

(3

[

5.

2
= J (—2a2 sin t cos t — 3aZ sin t cos t) dt = —5&2[% sin? t] " =0; I J 0 dxdy = 0, Circulation
0
0 R

4. M = —x% = —a8 cos?t sin t, N=xy?=a3cos t sin?t, dx = —a sin t dt, dy =a cos t dt

= oM _ ~2a? cos t sin t, M _ —a? cos? t, oN _ a? sint, and QE = 2a2 cos t sin t;
ox Oy [
27 2
Equation (3): § Mdy-Ndx= j- —a% cos®t sin t +a? cos t sin3t) = [4 cos? t+Tsm t] =0;
0
(o} 0

JRJ (%M gly\I) dxdy = JRJ (—2xy + 2xy) dxdy = 0, Flux

o
&)
»

T

Equation (4): § Mdx+Ndy = J (a* cos? t sin?t + a* cos?t sin?t) dt = J (2a% cos?t sin?t) dt
C 0 0

27
= J. %a“ sin? 2t dt:%4 J. sin?u du:%‘t[%—sinﬁ“]:”:“'#; JJ (%%—%)dxdy: Ij(y2+x2)dxdy
0 0 R R
2r a 2
=J J r?.r drd9=J %dﬂ:”—;‘t,Circulation
0 0 0
11
5 M=x-y,N=y- x:F—_l %M_ ,gl;: ,T—I:Flux—J.[?dxdy:J J 2 dxdy = 2;
R 0 0

Cire = ” [-1-(~1)] dxdy = 0

R
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6. M=xt+ay, N=x+y? > oo Moy - %-_2y=>Flux=”(2x+2y)dxdy

R

1 1
(2x+2y) dxdy = J [x2 +2xy]} dy = [ (1+2y) dy =[y +¥?]} =2 Cire = ”(1-4) dxdy
0 0 R

Oyt Oty

=3 dxdy =-3

Ot O

%—M-_2y, %E=2x, ON _ =2y = Flux = JI(—2x+2y) dxdy

R

7. M=y*—x%, N=x? +y? :%M=—2x,

]

Oty W) Oy

3
3
(—2x +2y) dydx = I (—2x? +x)dx = [-—%x:’] = —-9; Circ = J. I (2x - 2y) dxdy
0 ° R
3

(2x—2y) dydx = 1[ 2dx=9

Oty O%———%

8. M=x+y, N=—(x? +y2)=>aM -51;1 g—§=—2x,%%-=——2y=ﬂux=Jj(l—2y)dxdy

R

Oty Oty

I (1-2y) dydx=1 (x_xz)dx=%;cm= U (-2x-1) dxdy:l I (-2x — 1) dydx

(—2x2 —x) dx = —3

9. M=x+e*siny, N=x+e* cosy:#-aa—M— 1+€* smy,%M—excosy,%%=l+excosy,%:—exsiny

x/4 +/cos20 /4

=>F1ux=”dxdy= I I rdrdf = J (%«;wo)de):[%sin20]’::4/4:%;
R - /4 0 -r/4
w/4 Veos20 /4
Circ:jj(l+e“cosy—e"cosy)dxdy=.l.-[dxdy= I J' rdrdd = I (%cos29)d6=%
R R -x/4 O —x/4

® 2 L4
= Flux = IJ(T —r—)dxdy—l. J; (!—s—:-g—a)rdrde=J; sin 0 df = 2;

T 2 n
Circ-_-H(T— —r—,)dxdy_I J(r“’so)rdrda_[ cos 6d9 =0
l'
R 01 0
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1 x
11. M =xy, N =y? :%ﬁ‘—y,%ﬁ,—'l-:c.%%=0,g—§=2y=>ﬂux=”(y+2y)dde=I I 3y dydx
0

R 2

:I (3T %) :%-Circ:[[—xdydx:j)' ]S ‘Xdydxz;[ ("X2+x3)dx=—-117

R x2

12. M=—siny,N—xcosy$%M 0, %—M——cwy,%N-:cosy,g—l;:—xsmy
w/2 w/2
=>F1ux=JI(—xsiny)dxd I I (—x sin y) dxdy = I (—%siny)dy:—%f;
R 0
#/2 =2 =/2
Circ:JI[cosy—(—cosy)] dxdy:J. I 2cosydxdy=J wcosydy:[rsiny];/2=1r
R 0o 0 0
13. M=3xy—ﬁ;5,N=e"+tan y=>%¥—3y—1—_'_1-;7,%:-—1_:y

