Section 12.5 Masses and Moments in Three Dimensions
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16. The plane y + 2z = 2 is the top of the wedge.
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Let AV; be the volume of the ith piece, and let (x;,¥;,2;) be a point in the ith piece. Then the work done
by gravity in moving the ith piece to the xy-plane is approximately W; = m;gz; = (X; +y; +2z;+ 1)g AV;z

i%

=> the total work done is the triple integral W = J (x+y+z+1)gz dzdydx
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From Exercise 15 the center of mass is (1—85,-1%,1%) and the mass of the liquid is % = the work done by

gravity in moving the center of mass to the xy-plane is W = mgd = (%)(g) (18—5) = %g, which is the same as
the work done in part (a).
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(b) From Exercise 14 the center of mass is (%,:49%/_2,%) and the mass of the liquid is 315 = the work done by

gravity in moving the center of mass to the xy-plane is W=mgd = (32k)( )( ) iﬁ%é
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dv v, =M M g = oy * My ilarl
25. MyzBl uB, = J J xdV, + J xdVy, = (ve)y + (y2), >X= —Iﬂ—l-ﬁl— similarly,
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= M), M), Mxy), ¥ Mey),
y= m, +m, m,; + My

= s | (Momsy * Mom), )i+ (Mosmyy + Mosm), i+ (Moo, Mo, )¥]

= m[(mlil +m,%, )i +(m, Ty + myF,)i +(myZy +myZy)k]
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= c=T%i+7i+7k
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” _(—3 (3o)+( 2= )(-% k)_ 3\ K bere . 12k el
. (a) c= m;Fm, = m, Ty » where m; = and Z_T’lf

2 2
hﬁ:‘_" =0, or h = a4/3, then the centroid is on the common base

(b) See the solution to Exercise 55, Section 12.2, to see that h = ay/2.

28. c=(§;’—h)(%k)+ss(‘%k) (12)[(*‘2—6s )x]

2
=8 —=g3 if h2 2
Ty ST ,whereml-—shandmz—s, if h*~6s® <0,

orh< \/(—is, then the centroid is in the base of the pyram.id.

12.6 TRIPLE INTEGRALS IN CYLINDRICAL AND SPHERICAL COORDINATES
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Section 12.6 Triple Integrals in Cylindrical and Spherical Coordinates
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27
11. (a) J dz r drd@
0

2r 2 422

Va0

4-12 2r
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1
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0
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J J I(pcos¢)pzsin¢dpd¢d9=1 J 4cos¢sin¢d¢d9=J [25in2¢]:/ d9=1| a6=
0 0 O 0 0 0 ]
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I J' P sin¢dpd¢d0:21—4[ j (1 —cos ¢)° sin ¢ d¢ d0=§1-gj [(1-cosg)*]7 a6
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3r/2 3n/2 o 3x/2 .2 . x

I I J 56° sin® ¢ dpds do:% I J sin® ¢ dgdd = § J ([—ﬂ”;:i“’f—'ﬁ] +% I sin ¢ d¢

0 o 0 o o "2

3n/2 3n/2
=%— I [—-cos¢];d9=‘%’ d9=§%
o o
2r 73 2 27 */3 2r x/3
J. I I 3p? sin ¢ dpde df = I (8-set:3¢) sin ¢ d¢dl = J [—8 cos ¢—% sec2¢] dé
0 0 secod 0 [} 0
2x

25 ™/4 sec ¢ 2 T[4 2x x/4
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2x

~
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o - 0

/
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.. 3 ki3 k4
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®/3 2cscd 2

n/3 2csc é /3
28. J I I pﬁsin¢d€dpd¢=21r J. p? sin ¢dpd¢=%’£ I [Pasin ¢]:':a;¢d¢
x/6 cscdp O /6 o e
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’ R/6 m
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30. 50% sin®¢ dpdfd¢ = J J (32— csc®¢) sin3 ¢ dfdg = I I (32 sin® ¢ — cac? ¢) d6 dg
x/6 —m/2 csc b ©/6 -mw/2 /6 —=x/2
w/2 2 /2 x/2
=7 I (32 sin3¢—csc2¢) dé=m [—w] S+ %1 J sin ¢ d¢ + 7r[cot ¢]:;:
x/6 =/6 x/6
324/3 3 3 3
= (%) et e17p 4 (VD)= e+ (04)(4) = 258 < 1rvs
31. (a) x2+y?=1= p?sin?¢ =1, and psin ¢ =1 = p =csc ¢; thus
2r */6 2 2r 7/2 csc ¢
I J J p?sin ¢ dpdeds + J J f p?sin ¢ dpdgde
0 0 0 0 x/6 O
2r 2 sin"l(1/p) 2r 2 /6
(b) I J p? sin ¢ d¢dpdf + J J J p2 sin ¢ dpdpdf
01 /6 o0 0
25 ®/4 sec ¢

32. (a) J J p? sin ¢ dpddf
0 (1) o
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Section 12.6 Triple Integrals in Cylindrical and Spherical Coordinates
p? sin ¢ dpdpdé 2z
z=1, or 1= pcos ¢
=/4 1 ~ o= V2
p?sin ¢ dgdpdd N
P

-1

cos™" (1/p) —] ] y

p?sin ¢ dpdpdl = (8 —cos®¢) sin ¢ dg¢dd

Cofr—=
[ L—
o—

cos'd)™” ) 1T (1) ap o (31)(ar) = Bz
T, d"‘sl(s Da=(en=%

29 T/2 14cos ¢ 27 */2
34. V= p? sin¢dpd¢d9=%j I (3 cos ¢ +3 cos? ¢ + cos® ¢) sin ¢ d¢df
0o 0 1 0o o
2r /2 2% 27
=31;J' [-%coszqi—cossqﬁ—-i-cos‘qﬁ]o do= %J +1+1) %l d0=(%)(21r)=11T"
0 0 0
2x x l-cos ¢ 2r x 27
35 V=J I ] p?sin ¢ dpdedd = %J I (1 —cos $)3 sin ¢ d¢df = %H °°s¢)] dé
o0 0 0 0 0
27
_1 —4(2m) =
_ﬁ(2)4j do=3(2 )_-§
0
2x 7/2 1—cos ¢ 2r 7/2 27 417/2
36 V=I I J p sm¢dpd¢d0-—%j‘ I (1—cos¢)3sin¢d¢d9=%I [(1'°°s¢)] )
0o 0 0 o 0 0
27
=1l§j w=Fen=%
1]
2r ®/2 2cos ¢ 25 T/2 2 /2
37 V=I I p sm¢dpd¢d6= J I cos® ¢ sin ¢ dgdf =§J [ ] dé
0 /4 O 0 n/4 0
27
—(8Y\(L _ 1oy
=(3)(%) I 4 =g(2m) =3
0
27 */2 2 25 T/2 27 27
38 v-_—[ J 0 sm¢dpd¢da=%j J sin¢d¢d9=gj [- cos¢]"/2d0—%J =81
0 x/3 0 0 x/3 [ [
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w/2 n/2 9
39. (a) 8 J J J p? sin ¢ dpdgdé
o 0
2 4—x2 4—x“-y
(c) SJ J. J dzdydx
0o 0 0
/2 3/y/2 Vor?
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() J J I p*sin ¢ dpd¢dd =9 I I
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»
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x/2
=4 I 8ap=51
0
m/2 1 1-r w2 1 /2 2 3 3/2 1
44, V=4 I I I dzrdrdf =4 I I(r—r’+r\/1—r2)drd0=4 J [5-—%—%(1—#) ] dé
o o _ /3 ) 0 0
x/2 x/2
— 1_1.1\g9= —ofT\=
=4 I (§—§+3)d9_2 I d9—2(2)_7r
L] 0
2r 3cosd —rsinb 2% 3 cos @ 27
45. V= J J j dzrdrdf = I J —1? sin 6 drdf = J (~9 cos®0) (sin 6) df
3r/2 O ] 3zx/2 © 3x/2
19 4™ _9_,_9
_[z ]3,/2—4 0—4
n —=3cosf r m =3cosb T
46. V=2 I j Idzrdrd9=2 I J rzdrd0=§ I —27 cos®0 df
w/2 0 0 /2 0 /2
20 p]” T
=18 S%ﬂ'ﬁ] +% j cos 6 df | = —12[sin 017 /3 = 12
®/2 /2
/2 gin o V1-12 /2 sin @ /2 Y
47.V= J I J dzrdrdd = I J rV1-12 drdé = I [-%(1-:2) ] a6
o 0 0 o 0 0 0
w/2 x/2 x/2 /2
3/2 2 .
=-1 I [(1-sin20)/ —1]d0=-—% I (cos®0-1)d0=-} [998—"3&‘—9] +2 J cos 6 df +[§
0 0 o )
— 214 x/2 _1!-__—4+37r
= —&lsin 8]y +§="18
®/2 cos 8 3V 1-r? %/2 cos 6 /2 3/2 cos 8
48. V= J I I dzrdrdd = J J 3rv/1-1? drdf = I [-(1-:’) ]O do
1] 0 1] 0 ] (]
®/2 ®/2 x/2 /2
3/2 s 2
= J [-(1—cos’0)/ +1]d0=] (1—sin39)da=[o+%%£‘iﬁ] -3 J sin 6 d6
V]
o o