21 8(1+cos 8)

= Flux = IJ(?»y—l_: 2+1_+7> dxdy = JJSy dxdy = I (3r sin 6)r drdé
R R 0 0

27 27

= | a3(1 +cos 8)3(sin 0) df = -2 14cos 0)f| =—-4a3—(~4a3)=0
4 0

0

14. M=y+e"lny,N=ey_x=>QM=1+ey—x % 5 = Cire = J.[ [%{—(1+§y§)]dxdy= JJ(—l)dxdy
R

Yy
R
1 3-x? 1 1
=J J —dydx =~ I [(3 —x?)—(x +1)]dx= J (x4+x2—2)dx=—%%
<1 dy, Z1 -1

15. M = 2xy%, N = 4&x%y? = 3—-— = 6xy?, 0N = 8xy? = work = § 2xy3 dx + 4x2%y? dy = J J.(Bxy2 _nyz) dxdy
C R

oo

1 x3 1
= J I 2xy? dydx = J‘ %xw dx =
00 0

16, M =4x~2y, N=2x— 4y=>%h;,[ 2,%1:_2=>wotk=§(4x—2y)dx+(2x—4y)dy
C

= '[ I [2-(-2)] dxdy =4 J J dxdy = 4(Area of the circle) = 4(n -4) = 167
R R

17. M=y N=x* #%M_Jy, g§=2x=>§ y? dx +x2 dy = JJ(ZX—2y) dy dx
C R
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1 1-x 1
=I I (2x—2y)dydx=J. (—3x2+4x-1)dx=[—x3+2x2—x];=—1+2—1=0
0o 0 [\]

X
18. M =3y, N _2x=>‘9M %—§=2=>3§3ydx+2xdy=”(2-3)dxdyzj j ~1dydx
(o] R o 0

™
=-—I sin x dx = -2
0

19. M =6y +x, N= y+2x:aM—6 %N..2=>§ (6y +x) dx+ (y +2x) dy = ”(2-6) dydx
c R
= —4(Area of the circle) = —16x

20. M = 2x +y?, N=2xy+3y=>-§—-—2y, aN-2y = § (2x+y2)dx+(2xy+3y) dy = IJ(2y—2y) dxdy =0
C R

21. M=x=acost,N=y=asint:dx:—asintdt,dy:acostdt=>Area=-%§ xdy—ydx
C

»
»

T

I (az cos? t + a2 sin? t =% I a? dt = ma?
0 0

3

tolr—-

22. M=x=acost,N=y=bsint:dx:—asintdt,dy:bcostdt:Area.::%% xdy—ydx
C

2 27
=%— J (ab cos?t + ab sinzt)dt=-21- J ab dt = 7ab
? 0

23. M =x = a cos®t, N=y=sin’t = dx=-3 cos?t sin t dt, dy = 3 sin?t cos t dt =>Area=% x dy —y dx

Q——

27

2r Yid 4r
=1 (3 sin?t cos? 1‘.)(cosu2 t +sin2t) dt=1 (3 sin?t coszt) dt = 3 | gin?2tdt = 3 | sin?udu
2 2 8 16
0 [} [ 0
_3fu_sin2u]*"_3
= 16[‘2' 1 ]o =87

2 t3 —(2-1) 1
24 M=x=t ,N=y=-§—t=>dx=2tdt,dy_ te-1 dt=>Area=§ x dy —y dx
V3 V3

=1 L-[t’(t’—l ( )(2t)] —%;[/_ t4+t2 dt = %[Tlgt5+——‘.1§t3]_\/§=11—5(9\/?_>+15\/§)

w
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=8
_5\/5
2. () M=t(), N=g(y) > M =0, W =0 f £(x) dx + g(y) dy = J.J(%%—%%)dxdy
C R
= IJdedy:O
R
() M=ky, N=hx= M1 WN_y o, § kydx+hxdy=”(?a-x1‘l-%1;_‘)dxdy
[¢] R
= Jj(h—k) dxdy = (h —k)(Area of the region)
R
26. M =xy? N=x y+2X=>‘?9M—2xy, gN 2xy +2 = § xy? dx +(x%y +2x) dy = IJ(%%-%I‘T‘)dxdy
C R
= JJ(?xy+2—-2xy) dxdy =2 '[J.dxdy_:2times the area of the square
R R

27. The integral is 0 for any simple closed plane curve C. The reasoning: By the tangential form of Green’s

Theorem, with M = 4x%y and N = x4, § 4x3y x +xtdy = I J [T(x ) (4x y)} dxdy
C

= ”(4;:3—4::3) dxdy = 0.
R

0

28. The integral is 0 for any simple closed curve C. The reasoning: By the normal form of Green’s theorem, with

M=-y’ andN=x3,§ -y dx+x dy = ” %(—y3)+%(x3)}dxdy=o.
C R T T’

29. Let M=xand N=0= M 1and3—- §Mdy—Ndx-”(%§f+%§)dxdy=>§ xdy
C

= IJ(1+0)dxdy=>AreaofR=J'[dxdy=§ xdy;similarly,M=yandN=0=%’[-=land
R R (o]

%{1‘1=o=§ Mdx+Ndy= ”(%U-+%M-)dydx=>§ ydx = “(o-1)dydx=>—§ y dx
C C R C

= JIdxdy:AreaofR
R

@
<
[—

f(x) dx = Area of R = — § y dx, from Exercise 29
C
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" ”xa(x,y)dA “di ”di

31. Let §(x,y) =1 = X=gf= TJ&(x,y)dA = TIdA = RA =>A2=IdeA=JJ(x+0)dxdy

R R

2
%-dy,Ai:IdeA: JI(0+x)dxdy=—§ xy dx, and AX = IdeA:IJ(%x+%x)dxdy
R R R R

Q

I
a—e—~ a—e—

%x2dy—%xydx=%§ xtdy=-— § xydx=%§ x? dy — xy dx = A%
C C C

32. 1 6(x,y) = 1, then I, = ”xzs(x,y) dA = ”x2 dA = Ij(x2+0)dydx=%§ & dy,
R R R (o]

Ijx’ dA = J I(0+x2)dydx=— § x%y dx, and ij’ dA = II(%x’+%x2)dydx

R o] R

-]

R
= lx3dy—--1-x2 dx=1 x?‘dy—xzydxa1 SBdy=- xzydx=l WBdy-x%ydx=1I
1 gxyex=y 3 ) y=xy ¥
c o]

(¢] C ¢}
2, 2 2 2
M= N0 OM_0% ON__ &% %Md _afd=” _o_ o4 _
33 3; &: y W’ X Ei=> ! 3; X F}‘l‘ y . Eﬁ 5}7{ dxdy 0 for such
curves C

34. M=%x2y+%y3,N=x %M Ix 2 +y?, g—N—1:Curl:%%—%—%—:l—(;l‘-xz+y2)>0in the interior of

the ellipse %xz +y?=1= work = I F.dr= I ‘[ (l ——%—x2 —y’) dx dy will be maximized on the region
C R

R = {(x,y) | curl F} > 0 or over the region enclosed by 1 = %xz +y?

. 2y 2y
35. (a) Vf= 2x 1+( ) => M= ,N= since M, N are discontinuous at (0,0), we
@ vi=(gZa)i+ (g )i > M= ke N (0.0)
cannot apply Green’s Theorem over C. Thus, let Cy, be the circle x=hcos §,y =hsin§,0<h<a and

let C, be the circlex =acost,y =asint,a>0. Then%Vf-nds=§ Mdy—Ndx+§ Mdy-Ndx
o ¢, ¢
2x dy—--—%i dx. In the first integral, let x =acost,y =asin t
x* 4y

= dx = —asin t dt,dy =a cos t dt, M =2a cos t, N =2a sin t, 0 <t < 27. In the second integral, let
x=hcos€,y=hsin0=>dx=—hsin9d0,dy=hcos€d0,M=2hcos€,N=2hsin6,050§27r.