047

/2
l
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27 27/3 5 2x 27/3 ‘3 s -
. . 3
49. V= J J I p? sin ¢ dpdéde = J %—smd)ddzdﬂ:% J [~ cos ¢]:’;é d9=%
0 »/3 0 0 =/3 0
w6 7/2 4 x/6 =/2 /6
3
50. V= f J I pzsin¢dpd¢d0=%J I sin ¢ dgdf = & I da=&1?81
0 0 0 0 0 0

/3 2

wv-T1 ] ,

p?sin ¢ dpdode
sec ¢

x/3
(8 sin ¢ —tan ¢ secsz) dédé

»
)
3

1

3

]

o’—-—.:'

0

2r
1 1, 2,]"?
=3z -8 —5t dé
3 l [ cos ¢ 5 tan ¢]0
27 27
=1 I [-4-1®)+8]a0 =1} J Jar=8(m =31
] 0
n/2 ®/4 2sec ¢ w/2 n/4

52. V=4 o2 sin ¢ dpdgde =§ J J (8 sec3 ¢ — sec3 ¢)sin ¢ dgdg
0 0 seco 0 0
/2 x/4 w/2 m/4 x/2 /4
*,
=2 J sec’ ¢ sin ¢ dgpds = 2 I f tan ¢ sec?¢ dgdo = 28 J [%tan’d:}
0
0 0 0 ) 0
/2
_14 _Ir
=4 J W=7
V]
/2 1 rz nf2 1 w/2
53. V=4 I J szrdrd€=4 J Jradrdo= J #=1
0O 0 O o 0 o]
w/2 1 rl41 /2 1 /2
54. V=4 I J J dzrdrdf =4 J Irdrd8=2 J dé==»
0o o rz 0 0 0
w/2 \/5 r w/2 \/; /2 :
- ) - 2 gap = 2ﬁ—1) _4r(2v2-1)
55. V=8 I J I dzrdrdé =8 I J r drd0_8( 3 d0-——§——
0 1 0 0 1 1]



56.

57.

58.

59.

60.

61.

62.

Section 12.6 Triple Integrals in Cylindrical and Spherical Coordinates 1049

»/2 V2 Vari? xj2 V2 x/2 Vi
3/2
V=8 J' I I dzrdrdf =8 I J V2 -1 drds =8 I [-%(2-:2)/] o
o 1 0 01 0 1
w/2
_8 _4r
=3 J dé =
0
2r 2 4-rsiné 2r 2 27 i
V=J. dzrdrdO:j J' (4r—r? sin 6) drdd = 8 I (1-=“’;,,—9)da=1eqr
) [} ] [}
2 2 4-r cos O—r sin & 27 2 21
V= J dz rdrdf = j I [4r =12 (cos 8 +sin 0)]drd0=% J (3 —cos § —sin §) df = 167
00 0 00 0

The paraboloids intersect when 44y’ =5-x2—y? > x* 4+ y?=1landz=4

®/2 1 5?2 %/2 1 =/2 1 w/2
2 4
>V=4 I I j dzrdrdd =4 J J.(5r—5r3)drd9=20 I ['7-%] df=5 j d9=52_"
00 L2 00 ° o
The paraboloid intersects the xy-plane when 9-x2—y?=0=>x*+y?=9=
®/2 3 9—r® n/2 3 x/2 . 3 /2
= - _3 - o _r? _ 81_17
V=4 I J I dzrdrdd =4 I I(s: %) drdd =4 I [T Ti']ldo“’ j (4 4)d0
o1 0 01 0 0
w/2
=64 I dé = 32x
0
x/2 1 4-1r2 ®/2 1 12 /2 3/2 1
v=8 J I I dzrdrdf =8 I Jr(4—r2) drdf =8 J [‘%(4-#) ] ]
o0 0 0 0 0 0

3
©

/
=-8 J (33/2—8)da=9&31‘—@

The sphere and paraboloid intersect when ®+y’+22=2andz= 24y =>2242-2=0

= (z+2)(z—1)=0=>z=1orz=-2=>z=1sincez 0. Thus, x? 4+ y% = 1 and the volume is

x/2 1 2-12 x/2 1
: s [ /2 3
given by the triple integral V. =4 I J dz rdrdf =4 I r(2 —r2) " 13| drds
o0 2 ]
x/2 1 w[2

)

T gl (gt

3

0 0
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2r 1 1 2r 1 27
63. average:%—i I J J ? dzdrd&:% J J 2r? drdé =% J do::%
00 00 b)
2r 1-r? 27 1
64. average —1‘”- j J 1? dzdrde =-f—ﬂ_ J I 2r2v/1—1? drdf
_3') 0 Vis2 00
=3 i [ sin™ 1:\/1—1'2(1—1'2)]1 do=-3 T T40 dﬂ—-3—2r d0-—(—3.)(27r) =3
“2r | I8 -8 o 167 (2 ) 32 —\32 =16
0 0 0
2r w1 2r 7 27
—_1 3 —.3 : —3 =3
65. average_(‘iz- J I J p° sin ¢dpd¢d0—m J J sm¢d¢d0—87r J d9..4
3)0 0 0 00 0
2r T/2 1 27 ®/2 27 1r/2
66. average =1 22 cos ¢ sin ¢dpd¢d0= cos ¢ sin ¢ d¢df = 3 sm ¢
2m 8T
('3‘) o 0 o o o 0
27
3 3
_16—11'1 40 =(gz)em =3
0
21 w2 1 /2 2r 1
67. M =4 J J szrdrde 4 I I:%mo:% J d0=2T”,Mxy=.[ j' szzrdrdo
0 0 o 0 0 0o 00

27 1
J '[ r3drd6=%J d0=%=>i= N’E”:(’i-)(%):%,andk‘ ¥ = 0, by symmetry
0 0 V]

/2 2 /2 2 /2 /2 3 ¢
68. M = I I szrdrdﬁ— j J zdrde=§ J da:“T";Myﬁ J J dezrdrdﬂ
0o 0 0 (] 0 0 0 O
/2 2 /2 ®/2 2 w/2 2
I Ir3c050drd0 4 J cos 0df =4; M,, J J Jydzrdrd&:J Jr3sin0drd0
0o o0 0 0 0 0 [V ]
w/2 ®/2 2 ¢ w2 2 x/2 M
=4 J sin 6 df = 4; M, = j I lzdzrdrda =3 I Jradrdo =2 J d=r=x=gF=3,
0o 0 0 0 0

M

ﬁg"

2r 7/2 2 2 */2 2 27 7/2
69. M=ST";MXY= j J’ I zp? sin ¢ dpdédf = I I p3 cos ¢ sin ¢ dpdgdfd =4 J cos ¢ sin ¢ d¢ d@
0 »/3 0 0 x/3 0 0 =/3



70.

71.

72.
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27 n/2 13
=4 [?l%z—f]wlsd():ctl (%-%)d@:%i W=r=ss=-Z=m(L)=} mix=y=0,

3
Iy
»

@ 27 ™/ -

—_ 3 _

M=J .[ [pzsiwd”d“a:%gj J sin¢d¢do=£j 2 2‘/§da="a (23 v2),
0O 0 O o 0 $

3

»

3
EY

S~
-

25 7/4 27

- Mxy 7ra,4 — -
:z:—m—=(T [waﬁ(z—\/i)]_(? 2 16 , and X 0, by symmetry
2r 4 \/; 27 4 2r 27 4 \/;
M=I I J dzrdrd&:[ Jrs/zdrds=%éj da=125ﬂ,Mxy=I J J 2dz 1 drdf
o0 0 00 0 00 0
2r 4 27 M
=%J‘ J rzdrd0=§§I d0=-ﬁ%=i=—ﬁx!=%,andi= 0, by symmetry
00 0
%/3 V1-r? /3 1 /3 3/2 1
M= I J I dzrdrdd = J J 2rV1-1? drdf = J [-§(1-r2) ] s
-3 0 _ 3 -x/3 0 /3 0
/3 x/3 V11— /3 1
=§ J. d9=(%)(2’r)=%’l;Myz= J. J J r? cos § dzdrdd =2 J .[rz\/l—rzcosﬁdrda
—x/3 -3 0 _ T3 —x/3 0
x/3 /3
_ — e =/3 \/g) \/—
=2 J./ [Esm Vl—r (1-2r )] cos 6 df = § J./ cos0d0-§[5m 9]_,,/3_( )(2 N -5
-n/3 -n/3
My, _9v3

:i:—ﬁ-z—ﬂ,mdy:izo, by symmetry

2r 2 4 2 2 27 2r 2 4
1,:[ J' I(x2+y2)dzrdrdo=4j Iﬁd:df):j 15d0=301;M=I J szrdrdo
010 o r 0 01 0
2r