2
Th § Vf-nds=§ -r-—§2x dy - dx+§ S dy -2 dx
N ¢ = g, x*r Ty

1
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- § (2a cos t)(a cos t) dt (2a sin t)(—a sin t) dt + % (2h cos 8)(h cos 8) d§  (2h sin §)(—h sin 6) df

4 a a? 3 h? h?
1 h
27 0
=J2dt+J.2d0=0foreveryh
0 27
(b) I K is any simple closed curve surrounding Cy, (K contains (0,0)), then § Vf-nds
C
S § Mdy—-Ndx+ § M dy — N dx, and in polar coordinates, Vf-n=M dy — N dx
G Cy

. 2
= (b%ﬁ)(r cos 8 df +sin 6 dr) —(ZL%M’)(-r sin 6 df + cos 0 dr) = 2L df = 2 d9. Now,
I r

T

2 increases by 47 as K is traversed once counterclockwise from 8 = 0 to 6 = 27 = § Vf-nds=0
C
(since § M dy — N dx = —47) when (0,0) is in the region, but § V{-n ds = 47 when (0,0) is not in the
Ch K
region.

36. Assume a particle has a closed trajectory in R and let C; be the path = C, encloses a simply connected region

R, = C, is a simple closed curve. Then the flux over R, is § F-n ds =0, since the velocity vectors F are
C
1

tangent to C;. But 0=¢ F-nds=¢ Mdy—-Ndx= 3M+-‘9—N dxdy = M, + N, =0, which is a
1 bx T 8y x Ty
G ¢ R,

contradiction. Therefore, C; cannot be a closed trajectory.

ga(¥) 4 8 d
3 .[ N axdy = Ngy(y),y) - N(gy (v),y) = J I (Fra)ar= J [N(g2(y),y) = N(g; (v),%)] dy
81 (y) s , ° g,(v) ] 4
= | N(gy(v)y) dy- J N(gy(y),y) dy = J N(gy(y),¥) dy + j N(g,(y),y) dy = I Ndy+ I N dy
4 ¢ ¢ 4 é, é
- _[[en
_i Ndy:i Ndy_,U'&'dXdy
b d b b .
38. J: I %%dydx= l [M(x,d) — M(x,c)] dx = l M(x,d) dx + J: M(x,c) dx=—J M dx—J M dx.
2 1

Because x is constant along C, and C,, I Mdx = J Mdx=0
C
2

C4

:—(J de+f de+J de+J de)=-i M dx =

¢ ¢, G, ¢,

P T

M __
I 6—y-dydx_ § M dx.
c (o]



39.

40.
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The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero,
and whose i and j components are independent of z. For such a field to be conservative, we must have

8N _ M ; : _ON_OM _

ox = 8y by the component test in Section 14.3 = curl F = ox " By = 0.

Green’s theorem tells us that the circulation of a conservative two-dimensional field around any simple closed

curve in the xy-plane is zero. The reasoning: For a conservative field F = Mi+ Nj, we have N _ oM

ON _ oM o
(component test for conservative fields, Section 14.3, Eq. (3)), so curl F = ox 9y = 0. By Green’s theorem,

the counterclockwise circulation around a simple closed plane curve C must equal the integral of curl F over the

region R enclosed by C. Since curl F = 0, the latter integral is zero and, therefore, so is the circulation.
The circulation § F - T ds is the same as the work § F -dr done by F around C, so our observation that

C
circulation of a conservative two-dimensional field is zero agrees with the fact that the work done by a

conservative field around a closed curve is always 0.

41-44. Example CAS commands:

Maple:
with(plots):
implicitplot({y=4 - 2%x}, x = 0.3, y = 0..5, scaling=CONSTRAINED);
M:= (x,y) -> x*exp(y);
Ni= (x,y) -> 4%x"2%In(y);
My:= diff(M(x,y),y);
Nx:= diff(N9x,y),x);
int(int(Nx — My, y = 0..4 — 2+x), x= 0..2);
evalf(%);

Mathematica:
<< GraphicsTmplicitPlot’
SetOptions[ ImplicitPlot, AspectRatio -> Automatic ];

Clear[x,y]
flx_y-] = {
x Ey ,

4 x2 Logly] }
yl =0

y2 = -2 x + 4

Plot[ {y1,y2}, {x,0,2}, AspectRatio -> Automatic ]
integrand = DIflx,y] [[2]};x] — DIflx,y][{1]],y]

Solve[ ¢, y ]

{yly2} =y /. %

Integrate[ integrand, {x,0,2}, {y,y1,y2} ]
Simplify[%)]

N[%}
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13.5 SURFACE AREA AND SURFACE INTEGRALS

L p=k, Vi=2i+2yj-k=|Vil= /(2 + (2 +(-1)’ = V&P + §y* + L and | Vf-p|=|;

z=2=>x2+y2=2;thuss=” | vi| dA:JJ\/4x2+4y2+ldxdy
L | Vil

21r 2r \/;
=JI\/4r2 cos? f + 4r? sin20+1rdrd0=I J 4r +1tdrd0 J' [—2(41- +1 ] dé
R ) 0 0
27
= | 1349=13
= J 6 dé = 3
0

2. p=k, Vi=2%i+2%yj-k=|Vil= x> +4y" + 1 and | Vi-p|=1; 2 <x?+y2 <6

2#\/6_
:S:JIIlvz.flldA=J'J\/4x2+4yz+ldxdy=JI 4r°+1rdrdf J Jl 4r +1rdrd9
R P R 0 ‘/;

3. p=k, Vi=i+2j+2k=| Vf|=3 and | Vf-p|=2; x = y? and x = 2 ~ y? intersect at (1,1) and (1,-1)

| vil 1 2-y? 1
3 = =
:S—invfpldA Jj2dxdy_J J. f 3- 3y dy =4
R -1 -1
y
4. p=k, Vf=2xi—2k:|Vfl=v4xi+4=2 x +land|Vf-p|=2=>S=J‘f Ilvvffl|dA

3

v ve
Ij2mdxdy_ J ,[ VX ¥ldydx= J x\/,}Tde‘[%(x +1)3/2]f 30
B 0 0 ’

5. p=k, Vi=2xi-2—2k = | Vfl=1/(2x)? + (=2)% + (-2)? = V4x + 8 = 2/ T2 and| Vi.p|=2
T T L S Ve T N P O
R
=66-2\2
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6. p=k, Vi=2xi+2yj+2k = | Vil= a2 +4y° + 42 = /8 =22 and | V{-p|=22; x* +y*> + 22 = 2 and
=\/x2+y7=>x2+y2=l;thus,s=JJ ‘lvvfflld J'J’ 2\{§dA=\/§ JJ %-dA

P R R

n

rj‘;% \/El ~1++2)do =2r(2-/2)

»

27

| m——

R x+y

Ot—— = T,

7. p=k, Vf:ci—k=>lVfl:\/c§+1and|Vf-p|=1=>S=JJ LV dA:” VEF1 dxdy

N

T 27

J J e +1rdrd0=j vetlap=r/T+1
0 0 0

8. p=k, Vf=2xi+2zj = | V{|=/(2x)2 +(22)? =2 and | V{-p|= 2z for the upper surface, z > 0

vl 1/2 1/2 1/2

Vi 2 1 1 1
:S—JJ dA = J-J dA=IJ dydx =2 J J dydx = J dx
Vi- 2% — 2 — 22 — 2
[Vip| . . Vi-x dp 4 Vi-x )y VI-x

=l =§-(-5)=5

9. p=i, Vi=i42yj+2zk = | Vi|= ,/12+(2y)2+(2z)2= VIt4y?+ 4z and | Vi-p|=1;1<y? +22 <4

2
:s_” | V4] dA:” VITay 1422 dyds = J V144 cos?0 1 4r% sin2 6 r drdf

| Vi-p|

LTV - 5v6) 0 = E(17V/7 ~55)

1]
o—Y
o*—;’ Oh—-:

R
2 27 2
L( /2
I 1+4r°rdrdf = I 15 1+4r dé =
1 0 !

10. p=j, Vi=2xi+j+2zk = | Vf|= \/4x2+4zz+1 a.nd|Vf—p|—1;y—Oa.ndx2+y+22=2=>x2+22=2;

r V2

thus,s=” | vl dA=” \/4x7+4z§+1dxdz=I J VAT +1rdrde =
R R 0 0

| vf-pj

2 2
11 p=k, Vi=(2x-3)i+ VBi-k=| Vf|=\/(2x-§) +(VBF + (-1 = fedrs+ = (2x+2)

=2x+§,on15x52and|\7f-p|=1=>s=” L vil dA=” (2x +2x71) dxdy
R R

»

13 40 18
-6-(19—311'

ok———.:"

| Vi-p|

1 2 1 1
, =I I (2x+2x‘1)dxdy=J [x2+2lnx]:dy=J. (3+2In2)dy=3+2mn?2
01 [ 0
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12.