=

6d6=12r > R, = \/g=

]
o—,
——

>

-

o

-y

o
ob—-«,?
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2r 1 1 2 1 2r
74. (a) I,:J J J rsdzdrd0=2J J tadrd0=%J do=n
0 0 -1 o0 V]
27 1 1 2% 1 27 2
(b) IX=J J I (:? 6in?0+22) dz r drdf = 2 J J (2rssin29+%)drd0=J (8"5 9+%)d6
0 0 -t [ I} 0
20

i T _ 7

[/ 91" _ -
§-oneg] =5+ =F

I~

75. We orient the cone with its vertex at the origin and axis along the z-axis = ¢ = % We use the the x-axis

which is through the vertex and parallel to the base of the cone = I, =

o —F

11
I I (r? sin26 +22) dz r drdé
o T

27

1 4 2r
=I J (r3sin20—r4sin20+§—%)drd0=
00

sin2 , 1 _[8 _sin28 6 _ T, T_T
J(zo *10 d"-[za‘—sr +ﬁ]o =0+5=1
0

2r a a?_r? 27 a 27 2 2 3/2 a
76. 1, = I J J 1 dzdrdd = I J 2r3v/a? —1? drdf =2 J [(—%-—%%—)(az—rz) ] dé
° o _ /53 00 0 0

1 2r 1 12
78. (a)M:J. szzrdrdﬂ:J. J.%rsdrd6=11—21‘d0=%;Mxy=J J JzzdzrdrdO
00 0 000

o
Ot——
(=}

2r 1 2r
=%J Ir7drd0=ﬁj d0=—1752—=>i:%,andi:?‘zo,bysymmetry;

0 0 0

2r 1 12 2r 1 2

1 7 1 - - I_\/§

1,=J I ersdzdrd0=§J Jr drdo_ﬁf d=F=>R, ==

0 0 o 00 0

2r 1 r2 2r 1 27 2r 1 r2

(b)M:J J J:’dzduw:J J:“d:da:%[ d0=2T7';Mxy=J j erzdzdrda
0 0 0 0 0 0 0 0 0



o—Y

o—y
Ot

79. (8) M=

o—y

[
Lol

oY

o'——,a’

by M=

oY

1]
a‘—‘

o—y

I
g)—‘

o—Y

os—,;’

80. (a) M

oy

—

(b)

¥ oy

[ L E——

oY

!
]
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27 27 1 r2
radrdazﬁj d0=%=> =1—54- and X =7 = 0, by symmetry; I“:I J J rt dzdrdf
0 0 0 O
27 i
6 _1 _2r Y o A 1)
rdrd0_7jd9—7:>Rz_ =12
[
1 R 27 1 27 2r 1 1
J’ zdzrdrd0=%J' J (r—rﬂdrd&:%] d9=§-;Mxy:J I j 22 dz r drdf
T 0 0 0 0o 0T
27 27
(r—rt )drdﬁ:-ll—oj. d0=%=>i=%,andi= =0, by symmetry; I, I J J zr® dzdrdf
V] 0 T
27 i
5 1 _ T — z
(B-r )drda—ﬂjl d0—12=>R2—\/§—\/§
0

|

ot

O3

o——a

O—3 Ot———

—

O—F o

df =

I
!

=

2% dz r drdf = from part (a); M,, = I
0

27 1

—

3 =1
Z dzrdrd9—4j
0

%:i:%, and X =¥ =0, by symmetry; I, = J
) [

2l

= =

R,

ad

=%

p% sin ¢ dpdpde

<

p® sin® ¢ dpdgdo =é7- j
1]

8a7m

o7 F R

p® sin? ¢ dpdgdo =2-

(]
p®sint¢ dpdédd = és-

14

oy

»

3

O3

O—

ot

sin ¢ d¢df =

(1—cos?¢) sin ¢ dgdf =%

(1 —cos 29) o) apan = ﬂ‘] d6 =
]

sint¢ d¢ do

2a%

5

o—y

|

1

T

__ 4ma5,
dé = =5

~

.[ 221'3

7

*

oy

27
I(r—r drdé
27 1
dadrdd =} f I (+3—15) drdé
0 0

cos® ¢] "
- + dé
[ cos ¢ — .
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62« 4 4 621r 4 2 6211'
_a —sin® ¢ cos 3 2 _a sin _ 7al
- I([ ]o +4Jsm ¢d¢)d9_TJ[ ]Oda_—l-G-Jde
0 0 0
6 2 L,
—a T — —_
=% 2RV
2r a%‘ ar? 2r 2r 3/2
81 M=I J J dz r drdf J jg, al—r drd0=§J [—%(a’—rz) ] de
00 0 200 0 0
2r 3 2 27 a% a?r? 2 27
_h — 2ha‘w, - h
_EJ §3—d9_ g"",Mxy...I J J. zdzrdrdf = mj(ar——r)drde
0 00 ) 0
2 F 4 212 22
=;TJ (%——%) ag”:%:(%)(ﬁ):%h, and X =§ = 0, by symmetry
0

82. Let the base radius of the cone be a and the height h, and place the cone’s axis of symmetry along the z-axis

2r a h 2r a
with the vertex at the origin. Then M = Z& *h and M, = zdzrdrdf =1 %23 drdé
3 xy . 2 al
° 0 (m), 00

212 ap? 2 (2 2 i 2,2 M 2,2

—h é_ _h at_a _h% hfa‘r —_xy_[(h%r ) 3 \_3

- | 5] =% | ¢ T)“-TI V=" -T-(T)(nzh)wh'“"
] [

X =¥ =0, by symmetry => the centroid is one fourth of the way from the base to the vertex

2x a 2x h 2h)Z‘)r h’ h)
83. M=f I f (z+1) dz r drdf =J I (-2-+h)rdrd0— s J dp = mat(h? 42
0 0 0 0

27

=J I T(zz+z)dzrdrd

0

2 2
f a (2h3+3h’ f 2h3+3h2)
rdrdf = dd =
0o o

_2h%?4+3h
wal h2+2h) T 3h+6

3 2)
=>Zz= ["a (Zh +3h ][ and X =¥ = 0, by symmetry;

2r a h 2r a 27

1,:([ I l (@+ 1) dzdrdf = (h +2h)l J P drdd = (h +2h)(%)l 0= %(h?iz—h—);

_ L ra‘(h2+2h)_ 2 _
R’"/%“\/ 4 ma.’(h2+2h)_7“5

o




84,

85.

86.

87.

88.
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The mass of the plant’s atmosphere to an altitude h above the surface of the planet is the triple integral

2r # h 2r =
M(h) = J I J poe~ PR sin ¢ dpdgde = ]‘ J J poe PR gin ¢ dgdodp
0 0 R R 0 O

h 2n x h 2x h
= J J [poe'c(”'a)pz(—cos ¢)]0 dodp =2 I I Hoe R e p? dfdp = dmpge® J e~?p? dp
R O R O R

2,~cp —p , —cplh
=dn %ecR[_% - 2&:7— - 2%3—] (by parts)
R

2_,—ch —ch —ch 2,—cR -cR —cR
= drpge( M et 268 R MR 260,

i = i = R2_ 2R 2
The mass of the planet’s atmosphere is therefore M = han; M(h) = 4mpu, (-c— +?— +;§)

1055

The density distribution function is linear so it has the form 6(p) = kp + C, where p is the distance from the

center of the planet. Now, §(R) =0 = kR +C =0, and §(p) = kp —kR. It remains to determine the constant

2r = R 2r m 4 3 R
ks M=J I I (kp —kR) p? sin¢dpd¢d€=f I [k%——kn%] sin ¢ dgdf
D00 00 0
2r M 4 2r 2n 4
R‘_RY). 1 _k o [ _k __knR%_ . _ _3M
= J' J’ k(T_T)smqsdqsda_ J — o RY [~ cos ¢]7 40 = j ~kRtap= kR o k- M
0o o 1] 0

= 6(p) = —%p %R. At the center of the planet p =0 = §(0) = (%—)R =1M5.
x2+y?=a? = (psin ¢ cos 8)? + (p sin ¢ sin 6)% = a® = (p? sin2¢)(cos20 +5in?0) = a? = p? sin ¢ = a?
> psing=aorpsing=—a=>psing=aorp=acscesinced<p<mrand p>0
(a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates => r cos 6 = a
= r=—2_ = r=asec b, in cylindrical coordinates.
cos 0

(b) A plane perpendicular to the y-axis has the form y = b in rectangular coordinates => rsin § =b

_ b _ . . .
Sr=lpr= b csc 8, in cylindrical coordinates.

= 4 = i = = <
a.x+by—c:a(rcose)+b(rsm0)—c=>r(acosﬂ+bsln0)_c=>r—m
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89. The equation r = f(z) implies that the point (r,8,z)

= (f(2),6,2z) will lie on the surface for all §. In particular Y 04 w2

(£(z), 0 + m,2) lies on the surface whenever (f(z),6,2) does

= the surface is symmetric with respect to the z-axis.

90. The equation p = f(¢) implies that the point (p,¢,6) = (f(#),¢,8) lies on the surface for all . In particular,
if (f(4), ¢,0) lies on the surface, then (f(¢),,8 + ) lies on the surface, so the surface is symmetric with respect

to the z-axis.

12.7 SUBSTITUTIONS IN MULTIPLE INTEGRALS

1. (a) x—y=uand 2x+y=vﬁ3x=u+vandy=x—u=>x=%(u+v)andy=%(—2u+v);

11
Ovy) | 3 3 i_1.2_1
Buv)y | _2 1| 97973
3 3
(b) The line segment y = x from (0,0) to (1,1)isx—y =10

=> u = 0; the line segment y = —2x from (0,0) to (1,-2)
is 2x +y = 0 => v = 0; the line segment x = 1 from
(1,1) to (1,-2) is (x=y)+(2x+y) =3 = u+v=3.
The transformed region is sketched at the right.

2. (a) x+2y=uandx—y=v=>3y=u—vandx=v+y=>y=%(u—v)andx::lg(u+2v);

1 2
dxy) | 3 3 |_ _1.2__1
duv) | 1 _1| 9973
3 3
(b) The triangular region in the xy-plane has vertices (0,0),

(2,0), and (%,%) The line segment y = x from (0,0)

to (%,%) is x—y = 0 = v = 0; the line segment y =0
from (0,0) to (2,0) = u = v; the line segment x + 2y = 2
from (%,%) to (2,0) = u = 2. The transformed region
is sketched at the right.
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3. (a) 3x+2y=uand x+4y=v=> -bx=-2u+v mdy:%(u—-i&x) :x:%(2u—v) andy:-l%(:iv—u);

2 _1
8(x,y) 5 "5 (_6_1_1

(b) The x-axis y =0 => u = 3v; the y-axis x =0 = v = 2y;
the linex+y=1= %(2u—v)+llﬁ(3v—u) =1
= 2(2u-v)+(3v—u) =10 = 3u+v=10. The
transformed region is sketched at the right.

v=2u

u=3v

A
10
5

4, (a) 2x-3y=uand -x+y=v=>-x=u+3vandy=v+x=>x=-u-3vand y = —u-—2v;

dxy) | -1 -3
ou,v) | o1 -2
(b) The linex=-3 = —u—3v=-3oru+3v=3;

=2-3=-1

v

x=0=2u+dv=0y=x=>v=0y=x+1
= v =1, The transformed region is the parallelogram vel
sketched at the right. 1 u+dvs3
('311) R
/ it u
u+3v=0 (3,0)
4 (v/2)+1 40, I 4 . 2
Y = x_Xy =1 b (LY (¥ ¥
s | [ epear=[ [5F-3], o= [ G+ -GF -G+ @]
0 y/2 0 z 0

6. I '[(2x2—xy—y2) dxdy = II (x—y)(2x+y) dxdy

R R y
= .[Juv %\dudv:% Ijuvdudv;
G

We find the boundaries of G from the boundaries of R,
shown in the accompanying figure:




1058 Chapter 12 Multiple Integrals

Xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
y=-2x+4 %(—2u+v)=—%(u+v)+4 v=4
y=-2x+7 F2u+v)=-F+v)+7 v="7
y=x-2 %(—2u+v)=%(u+v)—2 u=2
y=x+1 %(—2u+v)=31§(u+v)+1 u=-1
2 7 2 2 7

a%JJuvdudv:%I Iuvdvdu:%J u[‘é—] du =

G 11 1 4

7. J I (8x2 + 14xy + 8y2) dxdy = J J (3x + 2y)(x + 4y) dxdy
R R

=.[Juv %% dudv=%J.J‘uvdudv;
G G

We find the boundaries of G from the boundaries of R,
shown in the accompanying figure:

xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
y=—%x+1 -116(3v—u)=—-1§6(2u—-v)+1 u=2
y=—%x+3 1%(3v-u)=-%(2u—v)+3 u=6
y=—%x 116(3v-u)=—§16(2u—v) v=0
y=—%x+1 %6(3v—-u)=—2%(2u—v)+1 v=4

o

6 4 € 4 [ 6
:%JGJ‘ uvdudv:-ﬁ;l l uvdvdu=-116l u[v-;] du=g-§[ “d“=(§)[“72]2=(§)(18_2)=‘654'

8. JJ?(x—y) dxdy = JI-—ZV
G

O(x,y) dudv = J I —2v dudv; the region G is sketched in Exercise 4
R G

8(u,v)

1 3-3v 1 1 .
= IJ—ZV dudv = J J —2v dudv = .[ ~2v(3—3v+3v)dv= J —6v dv=[—3v2]0=-—3
G 0 -3v 0 0
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u y 2. 9(x,y) b —wv? 2
9. x=vandy_uv=>i_v and xy = u%; v = =J(u,v) = =vlutvly =4l
y=xzuw=8zv=lady=4x=>v=2xy=1=>u=1,and xy =9 = u=3; thus
3 3 2 3 2
JJ'(\/§+,/ ) J I (v+u) )dvdu—[ I(2u+ )dvdu_J [2uv+2u21nv]l du
R 1 11 1

3
= j (2u+2u?In 2) du =[u2+%u3 In 2]? =8+2(26)(ln 2) =8 +52(ln )
1

10. (a) gg:g =J(u,v) =

= u, and

the region G is sketched at the right

(b)x=1:u:l,andx=2=>u=2;y=1=>uv=1=>v=é-,a.ndy=2=>uv=2=>v=%—;thus,

2 2 2 2/u 2 2/u 2 2/ 2
J I %dydx:f J %)udvdu:] J uv dvdu=-[ “[v?] du=J u(u%—-z%ﬁ)du
11 1 1/u 1 1/u 1 fu 1

2
=§- J u(u%)du=g-un u]2=%1n2
1

acosf —arsin

bsind brcoséd

11. x=arcosfand y = brs1n0=>6(( ,y)) I(r,0) =

= abr cos? § + abr sin? 6 = abr;

»

3

1
I 1?(a? cos? 0 + b? 6in?4) |I(r,0) | drdé = J
] 0

= [ [(+y?)aa=

oy
PP

R

27 2 2)
—ab I (a2 cos?8 + b2 sin?6) df = & [a 0 . a2 sin 20, b%8 _b?sin 20] Bbﬂ'(ﬂ- +b

] efiasin2 bb_ , =2

1

=ab;A=IIdydx—JJabdudv=J I ab dvdu
Y

12. 259 _ 500y =

R . -1
1

J VIo? du = 2ab[$v1—u +§sm—1u]_l=ab[sin-11-sin-l(-1)]=ab[g—(-g)]zabn

1059

abr3(a? cos?§ + b? sin?6) drdf
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13.

14.

The region of integration R in the xy-plane is
sketched in the figure at the right. The
boundaries of the image G are obtained as
follows, with G sketched at the right:

x-_y /_\ ":':;Zy

v=u
u=2
1 v=o v

xy-equations for Corresponding uv-equations Simplified

the boundary of R for the boundary of G uv-equations

x=y %(u+2v)=%(u—v) v=0

x=2-2y %(u+2v)=2—%(u-—v) u=2

y=0 0:%(u—v) v=u

2/3 2-2y 2 u
Also, from Exercise 2, 2%1%)5 =J(u,v) = -—% = I J (x+2y) =) dxdy = I I ue™" —-%—' dvdu
’ o ¥ 00
2 2 2 2
u
s e B an=d [ w-e o =ffare)-Fre] 2Ha0+eD)-24et1]
] ) 0

=1(3e7%+1) ~ 0.4687

x=u+‘2—’andy=v = 2x—-y=(2u+v)~-v=2uand
Y
1 2
a(xv Y) .2 v
= = =1; =X - = -4,

av) J(u,v) ! I; next, u=x~3 ye2x, y=2 or

X=%+2
or x=4 ¥
=x —% and v =y, so the boundaries of the region of

integration R in the xy-plane are transformed to the 0 2

boundaries of G:



15.

16.

17.