13.

14.

p=k, Vi=3/xi+3,/§yj-8k=|Vil=/x+9y+9=3\/x+y+1and| Vi-p|=3
1

L 1
1
=»>S= ” ||vvffl|)|dA= ” ,/x+y+1dxdy=J J ,/x+y+1dxdy=J [%(x_,_yﬂ)a/z] dy
. o
R 5 !

R 0

— [%(y+2)a/z_%(y+ 1)3/2]dy =[14_5(y+2)5/2 ~1115_(y+ 1)5/2]: - %[(3)5/2 — @2 + 1]

(9v/3-8v2+1)

The bottom face S of the cube is in the xy-plane = z = 0 => g(x,y,0) =x+y and f(x,y,z) =2=0=>p=k

and Vif=k=|Vfl=1and| Vf-p|=1= do =dxdy = JJgda: IJ(x+y)dxdy
S R

a a a
2
= J J (x+y) dxdy = J (52--{— ay) dy = a3, Because of symmetry, we also get a3 over the face of the cube
00 0

in the xz-plane and a3 over the face of the cube in the yz-plane. Next, on the top of the cube, g(x,y,z)

=g(x,y,a) =x+y+aand f(x,y,;z) =z2=a=>p=kand Vi=k=| Vi|=1and| Vf.-p|=1=> do = dxdy

JJgda:LJ (x+y+a)dxdy=j) ]: (x+y+a)dxdy=I I (x+y)dxdy+J: I a dxdy = 2a%,

Because of symmetry, the integral is also 2a® over each of the other two faces. Therefore,

JI(x+y+z) do =3(a® +283) = 9a%,

cube
On the face S in the xz-plane, we have y = 0 = f(x,y,z) =y = 0 and g(x,y,2) = g(x,0,2) =z = p=j and
. 102 1
Vi=j=|Vfl=1and| Vf-p|=1=do =dxdz = JJgda: Ij(y+z) do = J- J z dxdz = J. 2z dz
S S 0 0 0

=1
On the face in the xy-plane, we have z = 0 = f(x,y,z) =z = 0 and g(x,y,2) = g(x,y,0) =y = p=k and
1 2
Vi=k=|Vfl=1and| V{-p|=1= do =dxdy = IJgda: J[yda: J J y dxdy=1.
00
On the triangular face in the plane x = 2 we have f(x,y,z) = x = 2 and g(x,y,2) =g(2,y,2) =y +2z = p=iand
1 1-y

Vi=i=|Vf|=1and| Vf-p|=1=do =dzdy = JIgdd: JJ(y+z)da=I J (y +2) dzdy
S S 0 o

1
= J %(l—yz)dy=%.
0



15.

16.

17.
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On the triangular face in the yz-plane, we have x = 0 = f(x,y,2) = x = 0 and g(x,y,2) = g(0,y,2) =y + 2

= p=iand Vi=i=|Vfl=1and| Vi-p|=1= do=dzdy = JIgd0= .[J(y""z)d"
1 1-y S S

- =1
_.J J (v +2) dzdy = 5.
o0
Finally, on the sloped face, we have y +z =1 = f(x,y,2) =y+2z=1and g(x,y,2) =y+z=1=> p=kand

Vf=j+k$lVfl:\/iandlVf-pl:l:}dd’:ﬁdxdy:} Jjgda—_— Jj(y+z)da
S S

1 2
=I J /2 dxdy = 24/2. Therefore, JI g(x,y,2)do=1+1+3 +§+2\/_ +2\/—

[ wedge

On the faces in the coordinate planes, g(x,y,z) = 0 = the integral over these faces is 0.

On the face x = a, we have f(x,y,z) = x = a and g(x,y,z) = g(a,y,z) =ayz => p=iand Vi=i=| Vf[=1

c b B2e2
and | Vf-p|=1=do =dydz = JJgda: IJayzda‘: J .[ ayz dydz:a—zs—.
s 00
On the face y = b, we have f(x,y,z) =y = b and g(x,y,z) =g(x,b,z) =bxz = p=jand Vi=j=|Vfl=1

c a
albe?
anlef-p|=1=>da=dxdz=>JIgdo:J'bezdv—I J bxzdzdx— be”
S 0 0
Onthefacez_c,wehavef(x,y,z)—z—candg(x,y,z)—g(xy c)=cxy = p=kand Vf.-k=>|Vf|-1
a?b2
<:xydxdy-‘~---;1t1—9

and| Vf-p|=1=do=dydx = IJgda: JJ.cxyda~I . Therefore,
S S

O

_ abc(ab +ac +bc)
J J g(x,y,2) do = ————=.

S

On the face x = a, we have f(x,y,z) = x = a and g(x,y,2z) = g(a,y,z) =ayz => p=iand Vi=i=| V{|=1

C
and | Vf-p|=1= do =dzdy = JJgdcf: Jjayz de = J I ayz dzdy = 0. Because of the symmetry
S S -b —¢

of g on all the other faces, all the integrals are 0, and J I g(x,y,z) do = 0.
S

f(x,y,2) =2x+2y+z=2= Vf=2i+2j+kand g(x,y,2) =x+y+(2-2x-2y)=2-x-y=>p=k,

| Vil=3and| Vf-p|=1=do=3dydx;z=0=>2x+2y=2=>y=1-x= JJgdo‘: J.J(2—x—y)da'
S S
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18.

19.

20.

21.

22.

23.

1 1-x 1 . , 1 5 2
=3 l J (2-x—y)dydx=3 E[ [(2—x)(1—x)—7(1—x) ]dx=3 l (§—2x+—2—)dx=2

o

f(x,y,2) =y? +4z =16 = VIi=2yj+4k = | Vf|= \/4y2+16=2\/y7+4 and p=k=>| Vi-p|=4

:da=ﬁ__::—gdxdy:”gd,_1 J(x\/?T)( )dxd ]’ J (P+4)

A

4 4
3
- [ 12 =1y _1(64_ 16)_56
—_[ v +4)dy—5[—3—+4y]0—2( +16) =9
4

g(x,y,z2) =z, p=k= Vg=k=|Vg|=1and| Vg-p|=1= Flux= IJF-nda: J.J(F-k)dA
S R
T
o

gx,y,2)=y,p=—j=> Vg=j=|Vg|=1land| Vg-pj=1= Flux= IJF-nda= JI(F._j) dA
S R

3dydx =18

Oty

7 2
j 2 dzdx = J 2(7—2) dx = 10(2 +1) = 30
2 -1

1
(TR

. . 2xi+2yj+2zk _ xi+yj+zk 2
Vg=2xi+2yj+2zk = | Vg|= \/4x2+4y2+4z2=2a;n=2\/x2.:dyz+z2= )2 = F.a=%;
2a 22 )a 2 (24 42
| Vg-k|=2z = do =52 dA = Flux = (-5— (3)dA= | |[zdA = a? —(x? +y?) dxdy

/2 a

3
— 2 2 . Ta
= J J Va‘—r rdrdO——s——-
0o 0

2x1+2y_|+2zk x1+yJ+zk Fon= XY XY
2v/x% +y +2° a T

Vg=2xi+2yj+2k =| Vg|= Vit + 4y +42 = 2a5n =

=0;]Vg-k|=2z=>da'_7-dA:Flux— IJF-ndo’: JJOda’:O
S

From Exercise 21, n=Wand do=2dA=>Fn= X 224 Fx= J J(%)(%) dA

R
2
= —za’
_.J.JldA_ r
R



24. From Exercise 21, n =

25.

26.

27.

28.

Section 13.5 Surface Area and Surface Integrals

o 2yt 2 (yles?
x1+yJ+zkanddo_=%dA___>F,n=!hx_+_z_{_+.za_-_-z(x +); +z ):az
:Flux:]J(za)(%)dxdy:Ijazdxdy=a2(Arw0fR)=%”a4

R R

. . 2 2 2
From ExerciseZl,n=Xl+YJ+Zkandda=adA=>F-n=x +1 42 —a o Flux
—a z aTaTa
2 ' 2 "/ 2
=J a(%)dA:JJ %dA:JJ 2 dA = I J 2 rdrdfd
RJ R R Va'-(?+y?) G Va7
/2
a 3
= I a.’[-—\/az—rzlod0=%
0

xi+yj +zk +(z;) (%2)
From Exercise 21, n=——3——anddo =§dA = F.n= =igt=1
;x!+y!+z!
/2
= a = a - _ na
#Flux—JJ.z-dxdy—J.I = (x2+ 2)dxdy_ J I o 2rdrd0_T
R R - ¥ [ ]

gxy,2) =y +s=4= Vg=2j+k=|Vg|=vEHT+1=>n=—2 1K

y“+1
2xy ~ 3z
=F.n= i p=k=|Vg-p|=1=>do=+4y*+1dA = Flux
T P | Vg-pl| Vay?

=JI (%;—:’-zf)\/@2+ld1\= II (2xy—3z)dA;z=0andz=4-y? = y? =4
y© +
R R

1 2 1
= Flux = J J. [2xy—3(4—y2)] dA = J I (2xy— 12+3yz)dydx = .[ [xyz-— 12y+y3]2_2 dx
R 0 -2 0

1
= I —32 dx = —32
]

g(x,y,2) =x*+y?—z2=0= Vg=2xi+2yj-k=|Vg|= VEE ikl = \/4(x2+y2)+1

L ous 2, 9.2
= n= 2xi+ 2yj —k =F-n= 8x +8y 2 ;p=k=>|Vg-p|=1=>da=\/4(x2+y2)+ldA
;;4(x2+y2)+1 ;;4(x2+y2)+1

2 2_
= Flux = J’J. (VSX—u)ﬂ4(x2+y2)+l dA = .[J (8x%2+8y2—2)dA;z=1 and x2+y?=3z

R 4(x?+y¥)+1 .

1119
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. x5 _j —
29. g(x,y,2) =y—e*=0=> Vg=—€"i+j=>| Vg|= VeE 11 =>n=7ei====>F-n=
e*+1

»N

T 1

=>x2+y2=1=>Flux=J J(8r2—2)rdtd0=2w
o0

2e* — 2y

.p=i
i1’

/2x _0uX _ [T
=>|V5'1’|=e"=:»dz7=ee—x‘l-ldA=>Flux=JJ ( 2e 2y)(—eri—l~)dA=J.J —2e’;—2ex_dA
R R

;;e§x+l €
12
=IJ-4dA=[ I-4¢mz=-4
01

R

30. g(x,y,2)=y—-Inx=0= Vg:—%i+j=>|Vg|= %+l=ﬁ-———'l+xsince1§x5e
Vx

31.

(—:l-ciﬂ') _ —itx Vit

2xy .
= = F-n= ip=j=>|Vg-pl=1=>do= dA
( 1+x) T e bt | Vg-p| —
X

= n=

—3 1 e e 1 e
= Flux = J.I (%)(—%—"—)d;&:j J 2ydxdz=J J 21nxdzdx=J‘ 2Inxdx
R 01 1

1+x i3
=2[xlnx—xl]=2—e)-2(0-1)=2
On the face z = a: g(x,y,z) =2 = Vg=k=|Vg|=1;n=k = F-n=2xz = 2ax since z = a;

do = dxdy = Flux = JJ 2ax dxdy =
R
On the face z = 0: g(x,y,z) =2 = Vg=k=|Vg|=1;n=-k= F-n=~—2xz = 0 since z = 0;
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J. 2ax dxdy = a%.
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do =dxdy = Flux = JI 0 dxdy = 0.
R
On the face x = a: g(x,y,z2) =x= Vg=i=|Vg|=1;n=i= F-n=2xy = 2ay since x = a;
a a
w:wm:mn=JJ2w@m=ﬁ
00
On the face x =0: g(x,y,2) =x= Vg=i=|Vg|=1n=-i= F-n=—-2xy=0sincex=0
= Flux = 0.
On the face y = a: g(x,y,z) =y = Vg=j=|Vg|=1;n=j= F-n=2yz = 2azsincey = a;
a a
da=dzdx=>Flux=J J 2az dzdx = at.
00
On the face y = 0: g(x,y,z2) =y = Vg=j=>|Vg|=L;n=—j= F-n=—2yz =0sincey =0
= Flux = 0. Therefore, Total Flux = 3a*.