Section 12.7 Substitutions in Multiple Integrals

xy-equations for Corresponding uv-equations Simplified
the boundary of R for the boundary of G uv-equations
X = % u +% = ‘2—’ u=20
x=3+2 ut=F+2 u=2
y=0 v=0 v=0
y=2 v=2 v=2

2 (v/2)+2

1061

2 2 2 2
2
=> J I y¥(2x-y) =) dxdy = J J v:’(Zu)e““2 dudv = J v3[%e4“‘2] dv =% J v3(el®—1) dv
oo 0 0

2
=l(exe_1)[ﬂ] —el6_1
0
1y dy) | eV —usinv
a) x=ucosvandy=usinv= =
(2) y 9(u,v) sinv ucosv
. a(x,y) sinv ucosv .
b) x=usinvandy=ucos v => = = ~u sin
(b) y O(u,v) cos v —usinv
cosv -—usinv
- — u s - 8(x,y,2) .
(a)x_ucosv,y—usmv,z—w:mz sinv ucosv
0 0
2 0 o0
— — -1 a(xv)'vz)_
(b)x..2u-—1,y-.3v—4,z—2(w—4)=8—(-m— (1)
2
sin ¢ cos @ pcos pcosf —psin ¢sinf
sin ¢ sin pcosdpsin@  psin ¢ cosl
cos ¢ —psin ¢ 0
cos g cos @ ~psin ¢ sin @ sin ¢ cos @
= (cos ¢) g p. + (p sin ¢) . .
pcospsind  psin ¢ cosf sin ¢ sin

2

2

=ucos?v+usin®v=u

v—u 6052V=—11

0 =1 cos?v + u sin

=@@)(})=3

—p sin ¢ sin @

p sin ¢ cos 6

= (p2 cos ¢)(sin ¢ co8 ¢ cos? 6 +sin ¢ cos ¢ sin20)+(p2 sin ¢)(sin2¢ cos? 0 +sin? ¢ sinzﬁ)
= p? sin ¢ cos? ¢ + p? sin®¢ = (p2 sin ¢)(cosz¢ +sin? ¢) = p?sin ¢

2

v=u
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b &(b)
18. Let u =g(x) = J(x) = g-% =g'(x) = J f(u) du = J‘ £(g(x))g'(x) dx in accordance with formula (1) in
a

&(a)
Section 4.8. Note that g/(x) represents the Jacobian of the transformation u = g(x) or x = g~'(u). Several

examples are presented in Section 4.6.

3 4 14(y/2) 0 3 4
19. I J ( x;y+%)dxdydz=-|. J [%—’%4—%]

o y2 o0 v/

1+(y/2)

3 4
dydz:l J [%(y+1)—§y-+§ dy dz
00

[ L —

3

tlo+n? 2 yal' 9.4z 1 1
=l [_Tt_“T'*"E']OdZ:l (§+%-1) “l( %) d"[2’+ ] =12

a 0 0
2 y?2 2
20. J(u,v,w)=| 0 b 0 |=abc; the transformation takes the ellipsoid region x—f+%7+z—2 <1 in xyz-space
a c
0 0 c

into the spherical region u? + v? 4+ w? < 1 in uvw-space (whlch has volume V = 3 )

3
=2V= J J J dxdydz = I J I abc dudvdw=_47l'gbc
R G

a 0 0
21. J(u,v,w)=| 0 b 0 |=abc;for R and G as in Exercise 20, J. J' I |xyz | dxdy dz
0 1} (4 R R 4
/2 ®[2 1
= J J J a?b2c?uvw dwdvdu = 8a?b?c? J' J I (p sin ¢ cos 8)(p sin ¢ sin 8)(p cos d))(p2 sin ¢) dpdgdd
G 4] 1] 0
w/2 =/2 /2
21,22 21,2.2 2122
=%u— J I sinﬂcosﬂsina¢cos¢d¢d0=% J sinGcosGdﬁ:gq}’oPc-
0 0 0
1 0 0
22. u=x,v=xy,andw=3 > X=U, ¥y =1 mdz:%w:%](u,v,w): —--55 % 0 =313;
1
0 0 5

J .[ I(x Yy + 3xyz) dx dy dz = '[ J I[uz(%)+3u(%)(‘é—v
R

G

3
I(u,v,w)| dudvdw = 1 v+¥E) dudvdw
3 'y
. °

OF——
——)

3 2 3 2 2 3 2 3
=1 v+vwi2)dvdw=1 | 1+whn2)|%| dw=2 | 1+wh2)dw=2|w+ZL 2
3 3 7], 3 3 p) o
00 o] 0
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=3(3+§m2)=2+3m2=2+In8
. f . . xz y2 32 .
23. The first moment about the xy-coordinate plane for the semi-ellipsoid, = +E§ +H5= 1 using the
a

transformation in Exercise 21 is, ij, = J J I z dzdydx = J J I cw |J (u,v,w)| dudvdw
D G

2
= abc? J I I w dudvdw = (abcz)-(M“ of the hemisphere x> +y? +22=1,2> O) = th—’r;

G
2
the mass of the semi-ellipsoid is 2a!§c1r >Z= (abz W)(E?W) = %c

24. A solid of revolution is symmetric about the axis of revolution, therefore, the height of the solid is solely a
a function of r. That is, y = f(x) = f(r). Using cylindrical coordinates with x =r cos 6, y =y and z =r sin 0,

b 2 £(r) b 27 b 27
we have V = Hj r dyddy = J I J rdydfdr = [ j [ry)i® ddr = I J rf(s) dodr = I [05(r)2" dr
G a0 0 a 0 a 0 a

b
= I 2nrf(r) dr. In the last integral, r is a dummy or stand-in variable and as such it can be replaced by any
a

b
variable name. Choosing x instead of r we have V = J 27xf(x) dx, which is the same result obtained using the
a

shell method.

CHAPTER 12 PRACTICE EXERCISES

10 ty 10
1. I J ye*¥ dxdy = '[ [e""]:.,/y dy 10
10 1
10
= J (e—1)dy=9e~-9
1

! NOT TO SCALE

X

1
3
/*dydx = I x[e"/xlo dx

-

14
oL E—
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32 Vooal? a2 |Vo-u?
3. J J t dsdt = I ts] dt 4
O Voou? ° Veoa?
3/2 ¢

= | 2tv9-4t?dt =[—-%(9—4t2)3/2] o
0 si+4r° =9

w
Oty
[

— _1(p3/2_¢3/2)_27_9
Lo*2-93/7) =2

2
1 2'\/; 1 . 2-\/§
4.-[ J xydxdy:J y[x—] dy
0 o P
NG
1
=%J y(4—4/y+y-y)dy
0
X 5/21"
:J (2y—2y3/2)dy=[y2—4y5 ] =%
o
0
0 4—x? 0
5. I I dydx:J (—x? - 2x) dx
2 2x+4 2
3 L) 8 4
s _ -
=|"5* ]_2—‘(5‘4)-3
1 \/; 1 \/;
6. dxdy = | [223/2]V 7 4
] veas=] 2]

y 0

_ % (y3/4 __ys/z) dy = %[%}7/4 _%ys/g]l

)=

[= L ——

(

(N

2
3

&

2
5




10.

11.

12.

13.

15. V

Chapter 12 Practice Exercises 1065
3 (1/2)Vo-< (1/2)Voe?
J ydydx = [%— dx
0
=3 0 -3
3 573
=| 1 9x _x
= I 3(9 X )dx._ 3 74']
3
=(20_27\_(_21,.27\.27_9
“(s 5)-(-F+5)=%=3
[4—
4 Y \/47
J J. 2xdxdy-J. [x2]
0o 0 0
4 274
=j (4—y)dy=[4y-y7] =8
0
0
12 7 w/2 2 2
I J 4cos(x2)dxdy=I J 4cos(x2) dydx=] 2x cos(xz)dx=[sin(x2)]0=sin4
0 2y o o 0
21 2x
I J e* dxdy—J Je" dydx-J 2xe* dx—[ ] =e~1
0 y/2 o0
8 2 3y 2
I J - dydx:J J1_1 dxdy:lj 4y° 4y =l 17
yi+1 yvi+1 4] yi41 1
o 3/ 00 )
11 1«3 1
. 2 N 2
|| oo aay - [ ] 2roinfn)gyar - [ arx in(ea?) ax = [ cos(rs)ly = ~(-1) - (-1) =2
03 00 0
y
0 4-x? 0 4 VY 4
A= dydx = J (—x2~2x)dx=% 14, A=I I dxdy=I (\/i—2+y)dy.—_-36—7
=2 2x+4 - 1 2%y 1
1 2-x 1 2-x 3 4
2 - 3 3 (2- 4
=I [ e4y)ayax= I[xy+-3-] I[2x2+( x) 7x]dx-[2—§-————( 3 _%L
x 0
=(2_1_27 2 _4
=(3-% 1‘5)*’1’2“3
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2

2 6~x 2 2
2
16. V= J J’ x% dydx = .[ [xzy]i_x dx=J’ (6x2—x4—x3)dx=%
-3 X -3 -3
11 1 21 1
17. average value=.[ J xy dydx:J [J%] dx-J %dx:%
0
00 [ 0
1 1-x? 1 2 1-x2 1
18. average value:—}r—J .[ Xy dydx:TJ [%] dx=%J (x—xa) dx—-il—
Z)o 0 o0 0 0
2 2 2 2 2 2
19.M=J dydx:j (2-—%)dx=2-—ln4;My=I xdydx:J x(2—-%)dx=1;
1 2/x 1 1 2/x 1
2 2 2
- = _2 — fe=v=_ 1
Mx_.[ J ydydx-J(2 x2)dx--1=>x_y—2__ln4
1 2/x 1
4 2y-y? 4 4 2y-y? 4 4
2 32 2_.3 4y° ¥ 64
20.M=I dxdy:J(ziy—y)dy:T;Mx:J J ydxdy:J(4y —y)dy: T—T():_a_;
o -2y ] 0 -2y 0
4 2y-y 4
9 5 4 M M
M, = J xdxdy—J.[(y r’) 2z]dy=[%(—)—y7]0=-1§—8:x=ﬁy=-—15—Zandy=ﬁ"—=2
0 -2y

2 4 2
. 3
21. I°=J J (x2+y?)(3) dydx =3 J (4x2+%—4—1—%’—(—)dx=104
0 0

2
2. () I = J

{JU I
—_
L]
»
+
~«
1Y)
~
o
<
o
»

]
L—w
—~
o
»

»
+
W
~—
[=9
»
|
03"&
=]

=53t
3 2x/3 3 3 2x/3 3 .
23.M=6J j dydx:&JZde=36;Ix=6J I yzdydx=§-%Jxadxz(%)(%-)=26=>Rx=\/%
0 0 0 0 0 0
1 x 1 1 1
24, M=J I (x+l)dydx=J (x—xs)dx=-[11;Mx=J J y(x+1) dydx:%J (xs—x5+x2—x4)dx—1123;
0 2 ] D 2 0
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1 x 1 1 x
M,,:I J x(x+1) dyvdx=J (x? - x*) dx —25 =-§5 dy= 3§ =I .[ yA(x+1) dydx
0 2 0 0 2
1 I 1 x 1
=§-I (x*=x"+x —xe)dx— =>Rx=\/;r=\/%’ IY:J J xz(x+1)dydx=J (x3—x5) dx
0 0 2 0

X

T
=1l7=’Ry=‘/;VyI=\/BT‘

1 1 1 1
25. M= I J (x2+y2+%)dydx= J (2x + )dx—4 M, j
S1 S = 21

M =]. I x(x2+y2+%)dydx=

1
x +y? +-3 dydx = J

'%—50*

-

(2x3 + %x) dx =0

L

26. Place the AABC with its vertices at A(0,0), B(b,0) and C(a,h). The line through the points A and C is
h (a=-b)y/h+Db
y= %x; the line through the points C and Bis y = a—EB(x- b). Thus, M = J 6 dxdy

o h
B (a-bly/h+b !

=b5‘j( -f)dy =81 =I I yz&dxdy=b6]:(y2—y;)dy gbh?, \/— 7,

0 ] ay/h
1 1-x? 27 1 2r 1 2
27. I I —-l——,dydx=J I 2 2drd9=J [_ 12] do=11 do=nr
_.1_ l—xz (1+x2+y2) 0 0 (1+l‘2) 0 l+r 0 0
1 1-y 27 2r 2 27
28. I J In(x? +y%+1) dxdy = J' J rin(r2+1)drdo =J' I%lnududa }| wmu-wias
-1 _\/I:;i 0 o0 0 1 0
2
= | em2-nd=[n4)-1
0
®/3 3 /3 x/3 3 /3
9 2 __3/3
29. M= rdrdf =g 40 =3m M, = 1% cos f drdf =9 cos 6 df = 94/3 = X ==,
-x/3 0 -x/3 -x/3 0 ~-x/3
and ¥ = 0 by symmetry
x/2 3 =/2 w/2 3 x/2
30. M= J errd0=4 J do=2m M, = J Jr'cosodrdo=23§ J cosfdf =2 = x=13, and
0 1 o 0o 1 0
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=13
Y=3 by symmetry

7/2 14cos §

31 (a) M=2 J r drdo

w/2

r=1+cos 6
_ 1+ cos 20 _84m, <
= I (2cos€+T)d0— T
(V]

®/2 14cos §

M, = J (r cos 6)r drdf
—xj2 1

x/2
4
= J (cos2 0 +cosd +%) dé
—-n/2

—32+16m
24

< _ 16m 4+ 32
X=gryag 2nd

¥ = 0 by symmetry

a a 2
J r drdé J %—dﬂ:aza; M, =
-

=>§___2asma
3a

32 (a) M=

|
Q‘—sﬂ

3 3
a” cos 0 14 _ 2a° sin o
--—3——d0_—3

|
|
R

a
J (rcos @) rdrdf =
0

|
R

and ¥ = 0 by symmetry; llm X= lim_

2a sin o _
a—r 3a =0
(b) x=22andy=0

33. (x? +y2)2 -

w/4 4/ cos 26
(x —yz) 0= 1% —1? cos 260 = 0 = 12 = cos 26 so the integral is J. —7 drdf
—r/4 [} (1 +r )
w/4 x/4 /4
= [ [t o=t | (-rkm)e=t | (15

2(1+r2) 2 1+ cos 28 2 2 cos?0

-n/4 0 —n/4 —n/4

w/4

1

~1 _sec20) 1 ta.n0 T—2
=1 J (1 <8 )ao =10 ]_”/‘1

4
-r/4
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7/3 sec 8 /3

[
34. (a) ” 1 axdy= I J I drdo= J [_%]m a6
g (L+x24y?) AR (L)) s L 20422
x/3 =/3 VB
= | sy |eo =t | 1Sh e e Y [ 5
3127 2(1 +sec?0) 2 ) T4sec?d |du=sec29dg| 2 ) Tt
1 -1_1u \/5 \/§ -1
=5 tan =——tan 5
TR LR,
ViR
/2 oo /2
(b) ” 1 dxdy_ drda_J lim [— 1 ]do
(1+x*+y2) (1+r2) oo | 2(1+41%)
/2 /2
1___ 1 =1 -
= ,[ prm, [2 2(1+b2)] ) i =3
T T 7 T T
35. J I '[ cos(x+y+12) dxdydz_I J [sin(z+y+ ) —sin(z+y)] dydz
00D oo
L3
=I [—cos (z +2m) + cos (z + 7) + cos z —cos (z+ 7)] dz =
0
In7n2 Ins In7 In2 In7
36. J J J e HY+2) g4z dy dx = j J ) gy dx = J' Sdx=1
In6 0 In4 Ine 0 In 6
1 x? x+y 1 x2 2 a2 1 .
37. I '[ J. (2x—y—1z) dzdydx:J I(%—%)dydx:] (%—%)dx:?—s
00 0 o 0 0
e X z € X e
38. Y gydzdx= | | bdsdx=| Inxdx=Ixlnx-xI{=1
z3 Zz 1
110 11 1
™2 o -2x /2 o /2 . /2
39. V=2 dzdxdy =2 J J —2x dxdy =2 J cos2ydy=2[%+§lll42!] =12r-
0 —cosy O . 0 =—cosy h) [1]
2 Va=x? 42 4-x? 2 s
40.v=4J J J dzdydx =4 I J' (4-x? dydx—4J(4—x2 dx
o 0 [ b © )

2y3/2 -1x ? o1
= x(4—x) + 6x 4 x2 + 24 sin 5 =24sin"" 1 =127
0
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13 13
41. average:%.[ J I 30x2\/x2+ dzdydx = I J 15x\/x2+ dydx = %
00 oo

31
J. j‘ 15x\/x2 +y dxdy
o0

3
} I [5(x2+y)3/2]o dy=1 l [51+v)%/2 - 5y%/2] ay =%[2(1+y)5/2—2y5/2]z=%[2(4)5/2—2(3)5/2—2]

0
=32(31-3%2)]
2r ® a 2r = 27
2. average:rilsj J J p3sin¢dpd¢d9=1—36“;J J sin ¢d¢d9=§%J do =32
0 0 O 00 0
V2 VasyE axioyt
43. (a) J I J 3 dzdxdy
V2 -V T
2x 7/4 2
(b)J J' Jsz sin ¢ dpdédo
0 0 0
2r V2 Var? 2r V2 27 V2
(c) I I I 3dzrdrd0=3I J [r(4-—r2)1/2—r2]drd0=3 J [—%—(4—1‘2)3/2—5; dé
o 0 T 0 0 0
27 27
J (—23/2_93/2 4 43/%) a9 = (8 - 4\/')1 d6 = 27(8 — 44/2)
0 0
/2 1 1'2 w2 1 2
4. (a) J J 21(r cos 8)(r sin 8)? dz r drdf = I J 21r3 cos 0 sin?0 dz r drdf
-x/2 0 _2 -x/2 0 _2
w2 1 2 x/2 1 w/2
(b) J I J 21r% cos 6 sin?6 dz r drdf = 84 I J.resinzacosﬂdrd0=l2 J sin cos 0 df = 4
-x/2 0 _2 o 0 0
25 */4 sec ¢
45. (a) J I p? sin ¢ dpdgdo
0o 0 0
2x */4 sec 2 /4 27 x/a 27
(b) J I J pzsin¢dpd¢d9=%J J (sec ¢)(sec¢m¢)d¢do=§J [%tanzvﬁ} d9=%I o=5
[V ] (1] 0 0 0 0 0
1 V1-x? V/x%4y /2 1 r
46. (a) J J J- (6 + 4y) dzdydx (b) j. J. I (6 +4r sin 0) dz r drd@
0 0 1] 0o 0 0
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w/2 /2 csc ¢
(c) J- (6 +4p sin ¢ sin 0)(,02 sin ¢) dpdgdd
0 x/4 O
T/2 1 x /2 1 /2
(d) j I f (6 +4r sin 6) dz r drdf = I J (612 + 4r® sin §) drdf = I [23 + 14 sin o](’J do
o 00 o0 0

~

T
/
J (2 +sin 6) d6 =120 —cos 613/ =7 +1
0

V3-x? Vasxi-y? V3 Va2 Vit =2
J J' J 2%yx dzdy dx + J I I z2yx dzdy dx
° a2 1 1 [ 1

48. (a) Bounded on the top and bottom by the sphere x2 +y2 422 = 4, on the right by the right circular
cylinder (x —1)24+y% =1, on the left by the plane y =0
/2 2 cos 0 4-r?

(b) J' J dz r drdf

0 0 _/ )

m
4
&
N

T

I (x m—zr)drder:J [—%(8—1’)3/2-42] )

27
49. (a) V= J J I dz r drdf =
00 2

Q“—w:

»
B
©

i T o= r(8v2-5)
= [ [ -a+3@)a0= | 4-2-3+2vB) a0 =F(avE-5) [ ap =TS
o [

—
0
2 m/A VB 2r 7/4
(b) V= I J j p? sin ¢ dpdgas =§ I j (24/2 sin ¢ —sec® ¢ sin ¢) dé dé
0 0 2seco 0 0

25 T/4 27

/4
8 8 1, 2
=3 il; J; (2«/§sm é—tan ¢ sec’¢) dgdf = 3 l —2\/§cos¢—§tan ¢]° dé

N
3
&

T

=4 J (_2—21,4-2\/5)(10:%]‘ (‘5"24‘/5).1

8r(4y/2-5)
3

-3

w/3 2

50. I,=J [ T(psin«ﬁ)z(pzsinqﬁ)dpdqbda: I Jp4sin3¢dpd¢do
0o 0 O 0o 0

oy

27 7/3 27

/3
=§52J; ~([ (smqb—cos ¢ sin ¢)d¢d =35—21 [—cosdﬂrcos 4’] d9=%’r

1071
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~

3

Ly
51. With the centers of the spheres at the origin, I [, = J I J 5(p sin ¢)? (p2 sin qb) dpd¢dé
00 a

2r n

=—_5_i I sind ¢ agdo = S(° “‘5)1 J (sin ¢ — cos? ¢ sin ¢) dgdf

2 2
_ (6% —ab) J" [_cos¢+cos ¢] e 46(b5-a~") J’ 49— 878 b5—a5)
SLESLY : =
0 1]

2r m l—cos 6 27 ® l-cos @
52. 1,:[ j (p sin ¢)2(p? sin ¢) dpd¢d0=J J p*sind ¢ dpdgde
0 0 0 0 4]
2r n 2r 7w
=%I J (1 —cos ¢)° sin3 ¢ d¢d = J J (1 - cos $)5(1 + cos ¢) sin ¢ dpdd;
0 0 [C]
u=l-cosg| T _12”[2-17“.1"]2 1 (1 1
oo g i —.gl l u(2—u)dud0—-5oj ol Todo_sl (3-3)22 a0

2w
23.25 . 32 _ 64
56 d"—ysj 6 =55
0

1
5

oY

CHAPTER 12 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

2 2 2 6-x?

8—x x2
L (s) V= J J < dy dx ) V= I J j dzdydx
3 X -3 X 0

6~x

2

2 2 2
5 L4
(c) V= J J x? dydx = I (ze—x“-—x")dx:[?x"—-x?)—-—x?] =125
=3 X =3 -3
Place the sphere’s center at the origin with the surface of the water at z = —3. Then

9=25—x2—y? = x?2+y? =16 is the projection of the volume of water onto the xy-plane

27 4 -3 2r 4 27 3/2
=>V=J J J dzrdrdﬂ:J J (rv/25—12 - 3:) drdo = J [-%(25-:2) —%r’
0 0 -\/257 0 0 0

13

[_%(9)3/2_24+%(25)3/2]d J 26 46 = 521!’
0

c'—ﬁ:
»

2 1 2-r(cos O+sin 9)
3. Using cylindrical coordinates, V = J.
0

~N

T 1

0 0

dzrdrd&:] J (21'—1‘2 cos 8 —r? sin 6‘)drd0
0 0



. The surfaces intersect when 3 —x% —y

8.

Chapter 12 Additional Exercises—Theory, Examples, Applications

2 ,

®/2 1 2-r /2 1 =/2 o \ s
V=4 I I I dzrdrdf =4 [ [( 912 —13)drdf =4 J [—%(2—9 /_rT do
o0 2 ° 2 0
x/2
=4 J (—%--.{.M) _( :2; 7) da=”(8\/§‘7)
0

[

= 2x? +2y = x2+y% = 1. Thus the volume is

1 V1-x 2 3-x%-y? /2 1 3—? w/2 1 /2
v=4I f dzdydx =4 J ] j dzrdrdf=4 J J(3r—3r3)drd9=3 J a6 =
0 5y2igy? 0 0 2 [ 0
w/2 /2 2sin¢ n/2 =/2
. V=8 I p? sin ¢ dpdgdo =& J I sin® ¢ dgdf
o o 0 o 0
w/2 /2 /2 w/2 . /2 /2
64 '[ _sin ¢°°S¢L +4 j sin? ¢ d¢ |6 = 16 J [?Z’-ﬂfi] 6 = 4r I d6 = 2
0 0 0 0 0
. (a) The radius of the hole is 1, and the
radius of the sphere is 2.
2 \/5 422 27 27
(b) V=2 [ J J rdrdzdf I j dzd0_2\/§J df = 4/37
) 1 0 0
x 3sin o V-1 n 3sin @ L3 3/235in9
v=j I J dzrdrdﬂ:J’ J' 9-r drdG:J' [—%(9-#) ] o
° ) o 0 0 0

= J [—%(9-—9sin20)3/2+%(9)3/2]d0=9 I [1—(1——sin2€)3/2]d9=9 J (1—cos36) do
0

(=}

L3
3
(l—cos 6 +sin 8 cos 6) d9=9[0+sin 9+¥] =97
0

1
o——3
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9.

10.

12.

o0 b oo b
—ax __ ,—bx
. I e—;—g——dx=J. I e dydx =
0 0 a

2, .2

The surfaces intersect when x? + y2 = 5—4-—;—“ = x? +y? = 1. Thus the volume in cylindrical

x/2 1 (241)/2 /2 1 /2 1

3
coordinates is V = 4 J. I I dz rdrdf =4 J I (%—%)drd@:ti I [%—%t] dé
o 0 2 o o 0 o
n/2
=1 =
=5 I df = v/
0

%/2 2 12 4inf cos 0 2 /2 2

2

jrssinﬂcmﬂdrd9= J [EE] sin 6 cos 6 d@
1

1 0

n/
V= dz r drdf = J
[}

O Sy

1 0
=/2 x/2

)
% I sinﬂcosﬂdﬁ:lf-[ﬂ%—a]o =1

it
o
oo

P
o—8

b t
e ™ dxdy = '[ (tl_l'l{.lo I exy dx) dy
a 0

b b
= [t [ o= [ gm (F-55)ar= [ fay=imylt=m(})

(a) The region of integration is sketched at the right
y

asin 8 Va“-y B a

= J I In(x2 +y?) dxdy = J. I r In(r?) drdo; ab--~.(acosB,asing)
0 ycot 8 0
= 2.2
2 8 a2 8 x = (cot B)y +y“=a
u=r 1 1 2 x
-3 lnudud&:i [wln u—u]2” dé

du = 2r dr o0 ) 0

8 B
2
=% J [2a2 Ina-a?- P—'»no t In t]d&:‘—’f J‘ 2ma-1) d0=a2ﬁ(ln a—%)
0 0
acos B (tan B)x s Val-x?
(b) J- J. In{x? +y?) dydx + J I In(x? +y?) dy dx
0 0 acos 8 0

X X X
Y (1) dtdu = I j et g(t) dudt = I (x = t)e™*=Y{(t) dt; also
01 o

[ LSRN - L a——, |

u X X v X X
I M=t g(t) dtdudv:I J'.[ em=t) gt) dudvdt:J J (v = )™ (t) dv dt
1] 0t t 0ot
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= T [%(v—-t)zem("_")f(t)]: dt= T ——(x‘zt)z O f(t) ab
0 0

14.

Oy

X 1 x
f(X)(I gx-y)i(y) dY)dx= J J gx—y)f(x)f(y) dy dx
0

0 0

11 1 1
=J J g(x—y)f(x)f(y) dxdy=j f(Y)(J g(x—y)f(x) dx) dy;
Y

[ 4 0

1 x 11
(x-y )I00M) dxdy = | | ge-iCofs) dyaxr [ [ syt ayax
00 0 x

ot

g(x—-y)f(x)f(y) dxdy + gly—x)f(x)f(y) dydx

g(x—y)f(x)f(y) dxdy + gx—y)f(y)f(x) dxdy

I
Oty Oy O
Lo ey
Oty Oty
P S N

simply interchange x and y
variable names

11
2 J g(x—y)f(x)f(y) dxdy, and the statement now follows.
[

x/n2 a

a x/n2 a a
15. I(a):[ I (x2+y2)dydx=J [x2y+y—3] dx:[ (£+x—3)dx=[x4+—’i]
°© 2 0 2 3 0 5 8.2 33.6 m 125.6 0

2 ‘
=%+%§a'2; I/(a) =%a—%a”3=0 = a4=%=> a=4\/%=?17§. Since I//(a) =%+%a"4>0, the

value of a does provide a minimum for the polar moment of inertia I (a).

2 4 2
3
16. I, = I I (x*+y?)(3) dydx =3 j (4x2—“—3x-+%)dx= 104
0 0

X

»,
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‘] a ']
17. M= J J rdrdf = J (———f-sec 0)d0 a
~8 b sec & -6

b=rcose
a2 7
=a% —b? tan § = a2 cos™! (%)—bz(—ab———h—)

‘] a
=a? cos™ (2) bva? - I I J 13 drdé

~8 b sec @

4 6
(at =1t sec‘ﬂ)d&:-}i J [a‘—b4(1+tan29)(sec20)]d0=%[a49—b4 tano-b—"%ﬁﬁ] ;
] -

]
=
| .
K

a% 4 4 3 3/2
=20_b t2an0_b ton o_%a4cos (2)_%b3,/‘r—a _bz_%b(az_bz)

2 2-(v%/2) 2 y 2-(v/2)
18. M= J I/ dxdy = .[ (1 Z;)dy [y TE] 3 y= I 2 J/ x dxdy
=2 1(y%/4) - % 1-(y?/4)

=T [%]::E;Z; = 2T (16-8y2+y4) dy = —g[IGy —3—+_5_]2

-2
- (025 2)=(B)(HE) = 8 2= 2= (D)=, st 7 0 b sy

a b . . a bx/a b ay/b
19. J j emax(b32,0%%) 4 dx=J J b’ dydx+I I ™ dxdy
0 0 0 0 ) V]
a a
— [ (b, a 2 _ b2x? 1 %2 _ 1 ( _b%2 1 [ a%?
_J( x)e x dx+.[ (By)e‘y dy [TaLbe x o+ me‘y o—m( s —1) ab( s 1)
] V]
2,2
Hlet?-1)

o | e gl -] (- )

Yy
<oy dx =[F(x,,y) — F(xg, y)]y;

= F(x1,¥1) — F(x0,¥1) — F(%3,¥0) + F(xs ¥o)

21. (a) (i) Fubini’s Theorem
(ii) Treating G(y) as a constant
(iii) Algebraic rearrangement
(iv) The definite integral is a constant number



22.

23.

24.

25.
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In2 /2

In /2
(b) l l e* cos y dy dx =( 6[2 o dx) a[ cos y dy |=(n z—eo)(sin %—sin 0) =)W =1

o [ [ aeer=( [ o) ] <o 1T = b0

(8) Vf=xi+yj = Dyf=u;x +u,y; the area of the region of integration is %

1
= average = 2 J J (u;x +uyy) dydx =2 J [ulx(l - X) +—%u2(1 —x)z] dx
o 0 0

_2[‘11()(7__53_3) (1—x) ] (6u1+éu2) (u1+u2)

u M M
(b) avemge:Eil@-E Jj(u1x+u2y) dA = 5585 IJlx dA+EI% .[Iy dA=u1(vy>+u2(ﬁx)=ulf+u2Y
R R

R
) /2 oo /2 b )
(a) 12=[ J (P4 )dxdy— J J e rdrd9 j [nm j re™* dr]de
0 0 o o
/2

S 2

lim (e-"2 - 1) =1

=>1I=
b—oo

N

w/2
I df =
o

|
0

(b) I‘(%) =T 12t gt = T (yz)—l/ﬁe‘y2(2y) dy =2 T e—y2 dy = 2(—\4—;) = \/;, where y = \/{
0

0 0

2r R 27
. 3 . 3 2 2 3
Q= -[ J kr?(1 —sin §) drdf =% I (1 —sin §) dé =%[0+cos 0]0" =L1§—R—
o0 [}
v h—xf
For a height h in the bowl the volume of water is V = I I I dzdy dx

‘\/l’_l -y h—-)(2 x2+y2
\/1-1 h-x? 27 \/}-‘ 27

=J I (h—xz—y’)dydx=J f 2)rdrdo= [21;—%]
-Vh Vi o o 0 0

Since the top of the bow] has area 10w, then we calibrate the bowl by comparing it to a right circular cylinder

B
~
3

©

whose cross sectional area is 107 from z = 0 to z = 10. If such a cylinder contains =5~ h T cubic inches of water
2 2

to a depth w then we have 107w = h.z—”- =>w= -t2‘—0 So for 1 inch of rain, w =1 a.nd h = /20; for 3 inches of

rain, w = 3 and h = /60.
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26. (a) An equation for the satellite dish in standard position

vector v = 0i+ aj + bk normal to the plane of the

1.2 1.2
1sz—§x +2y

water level satisfies b = v -k = cos (%)

Sa=

ViTH -
s

1
2

1

—5i+

:>——(y-—1)+—(z——)—0=>z—

-2

N

()

Since the axis is tilted 30°, a unit H

V3

1
_ (0,1 .z]
2

is an equation of the plane of the water level. Therefore X

the volume of water is V = J J

x2+y2 —§y—1+\/§-—0 When x =0, then y = o or y = 3, where o =

and B =

2 4 2
3~ §—4<W—1
2

R

o

I

2

=>V=

1
x“+3y

dzdy dx, where R is the interior of the ellipse
2

1

/5

=

1/2
2y41--2__ 2 1
(3 y+1 \/:; ) $y+ -

J J J 1 dzdxdy
« +

1/2 1
_(%yﬂ‘ﬁ—y?) 2"

b)x=0=>1z =%y2 and dz =y;y=1=>352 d =1 => the tangent line has slope 1 or a 45° slant
= at 45° and thereafter, the dish will not hold water.

-5/2
27. The cylinder is given by x>+ y? =1 from z =1 to 0o = I J J z(r2 +22) / dv

[

T

l

D
dz r drdd = 1_1_’ I J I dzdrdé
i (242 )/ B (2422
27 1
I -1 r drdd = lim J J -1 +(8)—=_]dras
2 —
0 [( 3)(r’+223/ ]1 T ( 3)(r’+ ) (3)(2+1)3/2

1
[l(r2+a2)—1/2—1(1'2+l)—l/z] 49 = lim
3 3 .
1]

2a[ 122y -3

NG

2

)

1

3

(

1

a

»

T

[1(1 +a2) 2 _Lom1/2) _L(a2) 11 +%] a0

Jed]==els-() 4]
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28. Let’s see?

1
The length of the “unit” line segment is: L =2 ]' dx=2
0

2

1Vi=x
The area of the unit circle is: A =4 J I dydx ==.
o 0
1 l—x2 \/l—xi—yi
The volume of the unit sphere is: V =8 J J I dzdydx = 451.
0o 0 0

Therefore, the hypervolume of the unit 4-sphere should be:
Vi Vit 12—y =a?

1
Vhyper = 16 J I I dwdzdy dx.
o o [ [)]

-

Mathematica is able to handle this integral, but we’ll use the brute force approach.

12 Vi 12—yt Vit Vie—?
J dwdzdydx = 16 I J \/l—xl—yz—zzdzdydx
0 0 0

1
vhyper =16 I
[}

[ —

0 0
1 V1-x® V1-x*~y Z = cos 0§
;;l—x!— 1
=16J‘ I J. 1-x®=y 1—1—-%—7dzdydx= Y
v \/ 2
o 0 o dz = —/1—x2 —y? sin § 46
1V1-x? 0 1 Vi1-x? 0
=1e[ I (1-x2-y2)j -vl—m’osinododydulsj I (l-—xz—y’)j ~sin? 6 dfdydx
0 0 /2 [ n/2

1
%(l—xz—yz)dydx=41rj Vi-x*-x*v1-~ i—%(1-—)(2 /2 dx
)

1 1 Q
2 3/2 x == cosf
=4 I\/1- i[1—2-1-"]«1;(=8 j 1-x2)? dx = =-8 J int0 do
1|’0 X ( x) -T- g‘lfo( X X dx=_sinod0 gﬂ’ sin
w/2
1]} Q 0 2
=_§WI [1—"?‘:2—”]2:—%"]' (1—2cos20+cosz29)d0=—§1rj (g-zcos 2o+ﬁ’-“#)do.—.%
=/2 =/2 w/2
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NOTES:





