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™)

On OA, f(x,y) =1(0,y) = —24y> on 0 <y < 1;
f'(0,y) = —48y =0 => y = 0 and x = 0, but (0,0) is
not an interior point of OA; £(0,0) = 0 and £(0,1) = —

On AB, f(x,y) = f(x,1) =48x —32x®* 24 on 0 <x < 1;

f(x,1) =48 —96x2 =0 => x =—Leand y =1, or x = — Lo
and y = 1, but —ﬁ,l)is not in the interior of AB;
1
f[ =—=1}=164/2—24 and f(1,1) = -8
(ﬁ ) V2 (1,1)

On BC, f(x,y) =f(1,y) =48y —32—-24y?on 0<y < 1; f'(1,y) =48 —48y =0 = y =1 and x = 1, but
(1,1) is not an interior point of BC; f(1,0) = —32 and f(1,1) = ~

On OC, f(x,y) =f(x,0) = -32x3 on 0 < x < 1; (x,0)=—96x*=0=>x=0and y = 0, but (0,0) is not an
interior point of OC; £(0,0) = 0 and f(1,0) = —32

For interior points of the rectangular region, f,(x,y) = 48y — 96x2 = 0 and fy(x,y) =48x—-48y =0
=>x=0andy=0,0rx= % andy = %, but (0,0) is not an interior point of the region; f(%,%) =2,
Therefore the absolute maximum is 2 at (%, %) and the absolute minimum is —32 at (1,0).

On AB, f(x,y) =f(1,y) =3 cos yon - <y <7
f(1,y)=-3siny=0=y=0and x=1; £(1,0) = 3,

f(1,—§)=3‘/_ df( )32&

On CD, f(x,y) =f(3,y) =3 cos y on —Z<y<"',

f'(3,y) =-3siny =0 =y =0and x=3; £3,0) =3,

f(3,——)—3\/— df(3 ) 3‘/—

On BC, f(x,y) = f(x,{—) = —\/—TZ(4x—x2) onl<x<3;

g

f’(x,%):\/5(2—x)=0=>x=2andy=z ( ) 24/2, f( %4[) T2,andf(3,%’)=¥
On AD, f(x,y)_f(x,—z)_‘/—(lix x®)onl1<x<3; f’(x,——) f(z x)=0=>x=2and y’=—

f(2,—§) =2/2, f(l,—%): %ﬁ and f(3,—%)=¥

For interior points of the region, f,(x,y) = (4 ~ 2x) cos y = 0 and £y (x,y) = —(4x — x?)sin y=0=>x=2
and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at

.
4

(2,0) and the absolute minimum is 3‘2/5 at (3,—%), (3,4) (1 ——) and (1,%).
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(i) On OA, f(x,y) =f(0,y) =2y+1on0<y<];
£(0,y) = 2 = no interior critical points; £(0,0) =1
and (0,1) = 3

(i) On OB, f(x,y) =f(x,0) =4x+1on0<x<1;
£'(x,0) = 4 => no interior critical points; f(1,0) = 5

(iii) On AB, f(x,y) = f(x,~x+1)=8x*—6x+30on 0<x < 1;
fl(x,—~x+1)=16x~6=0 :x:%andy:%;

f(-g- )_ 5 £(0,1) = 3, and £(1,0) =5

(iv) For interior points of the triangular region,
f (x,y) =4—-8y=0and fy(x,y) =-8x+2=0
=>y= -é— and x = % which is an interior critical
point with f(%,%) = 2. Therefore the absolute maximum is 5 at (1,0) and the absolute minimum is 1 at
(0,0).

b
Let F(a,b) = J- (6 —x-x? dx where a < b. The boundary of the domain of F is the line a = b in the

ab-plane, and F(a,a) = 0, so F is identically 0 on the boundary of its domain. For interior critical points we

have:g—£=—(6-a a?)=0=a=-3, 2and——-(6 b—b2)=0=b=—3, 2. Sincea <b, there is only

2
one interior critical point (—3,2) and F(-3,2) = J (6 —x — x2) dx gives the area under the parabola
-3
y = 6 —x — x? that is above the x-axis. Therefore, a = —3 and b =2.

b
1/3
Let F(a,b) = I (24 —2x —xz) f dx where a <b. The boundary of the domain of F is the line a = b and
a

1
on this line F is identically 0. For interior critical points we have: oF _ (24 2a—a ) / =0=>a=-4,6

da ~
OF 2)\1/3 . . " .
and 5= (24-2b—1b ) =0 =>b=—4, 6. Since a <b, there is only one critical point (—4,6) and

6
1/3
F(-4,6) = J (24 -2X — xz) dx gives the area under the curve y = (24 —2x —xz) ! that is above the x-axis.

4
Therefore, a = —4 and b = 6.

Ty(x,y) =2x~1=0and Ty(x,y)=4y=0=>x=%andy=0with T(%,O):—%;on the boundary
x24+y?2=1: T(xy) =—x?—x+2for -1<x<1=>T(x,y)=-2x-1=0=>x= —%and y= :t#;
3 . . 3
):% (——2-,—12:) %, T(-1,0) = 2, and T(1,0) = 0 => the hottest is 2% at (—%,——\é—_—) and

V3
2
(‘%,—34—-) the coldest is _Ll. at (%’0).

4
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30. fx(x,y):y-4-2—,2—(=0andf,,(x,y):x—%:(]=>x-_—%andy=2;fxx(%,2)=)%‘(1 )=8,
7?
1oy 1
fyy(§’2)_F

=1 (%,2)=1=>f f f:y=1>0andfxx>0:alocalminimumoff(%,Z)

1 — 4 xy xX'yy
(32)

:2—-1n%=2+1n2

31. (a) f,(x,y) =2x—4y =0 and f(x,y) =2y —4x =0 = x =0 and y = 0; £, (0,0) = 2, £,4(0,0) = 2,

fy(0,0)=—4=f £ —12 =-12 <0 = saddle point at (0,0)

(b) f(x,y) =2x—-2=0and f(xy)=2y-4=0=>x=1andy=2;f(1,2) =2, f,y(1,2) =2,
fxy(l, 2)=0=> Ty — f,z(y =4>0andf,, >0 = local minimum at (1,2)

(©) f,(x,y) =9x*-9=0and f(x,y) =2y +4=0=>x= tlandy = -2 f_(1,-2) = 18x‘(1v_2) =18,
fy(1,=2) =2, f(1L,=2)=0= fexfyy = f;‘:y =36 >0 and f,, > 0 = local minimum at (1,-2);

fex(=1,-2) = —18, f,,(-1,-2) = 2, fey(—1,~2) =0 = £, f —fiy = —36 < 0 = saddle point at (—1,-2)

32. (a) Minimum at (0,0) since f(x,y) > 0 for all other (x,y)
(b) Maximum of 1 at (0,0) since f(x,y) < 1 for all other (x,y)
(c) Neither since f(x,y) < 0 for x < 0 and f(x,y) > 0 for x > 0
(d) Neither since f(x,y) < 0 for x < 0 and f(x,y) > 0 for x > 0
(e) Neither since f(x,y) < 0 for x <0 and y > 0, but f(x,y) >0 for x>0 and y > 0
(f) Minimum at (0,0) since f(x,y) > 0 for all other (x,y)
33. If k = 0, then f(x,y) =x* +y* = f (x,y) =2x =0 and f,(6,¥) =2y =0=x=0and y =0 = (0,0) is the only

critical point. Ifk #0, f,(x,y) =2x+ky=0=>y= —%x; fy(x,y) =kx+2y=0=kx+ 2(—%x)= 0

:kx—%:ﬂ:(k—%)x:O:x:Oork: :t2=>y=(—%)(0)=00ry=—x; in any case (0,0) is a

critical point.

34. (See Exercise 33 above): f, (x,y) =2, fyy(x, y) =2, and fxy(x, y)=k= fxxfyy - f;‘:y =4—k% f will have a
saddle point at (0,0) if 4~k2 < 0 = k > 2 or k < —2; f will have a local minimum at 0,0)if4-k?>0

= —2 < k < 2; the test is inconclusive if 4 —k2 =0 = k = +2.

35. (a) Noj for example f(x,y) = xy has a saddle point at (a,b) = (0,0) where f, = f, =0.

(b) If f,,(a,b) and f, (a,b) differ in sign, then f,,(a,b) fyy(a,b) <050 f, f — fﬁy < 0. The surface must

therefore have a saddle point at (a,b) by the second derivative test.

36. Suppose that f has a local minimum value at an interior point (a,b) of its domain. Then

(i) x=ais an interior point of the domain of the curve z = f(x,b) in which the plane y = b cuts the surface
z = f(x,y).

(i) The function z = f(x,b) is a differentiable function of x at x = a (the derivative is f,(a, b)).

(iii) The function z = f(x,b) has a local minimum value at x = a.

(iv) The value of the derivative of z = f(x,b) at x = a is therefore zero (Theorem 2, Section 3.1). Since
this derivative is f,(a,b), we conclude that f,(a,b) = 0.

A similar argument with the function z = f(a,y) shows that f,(a,b) = 0.
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As shown in the accompanying figure, the surface is a circular paraboloid that opens downward. Let (x,y,z) be
points on the surface such that z = 10 — x% — y?, and let (a,b,c) be points on the plane such that z = —2b — 3c.
We want to maximize d = (x —a)? 4+ (y —b)? + (z — ¢)?. Substituting for z and a gives
d=(x+2b+3c)?+(y—b)?>+ (10 —x? —y? ~c)®. Now we set the first partials equal to zero:

d, = 2(x + 2b + 3¢) — 4x(10 - x> —y2 —c) =0, d, = 2(y —b) — 4y(10 ~x2 —y2 —¢) = 0,

dp, = 4(x+2b+3c¢) — 2(y —b) =0, d_ = 6(x + 2b + 3¢) — 2(10 - x% —y?—c) =0. Solve the last two equations
for (y —b) and for (10 —x? — y2—c) in terms of (x + 2b + 3c) and substitute into the first two equations:

(v —b) = 2(x + 2b + 3c) and (10 —x? — y? —c) = 3(x +2b + 3c) = (2 — 12x)(x + 2b + 3¢) = 0 and
(4—12y)(x+2b +3c) = 0. Therefore the critical values must occur where x = —2b — 3¢, or where x = 1/6 and
y =1/3. For points on the paraboloid above the plane, the maximum value of d will occur at a single point, as
shown in the accompanying figure. Therefore, the z-coordinate of the point on the surface above the plane that
is farthest from the plane is z = 10 — (1/6) — (1/3)? = 355/36, and the coordinates of the farthest point are
(%,31;,%) Not that is x = —2b — 3c = a, then y = b and z = c giving the points where the surface and the

plane intersect. These critical points are where d is at a minimum value of zero.

40
20 %

As shown in the accompanying figure, the surface is a circular paraboloid that opens upward. Let (x,y,z) be
points on the surface such that z = %2 +y? +10, and let (a,b,c) be points on the plane such that ¢ = a + 2b.
We want to minimize d = (x —a)% + (y —b)? + (z — ¢)2. Substituting for z and c gives
d=(x—2a)%+(y—b)?+ (x> +y2+10 —a—2b)%. Now we set the first partials equal to zero:

d, =2(x—8) +4x(x> +y2 + 10 —a—2b) = 0, d, = 2(y — b) + 4y(x* +y* + 10 —a— 2b) = 0,
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dy=-2(x—a) - 2(x>+y>+ 10 ~a—2b) =0, d, = ~2(y —b) —4(x* +y2 + 10 —a— 2b) = 0. Solve the last
two equations for (x —a) and (y —b) in terms of (x> +y?+ 10 —a— 2b) and substitute into the first two
equations: (x—a) = —(x?+y? 410 —a—2b) and (y — b) = -2(x2 +y% + 10 —a—2b)

= (-24+4x)(x*+y?>+ 10 —a—2b) = 0 and (4 —4y)(x* + y? + 10 —a— 2b) = 0. Therefore, the critical

values occur where x2 +y2 410 = a+ 2b, that is, where z =, or where x = 1/2 and y = 1. The graph in the

accompanying figure shows that the paraboloid and the plane do not intersect, therefore, there are no points

where z = ¢, and the only critical points must have x =1/2,y =1, and z = (1/2)2 +124+10= 45/4. The

point on the surface nearest the plane is (;11—, 1,%).

39. No,

because the domain x > 0 and y > 0 is unbounded since x and y can be as large as we please. Absolute

extrema are guaranteed for continuous functions defined over closed and bounded domains in the plane.
Since the domain is unbounded, the continuous function f(x,y) = x + y need not have an absolute maximum
(although, in this case, it does have an absolute minimum value of (0,0) = 0).

40. (a)

@) Onx:O,f(x,y)=f(0,y)=y2——y+1forOgygl;f’(O,y):2y—1=0=>y=%andx:0;

£(0,)=3, 0,0 =1, and £(0,1) = 1

(i) Ony=1, f(x,y) =f(x,1) =x>+x+1for 0 <x < 1; f’(x,l)=2x+1=0:x:——%—andy:l,

but (-% 1) is outside the domain; £(0,1) = 1 and £(1,1) = 3

(il) Onx=1,1(x,y) =f(1,y) =y?+y+1for 0<y<1; f(L,y) =2y +1=0=>y=—Lland x =1, but

2

(1,-1) is outside the domain; £(1,0) = 1 and £(1,1) = 3

(iv) Ony=0, f(x,y):f(x,O):xz—x—i-lfor0_<_x§1;f'(x,0)=2x—1=0$x=%andy=0;

f(%,o):%; £(0,0) = 1, and £(1,0) = 1

(v) On the interior of the square, f,(x,y) = 2x +2y —1 = 0 and fy(x,y) =2y+2x—1=0=2x+2y=1

(b)

41. (a)

)

= (x+y) =4 Then f(x,y) =x>+y? + 2y —x~y+1= (x+y)* = (x+y) +1 =%is the absolute
minimum value when 2x + 2y = 1.
The absolute maximum is f(1,1) = 3 and the absolute minimum is % along the line x+y = % in the square

0<x<1land 0<y<1, asfound in part (a).

df _Ofdx  Ofdy _dx_ dv_ _, = =si =
af_6x2i—f+8ydt—dt = 2sint+2cost=0=>cost=sint=>x=y

On the semicircle x2 —+—y2 =4,y> _0, we have t = ir- andx=y= \/§ = f(ﬁ, \/5) = 2\/5. At the
endpoints, f(—2,0) = —2 and f(2,0) = 2. Therefore the absolute minimum is f(~2,0) = —2 when t = =;

the absolute maximum is f(1/2,y/2) = 21/2 when t = %

(i) On the quartercircle x% + y? = 4, x 20 and y > 0, the endpoints give f(0,2) = 2 and £(2,0) = 2.

(b)

Therefore the absolute minimum is f(2,0) = 2 and £(0,2) = 2 when t = 0, % respectively; the absolute

maximum is £(1/2,1/2) = 24/2 when t =§.

dg _Ogdx Ogdy _ dx, dy_ _, .2 2, _ = 44 -
H{—EEJ“EHE—YE“E““‘“ t+4cos’t=0=>cost=tsint=>x= +y.
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(i)  On the semicircle x?+y2=4,y>0, weobtainx =y = \/5 at t =%and x= —\/5, y= \/ia.t.
t= %’ Then g(1/2, \/5) =2 and g(—/2, \/2) = ~2. At the endpoints, g(—2,0) = g(2,0) = 0.
Therefore the absolute minimum is g(—-ﬁ, \/5) =—2 whent= %; the absolute maximum is
g(v/2,v2)=2 whent:%.

(ii) On the quartercircle x2+y2=4,x>0and y > 0, the endpoints give g(0,2) = 0 and g(2,0) = 0.
Therefore the absolute minimum is g(2,0) = 0 and g(0,2) = 0 when t =0, % respectively; the absolute

maximum is g(1/2,1/2) = 2 when t :%.

(c ) dh g?{ ‘31)1;("-22 ?1{ 4xdx+2yfit (8 cos t)(—2 sin t) + (4 sin t)(2 cos t) = —8 cos t sin t =0

=>t=0, -725, w yielding the points (2,0), (0,2), and (—2,0), respectively.
(i) On the semicircle x2 +y? =4, y >0 we have h(2,0) = 8, h(0,2) = 4, and h(-2,0) = 8. Therefore,
the absolute minimum is h(0,2) =4 when t = 12"-; the absolute maximum is h(2,0) = 8 and h(-2,0) =8
when t = 0, 7 respectively.
(i) On the quartercircle x2+y?=4,x>0and y >0 the absolute minimum is h(0,2) = 4 when t = %; the
absolute maximum is h(2,0) = 8 when t = 0.

1. (a) & _ofdx Ofdy de+3dy

_ - - _1r
=6xdt oy dt = 6sint+6cost=0=>sint=cost=>t for0<t<m.

(i) On the semi-ellipse, %+¥4—= 1,y >0, f(x,y) = 2x+3y =6 cos t +6 sin t = 6(‘4)%(@) =62

att = % At the endpoints, f(—3,0) = —6 and (3,0) = 6. The absolute minimum is f(—3,0) = —6 when

t = m; the absolute maximum is f(%, \/5) =64/2 when t = T

(ii) On the quarter ellipse, at the endpoints f(0,2) = 6 and (3, 0) = 6. The absolute minimum is f(3,0) = 6

and (0,2) = 6 when t = 0, £ respectively; the absolute maximum is f M, 2 )=64/2 whent =T,
2 4

(b) Ogdx  O8dy_  dx = (2 sin t)(—3 sin t) + (3 cos t)(2 cos t) = 6(cos?t —sin?t) = 6 cos 2t = 0

'&?EJ“aydt Ydt“

$t=%,%’rfor0§t§w.

(i) On the semi-ellipse, g(x,y) =xy = 6 sin t cos t. Then g(iﬁ, \/5) =3 when t = %, and
g( 3\/- \/_) =—-3 whent= %’5 At the endpoints, g(—3,0) = g(3,0) = 0. The absolute minimum is

\/_ = —3 when t = 3—'”; the absolute maximum is g 3\/5, \/§ =3whent=7
4 2 4
(ii) On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3,0) = 0

and g(0,2) =0att=0,% 3 respectively; the absolute maximum is g(g—@, \/§> =3 when t = %

2
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()dh gi‘éi‘ g—h-g% 2xdx+6ydt (6 cos t)(—3 sin t) + (12 sin t)(2 cos t) = 6 sin t cos t = 0

=>t=0, %, = for 0 <t < 7, yielding the points (3,0), (0,2), and (~3,0).

(i)  On the semi-ellipse, y > 0 so that h(3,0) =9, h(0,2) = 12, and h(~3,0) = 9. The absolute minimum is
h(3,0) =9 and h(—3,0) = 9 when t = 0, 7 respectively; the absolute maximum is h(0,2) = 12 when
t==2X

=7

(ii) On the quarter ellipse, the absolute minimum is h(3,0) = 9 when t = 0; the absolute maximum is

h(0,2) =12 when t =T,

2
df Ofdx  of dy _ dx dy
B =xd oy amYat* dt.
() x=2tandy=t+1=>dL=(@+1)2)+@)1)=4t+2=0 :t——%:x——l and y =1 with
f(—l,%) = —%. The absolute minimum is f(~l,%) = —5 when t = —— ; there is no absolute
maximum.

(ii) For the endpoints: t = —1 =>x=—2andy=0withf( ~2,0)=0;t=0=x=0and y =1 with
f(0,1) = 0. The absolute minimum is f( ,2) = _f when t = %; the absolute maximum is £(0,1) =0
and f(—2,0) = 0 when t = -1, 0 respectively.

(iii) There are no interior critical points. for the endpoints: t =0 = x =0 and y = 1 with (0,1) = 0;
t=1=x=2andy =2 with f(2,2) = 4. The absolute minimum is (0, 1) = 0 when t = 0; the absolute

maximum is f(2,2) =4 when t = 1.

Of dx , of dy _ o dx
“ () §i= xdttoyar ™ 2xdt+2ydt

@) x=tandy=2—-2t=>E=(2t)(l)+2(2—2t)(—2)=10t—8=0=>t=%=>x=54-andy=2with

f(%,%) = %-{-24—5 = % The absolute minimum is f(—5- -5) = when t = 5, there is no absolute
maximum along the line.

(i) For the endpoints: t=0=>x=0andy =2 withf(0,2) =4;t=1=x=1and y = 0 with f(1,0)=1.
The absolute minimum is f(%,%) 2 at the interior critical point when t % the absolute maximum is

f(0 2) = 4 at the endpoint when t = 0.
) 38 _O8dx  Ogdy r_ —2x 7dx -2y |dy
o plae|;

+
“oxdt Toydt (x +y22 x+y2) dt
() x=tandy=2-2t=> x> +y2=5t2—st+4=>9d% — (52 — 8t + 4) " [(=26)(1) + (=2)(2 — 2t)(=2)]
= (528t +4) (- 0t+8)=0=>t=f=>x=Ffandy= w1thg(5,5) (1)=g. The absolute
5

maximum is g( 5 5) =% when t =% there is no absolute minimum along the line since x and y can be

as large as we please.

(ii) For the endpoints: t=0=> x =0 and y = 2 with g(0,2) = 4,t—1=>x_1.'.-mdy—()wﬂ;hg(l0)_1

The absolute minimum is g(0,2) = when t = 0; the absolute maximum is 3(5,5) = % when t = %
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45. w_i(mx+b v)? = c"W--2le(mx+b y)_ZmZx +2bEx—2Zx‘yl—0

i=1 i=1 i=1 i=1

n n n n

=>m2xiz+b2xi=z anda"V Z (mx; +b— yl)—2m2x+2b21—22y1—0
i=1 i=1 i=1 = i=1 i=1 i=1

n n

=m Z x;+bn= Z y;- These are two linear equations in the unknown variables m and b. Letting
i=1 i=1

a);, = Z xZ, apy = Z X; by = Z XY 891 = 2 Xj) 899 =D, and by = Z ¥;, the system of equations can

i=1
be written as a;ym + a,,b = by and ag;m + agb =b,. Now solve the second equation for b in terms of m and

substitute into the second equation and then solve for m.

b, a, b, a a, a;ob
2 _3n 2 81 ) 212821\, — 1292
b= = ay5 "By ™ = Mt 2| 7y m 5™ _b1=>(a11 By ) m=b, - a5

n n n
(“11&22 - anan)m - ageb; —a 5by m = a59b; —a; by __\i=1 i=1 i=1
a2 a2 21132 ~ 31289 n n
2
1

i=1

=

, and from the first equation, b = a%('—h —may,)

Now apply the Second Derivative Test to show that the critical point is a minimum value of w.

n n 2
v O \(’w _(_az_zL
Z Xi 6b2 ’amab"zi; xi:(amz)(abz) Oom 6b

n n 2 2
(2 Z x?)(Zn)—(Z Z x,) =4|n Z x{ —(Z i) . The second partial derivative,

i=1 i=1 i=1

2 n
3_‘% =2 Z xiz, is greater than zero provided there is at least one x # 0. Furthermore,
m .

i=

2
n
n Z x;“’ —( i xi) > 0 provided not all of the x;’s are equal. This can be proved by mathematical induction
i=1
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First, show that the statement is true for n = 3 (the minimum number of points for a least squares
fit).

3
SZ xiz—(
i=1

g

xi> = 3(x% +x§ +x§) —(x; +x, —:(3)2 = 3(x%+xg+x§)

i=1

- (x% + xg + xg + 2x X5 + 2X X3 + 2X,X3)
=2x2 +2x3 — 2x% — 2%1Xg — 2X X5 — 2XyX3
= (x] ~ 2x)%p +x3) + (o} — 2%, %, +x3) — (x§ — 2x,%5 + x3)

= (%) = Xg)” + (%~ X3)? + (%, — X3)?

>0

2
k
Assume true forn =k = k E xiz -( E x‘) > 0, and show that the relation is true for n = k + 1.
i

i=1 =1

i=1 i=

k+1 k+1 k k 2
(k+1) Y xiz_(z xi>=(k+1)(2 x?+x?+1)—(z xi+xi+1)
i i i=1 i=1

2
k Kk k
2 2, .2 2
=k E: 4k + E:xi + X4 = (E: xi) +2x;4 E: X+ Xig
i=1 i=1 i=1 i=1

ko k 2 . ko, k
=|k> xf- dox ) |+ e+ -2 DX
= i i i=1

i

-

TN /:\ AN
. .M*‘
24
/_"\
M~
%
e ®

)+ (x2- 2%%p 41 + xi_'_l) + (x% = 2%y 4q + xﬁﬂ) +...+ (xﬁ = 2%%p 4 + xi‘;H)
o, k ’ 2 2 2
kY x2- Z X +((X1—xk+1) + (% = X)) oo (R Xy ) )
1

k k 2 n
5> ( > ) +3° (i np?
i=1 i=1 i=1

The first expression in parentheses is positive by our assumption, and the last sum is positive, provided there is
at least one x # x 41 fori=1,2,...k, because it is a sum of squares with at least one term not equal to zero.

Therefore, by mathematical induction,
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i=1 i=1

2
k k
n z x? —( Z xi) > 0, for any integer n, such that n > 3.

2
Finally, this proves that the critical point for the least squares problem is a minimum because .g_LV_ >0 and
m

2
2
62_‘" .6._2.!’_ — 62w ) >0
om? /\ ab? dm b ’

_ (0.001863)(91) — 4(0.065852)

46. m

= ~ 51,545
(0.001863)? — 4(0.000001323) K ( L ) ¥, ( 1 )2 ( 1 ) P,
D k D k D k
and b = 1(91 - 51,545(0.001863)) ~ ~1.26 0.001 51 | 0.000001 0.051

0.0005 22 | 0.00000025 0.011

0.00024 14 | 0.0000000576 | 0.00336
0.000123 4 | 0.0000000153 | 0.000492
0.001863 | 91 | 0.000001323 | 0.065852

1
= F = 51,645 DI~ 1.26

M;&C&DM»—-

w
:g .w‘. below
10
TR
g3
© 103D is diameter)

47-52. Example CAS commands:

Maple:
with(plots):
fi= (x,y) -> 2%x4 +y4 ~ 2%x"2 — 2xy"2 + 3;
plot3d(f(x,y), x=—1..1, y=—1..1, axes=BOXED);
contourplot(f(x,y), x=—3/2..3/2, y=—3/2..3/2, axes=NORMAL);
expl:= diff(f(x,y),x) = 0;
exp2:= diff(f(x,y),y) = 0;
critical:= evalf(solve({expl,exp2}, {x,7}));
diff(diff(f(x,y),x),x): fxx:= unapply(%,(x,y));
Qiff(diff(f(x,y),x),¥): fxy:= unapply(%,(x.y));
diff(diff(f(x,y),y),¥): fyy:= unapply(%,(x,y));
fxx(x,y)yy(x,y) — (fxy(x,y))"2: disc:= unapply(%,(x,y));
subs(critical[1], [fxx(x,y),disc(x,y)]);
subs(critical[2), [fxx(x,y),disc(x,y)]);
subs(critical[3],[fxx(x,y),disc(x,y)]);
subs(critical[4], [fxx(x,y),disc(x,¥)]);
subs(critical[5], [fxx(x,y),disc(x,y)]);
subs(critical[6],[fxx(x,y),disc(x,y)]);
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Mathematica:
Clear[x,y]
SetOptions[ContourPlot, PlotPoints -> 25,
Contours -> 20, ContourShading -> False];
flx_,y_]=2x4+y4-2x2-2y2+3
{xa,xb} = {-3/2,3/2};
{vayb} = {-3/2,3/2}
Plot3D[ flx,y], {x,xa,xb}, {y,ya,yb} ]
ContourPlot[ f[x,y], {x,xa,xb}, {y,ya,yb} ]
fx = Dlf[x,y],x]
fy = Dlflx,y}.y]
crit = Solvef{fx==0,fy==0}]
critpts = {x,y} /. crit

fxx = D[fx,x]
fxy = DIfx,y]
fyy = Dlfy,y]

dise = fxx fyy — fxy"2
{{x,y} disc,fxx} /. crit

11.8 LAGRANGE MULTIPLIERS

1. Vfi=yi+xjand Vg = 2xi+4yj so that VEi=AVg = yi+xj = A(2xi +4yj) = y = 2x) and x = 4y

V2

> x=8xM?= A= :I:Torx=0.
CASE 1: If x = 0, then y = 0. But (0,0) is not on the ellipse so x # 0.

CASE2:x¢0=>,\=:&ﬁ:x=iﬁy:(i\/ﬁy)2+2y2=1=>y= +1

4 2
Therefore f takes on its extreme values at ( + \/5,%) and ( + \/— y— %) The extreme values of f on the ellipse
V2
are :tT.

2. Vfi=yi+xjand Vg =2xi+2yjsothat Vf= AVg = yi+xj=A2xi+2yj) = y = 2x) and x = 2y)
Sx=4xA=>x=00r A= :i:%.
CASE 1: If x = 0, then y = 0. But (0,0) is not on the circle x?+y2—10 = 0 so x # 0.

CASE?:x;é0=>/\=:I:%=>y=2x(:i:%)= x> xPH(2xP-10=0=x= +5 = y= £/

Therefore f takes on its extreme values at ( = /5, v/5) and (+ \/5, —1/5). The extreme values of f on the

circle are 5 and 5.

3. Vf=-2xi—2yjand Vg =i+ 3jso that Vi=2AVg=> —2xi—2yj = Ai+3j) =>x=—%andy=—3—2’\-
a(_%)+3(—:’2—’\)=10=>A=—2=>x=landy=3=>ftakes on its extreme value at (1,3) on the line.

The extreme value is f(1,3) =49—-1-9 = 39.

4. Vi=2xyi+x%and Vg=i+jsothat Vi=2Vg= 2xyi+x% = A(i+j) = 2xy = A and x? = A

22xy=x2=>x=00r2y=x.
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CASE 1: If x =0, then x+y=3 =y =3.

CASE 2: If x #0, then 2y =xsothat x+y =3 = 2y+y=3=>y=1=>x=2.

Therefore f takes on its extreme values at (0,3) and (2,1). The extreme values of f are f(0,3) = 0 and
f(2,1) = 4.

. We optimize f(x,y) = x2 + y2, the square of the distance to the origin, subject to the constraint
g(x,y) = xy?—54=0. Thus Vi=2xi+2yjand Vg= y%i + 2xyj so that Vf= A Vg => 2xi+ 2yj
= /\(y2i+ 2xyj) = 2x = Ay? and 2y = 2)xy.

CASE 1: If y = 0, then x = 0. But (0,0) does not satisfy the constraint xy? =54s0y #0.

X — _1 1= a2 2_2 2 _ 1\(2 )=
CASE 2: Ify¢0,then2_2,\x=>x_x=>2(x)_/\y =y ==5. Thenxy _54:(X)<F)‘54

:;,\3=2L7=>/\= ﬂ:%:x: +3. Since xy? = 54 we cannot have x = —3, so x = 3 and y% = 18

=>x=3andy= :i:3\/§.
Therefore (3, :|:3\/§) are the points on the curve xy? = 54 nearest the origin (since xy? = 54 has points

increasingly far away as y gets close to 0, no points are farthest away).

. We optimize f(x,y) = x2 +y?, the square of the distance to the origin subject to the constraint g(x,y)
=x%y—2=0. Thus Vf=2xi+2yjand Vg=2xyi+x%sothat Vf=2Vg= 2x=2xy) and 2y =x*)

= A=2—¥, since x = 0 = y = 0 (but g(0,0) #0). Thus x # 0 and 2x=2xy(2—32’)=>x2=2y2
x x

= (2y?)y-2=0=>y=1(sincey>0)=>x= % \/5 Therefore ( + v/2,1) are the points on the curve

x2y = 2 nearest the origin (since x2y = 2 has points increasingly far away as x gets close to 0, no points are
farthest away).

. (a) Vi=i+jand Vg=yi+xjsothat Vi=AVg=i+j=Ayi+xj) > 1=)dyand I=2x= y=%Md
x=%=>%= 16=> A= :I:%. UseA:%sincex>0andy>0. Then x =4 and y = 4 = the minimum
value is 8 at the point (4,4). Now, xy = 16, x >0, y > 0 is a branch of a hyperbola in the first quadrant
with the x-and y-axes as asymptotes. The equations x +y = ¢ give a family of parallel lines with m = —1.

As these lines move away from the origin, the number c increases. Thus the minimum value of ¢ occurs
where x + y = ¢ is tangent to the hyperbola’s branch.

(b) Vf=yi+xjand Vg=i+]so that Vi=AVg=yi+xi=Mi+j)=>y=r=x=>y+y=16=>y=38
= x = 8 = (8,8) = 64 is the maximum value. The equations xy =c (x>0andy>0orx<0andy<0
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-
axes as asymptotes. The maximum value of ¢ occurs where the hyperbola xy = c is tangent to the line
x+y=16.

. Let f(x,y) = x2 + y? be the square of the distance from the origin. Then Vf = 2xi+ 2yj and
Vg =(2x+y)i+(2y +x)jso that Vf=2Vg = 2x=A2x+y) and 2y = M2y +x) = % =

=>2x=(2y2ix)(2x+y) =>xQ2y+x) =y(2x+y) > =y’ = y= £x

CASELiy=x=>xX2+x(x)+x-1=0=>x= +-L andy=x

V3
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10.

11. A

12.

13.

CASE2:y=—x= x?+x(—x) + (-x)?-1=0=>x = +landy=—x. Thus{(—\}_ﬁ’_\}—fi)z—
( e \/_)andf(l -1)=2=£(-1,1).

Therefore the points (1,~1) and (—1,1) are the farthest away; (L,L> and (—-vl—, —-L_Y are the closest
V33 V3 3

points to the origin.

. V=mr*h = 167 = mr’h = 16 =r’h = g(t,h) =1?h —16; S = 2zth + 2m% = VS = (27h + 471)i + 271j and

Vg = 2rhi+1% so that V'S = AV g = (2ath + 4a1)i + 21j = A(2rhi +1%j) = 2nth + 47t = 2rh) and
2rr=Mf=>r=00r A= 2T7r But r = 0 gives no physical can,sor #0 = A = 27" = 27h + 471
= 21‘}1('2T7r) S>u=h=>16=r(Ur)=>r=2=>h=4thusr=2cmandh =4 cm give the only extreme

2

surface area of 247 cm®. Sincer=4cmandh=1cm = V = 167 cm® and S = 407 cm?, which is a larger

2

surface area, then 247 cm® must be the minimum surface area.

For a cylinder of radius r and height h we want to maximize the surface area S = 2rrh subject to the constraint

g(r,h) = r? +(}21) —a’=0. Thus VS =2rhi+2mj and Vg=2ri+3jso that VS=2Vg= 2rh=2x and
21rr=&=>”Th=/\and2m (‘”h)(z):& =h?=h=2r =>1? +4Z =a?3 % =alr=

=>h—a.\/_=>S~27r(\/_>(a\/_) 2ral,

EI‘”

2
= (2x)(2y) = 4xy subject to g(x,y) = 6+ 9 —1=0; VA=4yi+4xjand Vg= §i+29—yj so that VA

_ . ey x:, 2y, _(x (2 32y 2y \( 32y
_AVg$4y1+4x1—z\(§1+?1)=>4y_(§)/\and4x—(? A= A="Fand ax=(F (—.)

X
3 2 (—izié"y
>y= :L-Zx=>’1‘—+——g——= l1=3x?=8=x= :I:Z\/E. We usex:2\/§sincexrepresents distance.
Then y = %(2\/5) = ‘2/5, so the length is 2x = 4/2 and the width is 2y = 3+/2.
2
P=4x+4ysubjecttog(x,y)=;~‘f ¥-1_0 VP =4i+4jand Vg—2}§1+§_]sothat VP=)Vg

2
b\ . 2
2] x
2 (% _ 2a2 —(2r)( 222 _(b? 2 (a’) - b22
:4=(a)2c)/\and4—(F)A=>A— )a(’ and4_(-b—2 (—i-):y— ? X=>§7+ 1= X% 2+

b2
=1:(az+b2)x2=a4=>x::—a2—,sincex>0$y=(b—:)x= b? = width = 2x = 2a
Val+b? a ;;ai -f-bf ;;ai +bE

2b?

and height = 2y = \/—_2_-=2. => perimeter is P = 4x + 4y =
a“+b

4a? +4b 2 +b
a

Vi=2xi+2yjand Vg=(2x-2)i+(2y—4)jso that Vf=AVg=2xi+2yj = A[(2x — 2)i + (2y — 4)j]
= 2x = A(2x—2) and 2y=A(2y—4)=>x=x—_’1—landy=%—l-,A;él=>y=2x=>x2-2x+(2x)2—4(2x)
=0=>x=0andy=0,0rx=2andy=4. Therefore {(0,0) = 0 is the minimum value and f(2,4) = 20 is the



14.

15.

16.

17.

18.
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maximum value. (Note that A =1 gives 2x = 2x — 2 or 0 = —2, which is impossible.)

Vi=3i-jand Vg=2xi+2yjsothat Vi=AVg=3=2xand-1=2y = A= and ~1=2(3)y

6
, or X = — d
/10 v
2 20

= —%=, Therefore f{ —= = + 6= 2\/_+ 6 =~ 12.325 is the maximum value, and

:y=—§=>x2+(—’§‘)2=4=>10x2=36=>x_ \/_:x—\/_andy

2 . ..
f ————,— = —24/10 4+ 6 ~ —0.325 is the minimum value.
( J/10 m) e

VT = (8x — 4y)i + (—4x + 2y)j and g(x,y) =x2+y2—25 =0 = Vg=2xi+2yjso that VI =2 Vg
= (8% — 4y)i+ (—4x + 2y)j = M2xi +2y) = 8x—dy = 2hx and —dx + 2y =2y >y =525, A # 1

= 8x — 4(/\2x1)=2/\x:x=0,0r/\=0,or)\=5.
CASE 1: x =0 => y = 0; but (0,0) is not on x +y% = 25 so x # 0.
CASE2: A=0=>y=2x=>x2+(2x)?=25=x=£+/5and y = 2x.

CASE3: A=5=>y= 42x_—’2—<=>x2+(—§)2=25=>x= £2¢/5 = x=2y5andy=—+/5, or x = -2¢/5

andy = \/3
Therefore T(1/5,21/5) = 0° = T(—+/5,-21/5) is the minimum value and T(2y/5,-/5) = 125°
= T(—2\/§, \/5) is the maximum value. (Note: A =1 = x =0 from the equation ~4x + 2y = 2Xy; but we
found x # 0 in CASE 1.)

The surface area is given by S = 4nr? + 27rh subject to the constraint V(r,h) = —7rr + mr?h = 8000. Thus
= (87r +27h)i+27rjand VV = (4mr? + 271h )i+ 1% so that VS =2V V = (8nr + 27h)i+ 27t}

= )\[(41rr2 +27rrh)i+ rrzj] = 87+ 27h = A(4m? + 9nth)and 2rr = Arr? = r=0o0r 2=rA Butr#0

s02=r1A= ) =% =4r+h= %(2r2 +1h) = h =0 = the tank is a sphere (there is no cylindrical part) and

1/3
3m® =000 = r = 10(2) .

Let f(x,y,2) = (x— 1)2 +(y— 1)2 +(z— 1)2 be the square of the distance from (1,1,1). Then
Vi=2(x-1)i+2(y—1)j+2(z—1kand Vg=1i+2j+3ksothat Vi=AVg
= 2(x—-1Di+2(y-1j+2(z—Dk=AG{+2j+3k) = 2(x—-1) =), 2(y—1)‘=2)\, 2(z~1)=3X

= 2y —1) = 22(x — 1)] and2(z—1)=3[2(x—1)]=>x=y3”=>z+2=3(&l)o”=3y‘l;thus

2 2
Y _2|' 1 +2y+ 3(3y )— B=0=>y=2=x :% and z = % Therefore the point (%,2,%) is closest (since no

point on the plane is farthest from the point (1,1,1)).

Let f(x,y,2) = (x —1)2 + (y + 1)2 + (z — 1)? be the square of the distance from (1,~1,1). Then

Vf_2(x—1)1+2(y+1)_]+2(z—1)kand V g = 2xi + 2yj + 2zk so that Vf—/\Vg:>x—1_Ax,y+l—/\y
= S U =1 LY (=LY (A

andz—1=)2 = x=1iy,y=-piy,andz =L tor a1 = (1L5) +(1_A) +(1—,\) =4
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19.

20.

21.

22.

23.

24.

i%:x:%,y=—%,z=%orx=-%,y=%,z:—%. The largest value of f

occurs where x < 0, y > 0, and z < 0 or at the point (—72= 2 —l) on the sphere.

ERVERIRVE)

Let f(x,y,2) = xZ + y? + 22 be the square of the distance from the origin. Then Vf = 2xi + 2yj + 2zk and
Vg =2xi+2yj—2zk so that VIf=2Vg = 2xi+2yj+ 2k = AM(2xi + 2yj — 2zk) = 2x = 2x), 2y = 2y),
and 2z = -2z2A => A=—-1,x=0,and y=0, or A\=1and z = 0.

1 _
=>1T'—-

CASE 1: A=-1,x=0, and y = 0 = ~2% = 1, which has no solution.

CASE2: A=1landz=0=x*+y?=1

Therefore the points on the unit circle, x? +y2 = 1, are the points on the surface x% + y2 — 72 = 1 closest to the
origin.

Let f(x,y,z) = x% +y2 + 22 be the square of the distance to the origin. Then Vf = 2xi+ 2yj + 2zk and
Vg=yi+xj—ksothat Vf=AVg= 2xi+ 2yj + 22k = A(yi+xj —k) = 2x = Ay, 2y = Ax, and 2z = -\

2 2
CASEl:y=0=>x=0=—2+1=0=>z=1.

=>x=’\—y:>2y=/\<'\—y)=>y=00r/\= +2.

CASE2: A=2=x=yandz=-1=x~(-1)+1=0=>x2+2 = 0, s0 no solution.
CASE3: A=-2=>x=-yandz=1= (—~y)y—1+1=0=y=0, again.
Therefore (0,0,1) is the point on the surface closest to the origin since this point gives the only extreme value

and there is no maximum distance from the surface to the origin.

Let f(x,y,2) = x? 4 y% 4 22 be the square of the distance to the origin. Then Vf = 2xi+ 2yj+ 2zk and
Vg = —yi—xj+2zk so that V{ =2 Vg = 2xi+ 2yj + 22k = \(—yi — xj + 22k) => 2x = —y), 2y = —x), and
22=2z2A=> A =1lorz=0.

CASEl: A=1=2x=-yand2y=—x=>y=0andx=0=>22-4=0=z = +2and x=y=0.

CASE22=0=-xy-4=0=y=—% Then2x=3$11=% and-§= 01> —§=-x(¥§>
>xt=16=>x=+2 Thus, x=2andy =-2,orx = -2 and y = 2.

Therefore we get four points: (2,-2,0), (~2,2,0), (0,0,2) and (0,0,—2). But the points (0,0,2) and (0,0,—2)

are closest to the origin since they are 2 units away and the others are 2/2 units away.

Let f(x,y,2) = x%+y? + 22 be the square of the distance to the origin. Then Vf = 2xi+ 2yj+ 22k and

Vg =yzi+xzj+xyk so that Vf=2AVg = 2x = Ayz, 2y = \yz, and 22 = Axy = 2x? = Axyz and 2y? = dyxz

>xl=y?sy=dxz=tx>x(tx)tx)=1=>x=+1 = the points are (1,1,1), (1,—1,-1),

(~1,-1,1), and (-1,1, =1).

Vi=i-2j+5kand Vg=2xi+2yj+2zkso that Vf=AVg= i—2j + 5k = M2xi+ 2yj + 2zk) = 1 = 2x),

—2 =2y), and 5=2z)\=>x=%, y=-1=_o andz=%=5x=>x2+(—2x)2+(5x)2=30 = x=+1

Thus, x =1,y =-2,2=50r x=~1, y =2, 2z = —5. Therefore f(1,-2,5) = 30 is the maximum value and

f(—1,2,-5) = —30 is the minimum value.

Vi=1i+2j+3k and Vg =2xi+2yj+ 2zk so that Vf=AVg = 1+ 2j + 3k = A(2xi + 2yj + 2zk) = 1 = 2x)\,



25.

26.

27.

28.

29.
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2 =2yl and3_2z>«=>x=§1x y=%=2x, and z :%: 3x = X2+ (2x)2 4+ (3x)2 =25 > x = j:—\/sﬁ.
5 10 15 — 15 5 10 _15
Thus, x=—3=,y=—r=,2=—=0r X = — =— = ——2=. Therefore f —_ =
Via'l T V1ie Vi \/_ \/_ RV (\f" Vi \/14)
= 54/14 is the maximum value and f( \/___ \}0_ \/.._) —54/14 is the minimum value.

f(x,y,z) =x2+y?+2%and g(x,y,2) =x+y+2-9=0= V{=2xi+2yj+2zk and Vg=i+j+k so that
Vi=AVg=2xi+2yj+2zk=AMi+j+k)=>2x=X2y=X and 2z2=A > x=y=z=>x+x+x-9=0
=>x=3,y=3,andz=3.

f(x,y,z) = xyz and g(x,y,z)=x+y+zz—-16=0:> V= yzi+xzj+xyk and Vg =1i+j+ 2zk so that
Vi=AVg=>yri+xzj+xyk=Ai+j+2k) =>yz=\xz=d andxy=2A = yz=xz=>z=0ory=x
But z > 0 so that y =x = x? = 22X and xz = A. Then x* = 2z(xz) = x = 0 or x = 222, But x > 0 so that

x=22 =y=22=22+22 42 =16 z= :b74§. We use 2 =~ since z > 0. Thenx:%andy:

NG
which yields f(3 32 4 ) 4096,

5'5°6) 255

V = 8xyz and g(x,y,z) =x2+y2+22-1=0= VV =8yzi+8xzj + 8xyk and Vg = 2xi + 2yj + 2zk so that

32
5

Vf:).Vg:4yz=)\x,4xz=)‘y,and4xy=Az34xyz=/\x2and4xyz=>\y2ny: +x=>z= +x
2 2 2 1 . . 2 2 2 .
= x?2 +x? +x% =1 = x = —=since x > 0 = the dimensions of the box are == by —%= by —== for maximum
V3 V3B A

volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.)

V = xyz with x,y,z all positive and §+%+% =1; thus V = xyz and g(x,y,2) = bex + acy + abz —abc =0
= V'V = yzi+xzj+xyk and Vg = bci+acj+abk so that VV =4Vg = yz=Abc, xz = Aac, and xy = lab
= xyz = Abcx, Xyz = Aacy, and xyz = Aabz = A # 0. Also, Abcx = Aacy = kabz = bx = ay, cy = bz, and

cx=ax:y=gxandz=§x. Then§+%+%=l=>§+%(%x)+%(a )-1:.*>3x_1¢x_3

>y= (g)(%) = % and z = )( ) t=>V=xyz= (3)(%)(%) = a2!3{c is the maximum volume. (Note that

there is no minimum volume since the box could be made arbitrarily thin.)

VT = 16xi + 4zj + (4y — 16)k and V g = 8xi + 2yj + 8zk so that VT = A Vg = 16xi + 4z + (4y — 16)k
= A(8xi+ 2yj + 82k) = 16x = 8x), 4z =2y}, and 4y —16 =8zA => A =2 o0rx =0.

CASE 1: \=2= 43=2y(2) > 2=y. Then 42-16=16s = 2=—4 = y=—% Then

4x2 +(—%) +4(—%) =16 =>x= :}:%.

CASE 2: x_o=»,~,\-y-=>4y—16=8z(%)=>y2-4y=4z2=>4(o)2+y2+(y2—4y)-16=0
5yl 2y-8=0=(y-4)(y+2)=0=>y=40ry=-2 Nowy=4= 42> =4-4(4)
=z=0andy=-2=42% = (=2)>—4(-2) = 2= /3.

The temperatures are T +4,-%,-% —6422 T(0,4,0) = 600°, T(0,~2,+/3) = (600 — 244/3), and
3'7373

T(0,-2, -/3)= (600 + 24\/5) 2 641.6°. Therefore ( :I:%,—§,—%) are the hottest points on the space probe.
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30. VT = 400yz% + 400xz%j + 800xyzk and Vg =2xi+2yj+2zk so that VT =AVg

= 400y2%i + 400xz%j + 800xyzk = M(2xi + 2yj + 22k) = 400yz? = 2x), 400xz2 = 2y), and 800xyz = 2z).

Solving this system yields the points (0, +1,0), (+1,0,0), and ( :l:-%—, i%, :I:—‘é—E) The corresponding

temperatures are T(0, +1,0) = 0,0)=0, and T( :l:é, + %, + {) +50. Therefore 50 is the

maximum temperature at (%

MIP—‘

2
, £ \/T_) (——, %, ﬂ:%); —50 is the minimum temperature at

(l liﬁ)and(—%,% 4)

2’2 2

3l. VU=(y+2)i+xjand Vg=2i+jsothat VU=AVg= (y+2)i+xj=M2i+j) = y+2=2Aand
X=A=>y+2=2x=>y=2x—2=2x+(2x—2) =30 = x =8 and y = 14. Therefore U(8,14) = $128
is the maximum value of U under the constraint.

32. VM =(6+12)i—2yj+xk and Vg =2xi+2yj+ 2zk so that VM =AVg => (6 +2)i—2yj+xk
=A2xi+2yj+22k) = 6+2=2x), -2y =2yA, x =222 => A=-lory=0.

CASEl: A=-1=6+4z=-2xandx=-22=>6+2z=-2(—22) > z=2and x = —4. Then
(42 +y*+22-36=0=>y= +4.
CASE 2: y =0, 6 +2 = 2x), a,ndx_2z)\=>)\——=>6+z_2x(2 )=>Gz+z =x?
(6z+z )+02+z =36 =>z=-6orz=3. Nowz=—-6=>x>=0=>x=0;2=3
=>x2427T = x= £3/3.
Therefore we have the points ( 34/3,0,3), (0,0,—6), and (—4,2, +4). Then M(3+/3,0,3)
= 27+/3 + 60 ~ 106.8, M(~3+/3,0,3) = 60 — 27+/3 ~ 13.2, M(0,0,—6) = 60, and M(—4,4,2) = 12
=M(—4,-4,2). Therefore, the weakest field is at (—4, +4,2).
33. Let gy(x,y,2) =2x—y =0 and gy(x,y,2) =y +2=0=>Vg, =2i—j, Vg,=j+k, and V{=2xi+2j—2zk

34.

sothat Vi=2AVg, +uVg, = 2xi+2j — 22k = M2i —j) + u( + k) = 2xi + 2j — 22k = 2Xi + (4 — A)j + pk
=>2x=2)\2=p—-XAand 2z2=p=>x=A Then2=-22—x=>x=-2z—2s0that 2x—y =0

= 2(—22—2)—y=0= —4z—4—y =0. This equation coupled with y +z = 0 implies z = —-% and y = %

Then x = E so that (3 % —%) is the point that gives the maximum value f(3 ) %) = (%)2 + 2(%)—(—%)2

-4

3

Let g(x,y,2) =x+2y +32—~6 = 0 and gy(x,y,2) =x+3y +92-9=0 = Vg, =i+2j+3k,

Vg, =1i+3j+9k, and V{=2xi+2yj+2zkso that VI=AVg, +uVg, = 2xi+2yj+ 22k
=AMi+25+3k)+ p(i+3j+9k) => 2x =A+p, 2y =22 +3p,and 22 =32+ 9u. Then 0 =x+2y +3z—6
=10+m+@+30+(3r+Zu)-6= A+ 174 =60=x+3y + 029

=> %(A +u) +(3)\ +%,u) (227 A+ 821 u) 9 = 34X +91p = 18. Solving these two equations for A and u gives

A 2
/\—25490and;1_ ggéx ;'u_g!l) y= ;3” 5—93 andz:sA;Q“:%. The minimum value is




35.

36.

37.

38.

39.
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(—%,%3—,5%) = 215’;;7 1 = 35% (Note that there is no maximum value of f subject to the constraints because

at least one of the variables x, y, or z can be made arbitrary and assume a value as large as we please.)

Let f(x,y,z) = x* + y? + 22 be the square of the distance from the origin. We want to minimize f(x,y,z) subject
to the constraints g,(x,y,2z) =y + 2z — 12 = 0 and gy(x,y,2z) =x+y—6 =0. Thus Vf=2xi+ 2yj+ 2zk,
Vg, =j+2k,and Vg, =i+jsothat VI=AVg +uVg) = 2x=p, 2y = A+, and 22 = 2). Then

0=y+2-12=(3+5)+n-122 D +iu=122 D 4p=200=x+y-6=5+(3+5) -0
=>-%—A+y=6 = A+ 2p =12. Solving these two equations for A and p gives A =4 and u =4 =>x=g=2,

y= A%——E =4, and z = A = 4. The point (2,4,4) on the line of intersection is closest to the origin. (There is no

maximum distance from the origin since points on the line can be arbitrarily far away.)
The maximum value is f(%,%,—%) = % from Exercise 33 above.

Let g;(x,y,2) =2 —1 =0 and g,(x,y,2) =x34+y? 422 -10=0=> Vg, =k, Vg, =2xi+2yj+ 22k, and

Vf = 2xyzi + xzj + x’yk so that V= AV g, +u Vg, = 2xyzi + x%zj + x%yk = A(k) + p(2xi + 2yj + 22k)

= 2xyz = 2xp, x%z = 2yp, andx2y=22p+A=>xyz=xu=>x=0oryz:p:p:ysincez:l.

CASE 1: x=0and z=1= y?—9 =0 (from gy) = ¥ = =3 yielding the points (0, :l:3,1).

CASE 2: p=y = x% = 2y% = x> = 2y% (since s = 1) = 2y2 +y? + 1 - 10 = 0 (from g2)=>3y2—-9=0
»y=+y/32x>=2(23) = x= /6 yielding the points ( + /6, + /3,1).

Now £(0, £3,1)=1 and f( £ /6, £/3,1) =6( £ 1/3)+1=1+6+/3. Therefore the maximum of f is

1+64/3 at ( £+/6,4/3,1), and the minimum of f is 1 —6+/3 at ( £ 1/6,—+/3,1).

(a) Let gy(x,y,2) =x+y+2z—40 =0 and gy(x,y,2) =x+y—-2=0= Vg, =i+j+k, Vg, =i+j—k, and
Vw =yzi+xzj+xykso that Vw=AVg, +uVg, = yri+xzj+xyk=Ai+]j+k)+pi+j—k)
Syz=A+p,xz=A+py,andxy=A—p=>yz=xz=>z=0o0ry=x.

CASE 1: z=0 = x+y =40 and x+y = 0 = no solution.
CASE 2: x=y =>2x+2-40=0and 2x—2=0 =>2z=20 = x =10 and y = 10 => w = (10)(10)(20)

= 2000
i j k .
(b) n=| 1 1 1 |= —2i+ 2j is parallel to the line of intersection => the line is x = -2t + 10,
1 1 ~1

y=2t+10, z=20. Since z =20, we see that w = xyz = (—2t + 10)(2t + 10)(20) = (—at2 4+ 100)(20)
which has its maximum when t =0 = x =10, y = 10, and z = 20.
Let g(z,y,2) =y—x=0 and go(x,y,2) =x?4+y?+22-4=0. Then Vf=yi+xj+ 2k, Vg, =-i+j,and
Vg, = 2xi+ 2yj+ 2zk so that VI=AVg, + Vg, = yi+xj+2zk = A(—i+]) + p(2xi + 2yj + 22k)
=y ==A+2xp, x = A+ 2ypu, and2z=2zu=>z:00ru=1.
CASE1l:z=0=>x>+y>—-4=0=>2x>—4=0(sincex=y) => x= +2andy = i\/iyielding the points
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40.

41.

42.

43.

44.

(£+/2, £/2,0).
CASE2: p=1=>y=-2+2xandx=A+2y 2> x+y=2(x+y) > 2x=2(2x) sincex=y = x=0=>y =10
=12’ ~4=0=> 2= %2 yielding the points (0,0, +2).
Now, f(0,0, :|:2)= 4 and f( + \/5, + \/5,0): 2. Therefore the maximum value of f is 4 at (0,0, :|:2) and the
minimum value of f is 2 at(:t\/i, :I:ﬁ,O).

Let f(x,y,z) = x? + y2 + 2% be the square of the distance from the origin. We want to minimize f(x,y,z) subject
to the constraints g,(x,y,z) = 2y +4z—5 = 0 and g,(x,y,2z) = 4x% +4y? —22 = 0. Thus Vf = 2xi+ 2yj + 22k,
Vg, =2j+4k, and Vg, = 8xi+8yj—2zk so that Vf=AVg, +u Vg, = 2xi+2yj+ 2zk

= M2j + 4k) + p(8xi+ 8yj — 2zk) = 2x = 8xp, 2y =2X +8yp, and 22 =4X —2zu => x=0or u =%.

CASE 1: x=0=>4(0)2 +4y? -2 =0=> 2= +2y = 2y +4(2y) -5=0=> y=%, or 2y +4(-2y) -5=0

=>y= —% yielding the points (0,%, 1) and (0, —%,%).

CASEZ:u=%=>y=/\+y=>)\:0=>2z=4(0)—-22(-}1)=>z=0=>2y+4(0):5=>y=gand

(0)2 = 4x? + 4(%)2 = no solution.
Then f(O,%, 1) :% and f(O, ——g—,—g—) =25 (3_13 + l) = % = the point (0,%, 1) is closest to the origin.

Vif=i+jand Vg=yi+xjsothat Vi=AVg=i+j=Ayi+xj)=>1=yland l=x)A=>y=x

= y2=16 = y = +4 = (4,4) and (—4,—4) are candidates for the location of extreme values. But as x — oo,
y — oo and f(x,y) — oo; as x — —o0, y — 0 and f(x,y) ——oco. Therefore no maximum or minimum value
exists subject to the constraint.

4
Let f(A,B,C) = 3 (Ax +By,+C-z)2=C2+(B+C—-1)24+(A+B+C—-1)2 4+ (A+C—1)% We want
k=1
to minimize f. Then f,(A,B,C) = 4A 4 2B +4C, fg(A,B,C) = 2A + 4B + 4C — 4, and
fc(A,B,C) =4A + 4B +8C — 2. Set each partial derivative equal to 0 and solve the system to get A = —%,

B= %, and C = —% or the critical point of f is (—%,%,—%).
(a) Maximize f(a,b,c) = a’b%c? subject to a? + b? + c? =12 Thus Vf= 2ab%?% + 2a’bc?j + 2a?b2ck and
V g = 2ai + 2bj + 2ck so that V= AV g = 2ab%? = 2a), 2a%bc? = 2b), and 2a’b% = 2cA
= 2a%b%c? = 2a2A = 2b2A =2PA = A =0 ora? =b% =2
CASE 1: A=0 = a’b%c? =0. 3
CASE 2: a2 = b% = ¢? = f(a,b,c) = a%a?a? and 3a% =1? = f(a,b,c) = (%) is the maximum value.
(b) The point (\/E, Vb, \/E) is on the sphere if a + b+ ¢ =r2. Moreover, by part (a), abc = f( Ve Vb, \/E)
3

2 2
< (%) = (abc)/3 < % = a_-HgJ’ as claimed.

n
Let f(Xy,Xgye++3Xg) = Do aX; = a1X; +89%y +... +a,%, and g(Xy,Xy,...,X,) = X2 + X2 +...+x2 — 1. Then we
i=1

i 2
want VE=XVg = a =A2x,), ap = A(2%,), ..., ay = A(2x,), A #0 = x, = ok = =L 4

_ a3
T2X7T 4x? T4

ot et

[P

=1

)

4x
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=402 = Z a =>2=( 3 a;" = f(Xyy Xgp e X)) = 20 X = )0 3 (—‘) = Z > al is
i=1 i=1 i=1 22 2X; i=1

i=1
the maximum value.

45-50. Example CAS commands:

Maple:
fi= (x,y,2) -> X%y + y*2z;
gli= (x,y,2) -> x2 +y2 -2;
g2:i= (x,y,2) -> X2 + 22 =25
lambdal:= lambdal’: lambda2:= lambda2":
h:= (x,y,z) -> f(x,y,2) — lambdal*gl(x,y,z) —lambda2%g2(x,y,z);
expnl:= diff(h(x,y,z),x) = 0;
expn2:= diff(h(x,y,z),y) = 0;
expn3:= diff(h(x,y,z),z) = 0;
expn4:= diff(h(x,y,z), lambdal) = 0;
expnb:= diff(h(x,y,z), lambda2) = 0;
s:= evalf(solve({expnl,expn2,expn3,expn4,expnb}, {x,y,z,Jambdal,Jambda2}));
subs({x=—1.306562965,y=.541196100,z=.5411961001},£(x,y,2));
subs({x=1.306562965,y=—.541196100,z=—.5411961001},f(x,y,z));
subs({x=.541196100,y=—1.306562965,2=1.306562965} f(x,y,2));
subs({x=—.541196100,y=1.306562965,z=—1.306562965},f(x,y,z));

Mathematica:
Clear[w,x,y,z,11,12]
flx_yy_z] =xy +vyz
gllx_,y_,2_] = x2 + y2 -2

g2[x_,y—,z_] x2 + 22 -2

h = flxy,z] — 11 gllx,y,z] — 12 g2[x,y,2]
hx = D[h,x]

hy = Dfhy]

hz = Dih,z}

hil = Dih,11]

hi12 = D[h,12]

crit = NSolve[{hx==0,hy==0,hz==0,h11==0,h12==0}]
{{xy.zhflxyzl} /. erit

11.9 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES

L. w=x*+y?>+2%and 2 =x* +y%

x = x(y,z)
y _ Ow) _ 0w ox_ 0wy Ow 0z, 9z 8z _ o, 0x Oy
(a)( . )—-» y=y —>w=>(3-—) x5—+3—)737+3 3y by Oanday 2x +2y(,_)y
z=2z

_.2xg;f+2y=>0=2xa +2y:ay 3'-(=> ) =(2x) —g’—( +(2y)(1)+(2z)(0)=-—2y+2y=0

Q:

0z 9z 0z

X=X
X
(b)( 2 )—> y=Y(x,z) —»w:.>(a_w)x:3_wa_x+g—;vg—z+%—v!%- Q—=0and@=2x@+2y5_y

Z2=2
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s1=nFaP=1ls (%), =+ (2y)(%) +@2)(1) = 1+22

x =x(y,2)
e = - Ow\ _ 0w dx , 0w 8y , Ow 9z Oy _ 01 o 8% . o By
(C)( z ) Y=y w:(az)y_ax5—2-+WEZ-+EE’B_Z_0and5§_2xE+2yE

=12z

s1=nfs &L (%_“;)y = (20 )+ (2)(0) + 22)(1) = 1+ 22

2. w=x2+y—z+sintandx+y:t:

xX=x
x
Sl Y Lo _owox, owdy owon, dwat ox_ o 0s_
@] v 2=12 W$(W)xz—6x 3y+3y 6y+3z 6y+'(%3y,$—0,(—9;_0, and
b4
t=x+y

b1 (9%) = (2x)(0) + (1)(1) + (=1)(0) + (cos t)(1) = 1 +cos t = 1 +cos (x+y
Ay Ay -
X=t—y
! 8
BN At AN N ow\ _dwox OwOy  Ow dz, Ow Bt Bz _ ot _
®)] = =2 W:’(ay)z;axaﬁaﬁ‘ﬁ@?é‘;“‘mww—ﬂ nd 8= 0
¢ :
t=t

Sox o Oy, (5—W) = (2(=1) + (1)(1) + (~1)(0) + (cos t)(0) = 1 - 2x
z,t

Oy o9y 9y~ 9y
X=X
X
N At A BN Ow\ _Owdx, w0y  Owdz_ dw Ot Ox _ Oy _
OF B v Wﬁ(az)x,y-m'a‘ﬁwmﬂ“mﬁr‘ma’a-“a“dm-"
’ t=x+y

= (%), , = 2000 +(1)(0) + (1)) + (cos t)(0) = -1

¥
xX=t—-y
Y y=y o
N = . Ow) _Odwox OwOy ow oz dw gt Oy _ ot _
@] = =2 W”(az)y,faxE*ayaz*azaﬁ“&?b?az—““daz‘o
t
t=t

= (%;'V)y,t = (2x)(0) + (1)(0) + (=1)(1) + (cos £)(0) = —1
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X=X
X
@ 2 |=|¥7 —w= (%) —Owox  Owdy  Owds, 0w ok Ox _( g0z
N Bt ), Bx Ot "By Bt T3z 0t T Ot Ot Bt ot =
t
t=t
= (%—“t’) = (2x)(0) + (1)(1) + (=1)(0) + (cos t)(1) = 1 +cos t
X, 2
x=t-y
y
y=y aw) _Owox dwdy dwdz_ Ow ot Oy _ oz _
o= _, [""=@). =55 HaEiTha=-0mg=0
t
t=t

= (%.Vg.) = (2x)(1) + (1)(0) + (=1)(0) + (cos t)(1) = cos t + 2x = cos t + 2(t — y)
iz

3. U=1(P,V,T) and PV = nRT

P=P
(% )| ¥ oo B - B D0 (D)

0P P " 8V 6P P T\oV T/\nR
TPV
nR
-+ ()
o
o (7| vy oo 60, - BE BB o
T=T
-

4. w=x?+y?+z%andysinz+zsinx=1

X=X
x _ Ow\ _ 9w dx , 0w 8y  dw 9z, Oy _
(a)( )“’ =y |=w () S Rt Byt e o= 0 and

z =12(x,y)
(y cos z) g—)z;+(sin x) g—i+z cosx=0 é%:ﬁ. At (0,1,7), %::—71":”
ow = _ 9.2
= (%), s = @)(1) + @O + ("], , =27

x = x(y,z)
y = Ow\ _Owdx_ Ow 0y _ dwdz_ ox
(b)( z )_> y=y _*W:(?)?)y_ax Bz+6y 6z+c?z 6z_(2x) 6z+<2y>(0)+(22)(1)

zZ=2
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Oy

2x) +2z Now(smz)5—+ycosz+smx+(zcosx)ax-Oandaz=0
:ycosz+sinx+(zcosx) —Oigx w. At.(0,1,1r),%z(lﬂ_)_(;)):?lf

avzv)y‘(‘),l,w) = 2(0)(%)*}' 2r =271

5. w=x?y?+yz—z>and x2+y2 +2%> =6
X=X
ooz [r@sasas
z=12(x,)
Jo;

=(2xy2)(0) + (2x%y +2z)(1) +(y — 32%) a—; =2x% +z +(y — 322) g—; Now (2x) +2y+ (22) 32 62 =0and

ox _ - 9z _ Y - -1, 02 1 _ ow
$—0=>2y+(2z) 0=>(9y 7 At (w,x,y,2) = (4,2,1,-1), By = _1—1=>(a )x ( )
4,2,1,-1

=[@@* 1)+ (-D]+[1-3(-1)*}1) =5

X—X(Y1z)
y _ ow Ow dx  Ow Oy | Ow Oz
(b)( 2 )-» y=y _'Wﬁ(ay) 6x6y+6y8y '8z by

2=12

(2xy ) gx (2x2y+z)(1) +(y—-3z2)(0) = (2xy? )gx+2x y +2z. Now (2x) +2y +(2z) (92 =0 and

%0 @) Eray=0=E=f Acmryn)=@21,-1), F=- 7:(%;2)( |
Zl(4,2,1,-1

= @@ (-§)+ @@V +(-1) =5

6. y=uV$1_Vg;,l ,x—u +v andgx—0:>0 2ugu+2vg;=>g; ( )g;ﬂl
Sy (g ) (Pt) L B = oL o=-
v +U( v 8y ) ( v )ay oy v M (“’V)—(‘/i’l)’ay_ﬂ_(\/f)z_

au) _
= (du)} _ _
&),
x=r cos f
ox) _ w24 v — 2 3)’_ or Oy _ — 9. 0r
> y_rsme)ﬂ(ar)p_cos&x +y“=r =>2x+2y3 2ra anda _0=>2x_2rax

g_——-gr(_:(ax)y: xx+y

QD

8. If x, y, and z are independent, then (B_W) = —38% % %!y! % %"z! g_)zz %_Vt" g_;

= @) +(=29)O) + (W) + ()(&) =2x+ G Thusx+2z+t=25 = 1+0+5

ot _
% 0

Bt
% -1

=>
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ow oy . : ow
= (3;) =2x—1. On the other hand, if x, y, and t are independent, then (?9—)?>y,t

_Owdx  OwOy  Owdz, Ow Ot _ _ oz _ Oz _
=9x ox T Oy ox T 3z ox W&_(2x)(l)+( 2y)(0)+40x+(1)(0)—2x+43x. Thus, x+2z+t =25

' 2

dz _ Oz _ w = N0y
»1+2%40=0= %= =>(ax)y't._2x+4( D=2x-2
9. If x is a differentiable function of y and z, then f(x,y,z) = 0 = gi gi + gf’ gi + g£ g)Z( 0% Of g_; 3:’_[ =0
ax\ _ _offoy o . e . . (8_y) __0f/6z P
= (W)z =~ %t/ox Similarly, if y is a differentiable function of x and z, %), = /3y and if z is a
differentiable function of x and y, (g}z{ ) = _%z_g;f Then (By) (3}’) ( g)z( )

= (-5 (- (- o) < -

9z df du df, bz df du __ Q oz Oz
10. z_x+f(u)a,ndu_.xy=>(9 _1+du6 _1+yd,also _0+-(-EW X sothal:xa yay

_x(1+y df) y(x %):x

11. If x and y are independent, theng(x,y,z)-ﬂ:gig’; g§g§,+g—g—%_0and3—_0:gg+g§% 0

dz) _ _08/0y :
=> (E)x = Bg/a , as claimed.

12. Let x and y be independent. Then f(x,y,z,w) = 0, g(x,y,z,w) = 0 and % =0

 OfOx  OF 0y OF 0z Of ow _ Of L 0f 9z OF dw _ .00

=t 5=

ax6x+ay5—+826x Ow Ox +6zax+3w 9x

Og ox , 980y 089, Ogow_08 08y 08 dw_ -
xox T Oy ox T ox TBw Ox — Ox T3z ox T ow ox — 0 ImPlY

_of of
ox Ow
Of 9z, Of ow _ _ of og Og dg & 8 0
otoz  Of ow _ _Of —_—= = _ofog  Og of of og _ of Og
02 0x * Ow Ox ox =>(@) L 0% W | "ok w Ox 0w _ _9xOw _ 0w BX o laimed
3 8 3 Ixly of 08 _ 98 of of 0g _ of og’ '
980z , 08 Ow _ 98 of  of S22
52 0x Towox — Ox 9z ow 0z 9w~ 0z ow 8z 5w~ 0w Bz
9g g
0z  Bw
Likewise, f(x,y,z,w) =0, g(x,y,z,w) =0 and gx_0=>gig§ g}fr g§+g£g;+gv{' g‘;'v

_Of  Of 0z, Of Ow _ 9802 98 ow_
6_y+ 82 By + 5w By = 0 and (51m11arly) By €, %€ B2 3y+6w = =0 imply
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of _of
0z 8y .
o 8z, Of dw _ _ of og og of 0g . 8 ;) 8
+ o % _% | _ords Ogor  orde_ofde
Oudy " wdy ~ 9y _ (5,) | Oz By 920yt 910y __0udy by .
= Gy ) = 3 5 3 5’ 2 claimed.
98 9z , Og ow _ _0g Yk of of | o108 _Ozof  orde_of O
20y Tdwoy - By oz ow 82 3w~ Bz Ow 02 0w~ 0w Oz
% og
0z Ow
11.10 TAYLOR’S FORMULA FOR TWO VARIABLES
L f(x,y) =xe¥ =, = f, =xe¥, f,, =0, f,, = ¢, f,, = xe'
= f(x,y) = £(0,0) +x£,(0,0) + y{,(0,0) + §[x?fxx(o,o) + 2xyf,,(0,0) + y’fyy(0,0)]
=0+x-14+y-0 +%(x2 -0+42xy-1+y? -0) =x+Xxy quadratic approximation;
foxx = 05 fyey = 00 £y = eY, foyy = xe¥
= f(x,y) ~ quadratic +6-[ £ (0, 0) + 3x%y £y (0,0) + 3xy? feyy(0,0) + ¥ fyyy(0s 0)]
=x+xy+ 6(x <0+ 3x%y-0+3xy?-1+y3. 0) =X+ Xy + xy , cubic approximation
2. f(x,y) =€*cosy = f, =e* cos y, f, = —e* sin y, f,, =e* cos y, f,, = —e*sin y, f,, = —e* cos y

= f(x,y) ~ £(0,0) + x£,(0,0) +y£,(0,0) + %[xzfxx(ﬂ, 0) + 2xyf, (0, 0) + y £, (0, 0)]
=14x-14y-0 ~}-%[x2 14 2xy-04+y2-(-1)]=1 -|-x-b-%(x2 —y?), quadratic approximation;

foxx = € cos y, f

— —eX g
Xx xxy = —€ sin y, f,

yy = e cosy, £ =eXsiny
= (x,y) ~ quadratic +%[ £ ox(0,0) + 3x%yEy (0,0) + 3xy%,,(0,0) +y yyy(0,())]
=1 +x+%(x2 -—yz)+%[x3 <14 3x%y -0+ 3xy?-(-1) +y>-0]

=14x+ %(x2 - yz) + %(x3 - 3xy2) , cubic approximation

.f(x,y):ysinx=>fx=ycosx,fy=sinx,f =—ysinx,fxy=cosx,f =0

XX Yy

= £(x,y) % £(0, 0) + X£(0, 0) + y£,(0,0) + %[x%xx(o, 0) + 2xy£,y(0,0) + v, (0, 0)}
=0+4+x-0+y-0+ %(X2 04+2xy-1+y%. 0) = xy, quadratic approximation;

f

xx =~y cos x, f . =—sinx, f, . =01, =0

XXy Xyy ' YYY
= f(x,y) ~ quadratic + %[xe'fxxx(o,O) + 3x%f, (0, 0) + 3xy2f,,(0,0) + 3, (0, 0)]

=xy+ -(lg(x3 -0+ 3x%y -0+ 3xy%-0+y3- 0) = xy, cubic approximation
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. f(x,y) =sin x cos y = f;, = cos x cos y, f, = —sin x sin y, f,, = —sin x cos y, fxy=—cosxsin Y,

fyy = —sin x cos y = f(x,y) ~ £(0,0) + x£,(0,0) + y£,(0,0) +% x*,,(0,0) + 2xyf,,(0,0) + yzfyy(ov 0)]
=0+x-14+y-0+ %(x2 0+2xy-0+ y2 . 0) = x, quadratic approximation;

fixx = —COS X COS ¥, fxxy =sin x sin y, fxyy = —CO08 X CO8 Y, fyyy =sin x sin y

= f(x,y) ~ quadratic + %[x3fxxx(0, 0)+ 3x2yfxxy(0, 0) + 3xy2fxyy(0, 0)+ ysfyyy([), 0)]
=x+ %[x?’ S(-1)+3x%y -0+ 3xy?- -1+ y3 -0] =x- %(x3 + 3xy2), cubic approximation

ex f _ X
T+y 'w™ _(—i

X
. f(x,y)=e*In(l1+y) = f, =e*In(1+y), fY:leTy’ frx=€¢In(1+y), foy = 1iy)
= £(x,¥) & (0,0) + X£(0,0) + Y£,(0,0) + §[ 6,0, 0) + 2x£,, (0,0) + ¥°1,,(0,0)

=0+4x-04y-1 +—%—[x2 -0+ 2xy-1+y? -(—-1)] =y +%(2xy —yz), quadratic approximation;
_ __e ___ & _ _2e*
fox = (4 ¥) by = 750 By = 1+y)? fyyy = (1+y)®

= f(x,y) ~ quadratic + %[x3fxxx(0, 0) + 3x2yfxxy(0, 0)+ 3xy2fxyy(0, 0) + ysfyyy(0,0)]

=y+%(2xy——y2)+%[x3-0+3x2y-1+3xy2-(-1)+y3-2]

=y+ -21-(2xy —y3)+ %(3x2y — 3xy? + 2y%), cubic approximation

2 1 4
Ao sh@tytD = b gy b T ry e T o

-2
(2x+y+1)¥
£, = m = £(x,) % £(0,0) +x£,(0,0) + ¥£,(0,0) + §[x*6,,(0,0) + 2x¥£,(0,0) + 51,0, o)]

= 0+x-2+y-1+%—[x2 “(—4) +2xy - (-2) +y2-(-1)] = 2x+y+%—(—4x2—4xy—y2)
=(2x+y) —%— (2% +y)?, quadratic approximation;

T — £, = 8 £ = 4 £ = 2
T x4y + 13T YT x4y + 1) T (2 +y+ 13 YT (2x+y +1)°

= f(x,y) ~ quadratic + %[xsfxxx(ﬂ, 0) + 3x%¥£ (0, 0) + 3xy %,y (0,0) + ¥, (0, 0)]
=(2x+y) - 1(2x +y)2 + (316 + 3x%y -8 + 3xy? 4 +y32)
= (2x+y) - L 2x+y)7 4 3(8:3 + 122 + 67 +y7)

=(2x+y)— % 2x+y)%+ % (2x + y)3, cubic approximation

. f(x,y) =sin(x®+y?) = £, =2x cos(x? +y2), f, =2y cos(x? +y?), £ =2 cos(x® +y?)— 4x? sin(x® + y?),
foy = —4xy sin(x2 +y?), fyy =2 cos(x? +y2)—4y2 sin(x2 +y2)

= f(x,y) ~£(0,0) +x£,(0,0) + y£,(0,0) +%[x2fxx(0,0) +2xyL,,,(0,0) + y7£,,(0,0)
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=0+x-0+y-0 +%(x2 242xy-0+y%-2)=x%+y? quadratic approximation;

frxx = —12x sin(x2 + yz) —8x3 cos(x2 + yz), fxxy = —4y sin (x2 + yz) —8x%y cos(x2 + yz),
fxyy = —4x sin(x? +y2)— 8xy? cos(x2 +y2), foyy = —12y sin(x2 +y2)—-8y3 cos(x2 + yz)
= f(x,y) ~ quadratic + %[x%xxx(o, 0) + 3x%¥£ (0,0) + 3xy%,,(0,0) + ¥3f,., (0, 0)]

=x*+y*+ %(x3 -0+ 3x%y -0+ 3xy?-0 +y3- 0) = x? +y2, cubic approximation

8. f(x,y) = (:os(x2 +y2) =f, =-2x sin(x? +y?), fy = -2y sin(x2 +y2),
fox = —2 sin(x2 + y2)~ 4x? cos(x2 +y2), fxy = —4xy cos(x2 + yz), fyy = —2 sin (xz +y2)— 4y2 cos(x2 +y2)
1
= (x,y) = £(0,0) + x£,(0,0) + y£,(0,0) + §[x2fxx(0, 0) + 2xy£,,(0,0) + ¥, (0, 0)}
=14x-0+y-0 +%[x2 -0 +2xy-0+y? -0] =1, quadratic approximation;

frxx = —12x cc~s(x2 + y2) +8x3 sin (x2 + y2), fxxy = —4y cos (x2 + y2) + 8x%y sin(x2 + yz),
fryy = —4x cos(x? + y2) + 8xy? sin(x? + y?), fyyy = —12y cos(x? + y2) + 8y® sin(x? + y2)
= f(x,y) ~ quadratic + %[xsfxxx(o, 0) + 3x%yE,,(0,0) + 3xy%,, (0, 0) + ¥, (0, 0)]

=14+ fl—s(x:’1 -0+ 3x%y -0+ 3xy2-0+y3- 0) = 1, cubic approximation

— 1 _ 1 . _ 2 _ —
Sy P gy T e T o e T

= 1(x,y) 2 £(0,0) + x£,(0,0) + ¥£,(0,0) + %[,ﬁfxx(o,o) +2xy8,,,(0,0) + y21,.,(0, 0)]
= 1+x-1+y-1+%(x2-2+2xy~2+y2-2)= 1+ (x+y) +(x® + 2xy +y?)

=1+ (x+y) + (x+y)? quadratic approximation; frx = (—1—6—)4 = frey = fryy = fyyy
—x—y

= 1(x,) ~ quadratic + 436 (0,0) + 85ty (0,0) + 3xy6,1,(0,0) + ¥y, (0,0)|
=14 (x+y)+(x+y)? +%(x3-6+3x2y-6+3xy2-6 +y%-6)

=14+ x+y) +x+y)? + (3 +3x%y +3xy2 +y3) = 1+ (x +y) + (x +¥)? + (x +¥)?, cubic approximation

_ 1 1-y 1-x 2(1-y)?
10. f(x,y) = of = o= £ = ,
BN = Ty = X S Ty Y T Ty ol T T xmy +o0°
Z1-3x-8y+3xy . _ 2(1 — x)?

BT (l-x-y+xy)? YT (1-x—-y+xy)?
= f(x,y) ~ £(0,0) +x£,(0,0) +¥£,(0,0) + %[xzf“(o, 0) + 2xyf,.,(0,0) + y21,,(0, 0)]
=14x-1+y-1 +%(x2-2+2xy-l +y2-2) =14+x+y+x?+xy+y? quadratic approximation;

¢ o 60-y° o _[4(1-x-y+xy)+6(1-y)(1-x)(1-y)
T (A x—y xy)t (1-x-y+xy)* ’




11,

12.
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f _Hlox-y+xy) 460 -0-A-%) 6(1—x)*
e (1-x—y+xy)* T T (L -x -y +xy)

= f(x,y) =~ quadratic + %[xsfxxx((), 0)+ 3x2yfxxy(0,0) + 3xy2fxyy(0,0) + ysfyyy(0,0)]

= 1+x+y+x2 -{>xy+y2 +%(x3-6 +3x2y-2+3xy2-2+y3-6)
=14x+y+x2+xy+y?+x3+x% +xy2 4y cubic approximation

f(x,y) = cos x cos y = f, = —sin x cos y, fy = —cos x sin y, f,, = —cos x cos y, fxy = sin x sin y,
f,, = —cos x cos y = f(x,y) » £(0,0) + x,(0,0) +¥£,(0,0) + %[xzfxx(o, 0) + 2xy£ (0,0) + y2£,.,(0,0)

2 2
=1+4+x-04+y-0+ %[x2 <(-1)+2xy-0+y2- (—1)] =1- % - yT’ quadratic approximation. Since all partial
derivatives of f are products of sines and cosines, the absolute value of these derivatives is less than or equal

to 1 = E(x,y) < %[(0.1)3 +3(0.1)% + 3(0.1)% 4 0.1)®] < 0.00134.

f(x,y) =e*sin y = f, = e“sin y, f, = e* cos y, f,, =e*siny, fy = e* cos y, foy = —e* sin y
= (x,) % £(0,0) +x1,(0,0) +¥£,(0,0) + §x6,(0,0) + 2x¥,,(0,0) + Y4,(0,0)]
=0+x-0+y-1 +%(x2 0+2xy-1+y? -0) =y +xy, quadratic approximation. Now, f,, =e*siny,

f,. .. =e cosy,f

xxy xyy = ~e* sin y, and f,,, = —e* cos y. Since|x|< 0.1, |e* sin YIS |21 sin 0.1]~ 0.11 and

|e* cos y|< |91 cos 0.1| s 1.11. Therefore,

E(x,y) < %[(0.11)(0.1)3 +3(1.11)(0.1)3 + 3(0.11)(0.1)3 4 (1.11)(0.1)®] < 0.000814.

CHAPTER 11 PRACTICE EXERCISES

1.

Domain: All points in the xy-plane

Range: z >0

Level curves are ellipses with major axis along the y-axis

and minor axis along the x-axis.
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2. Domain: All points in the xy-plane
Range: 0 <z < o0

Level curves are the straight lines x + y =1In ¢ with
slope —1, and ¢ > 0.

3. Domain: All (x,y) such that x #0 and y # 0
Range: z #0

Level curves are hyperbolas with the x- and y-axes
as asymptotes.

4. Domain: All (x,y) so that x2—y >0
Range: z>0

Level curves are the parabolas y = x*> — ¢, ¢ > 0.
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5. Domain: All points (x,y,z) in space
Range: All real numbers

Level surfaces are paraboloids of revolution with

the z-axis as axis.

2or=-l

Sy, :)=::2 +y

or
:=x:¢_\-z*l

6. Domain: All points (x,y,z) in space

Range: Nonnegative real numbers oxy.2) =x's 4 402 38

Level surfaces are ellipsoids with center (0,0,0).

7. Domain: All (x,y,z) such that (x,y,z) # (0,0,0)

Range: Positive real numbers

Level surfaces are spheres with center (0,0,0) and

radius r > 0.
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8. Domain: All points (x,y,2) in space
Range: (0,1]

kix,y,2) = '1——11—1——--'-
1 X+y +2 +#1 2

2 2 2
orX +y +2 =1

Level surfaces are spheres with center (0,0,0) and

radius r > 0.
y
9. ( )lil&n In2) eycosx:elnzcos7r=(2)(—1)=—2
x,y)—(m,
10 _2+y _ 240 _,
: (x,y)-—»(O 0) Xx+cosy O+cos0
11. X=¥ o= x=Y  _—  lim 1 .1 _1
(x,y;)é—»(l 1) x2—y?T (x,y)~(1 1) E=9)x+Y) " (y)-1,1) XFY T IT+172
X
. -1 . (xy—l)(x y2+xy+1) lim 2.2 2 12
ool = 1 = =
2 Ty T T o) xy—1 = i (2 4+xy+1)=12-1241-14+1=3

13. lim ln]x+y+z|=ln|1+(-—1)+e'=lne=1

P—(1,~1,¢)
1., Jim o ten™ by +2) = tan (14 (1) 4 (-1) = ten™ (1) = -
15. Let y =kx?, k # 1. Then L lim kxz =—K__ which gives different limits for
(x,y)—»(O 0) x*—y (x kxz)_>(0 0) *-kx? T 1-k?
y #x°
different values of k = the limit does not exist.
2 2
. +y i x° + (kx) 14+k% .. R . ..
. = k . 1 X ——— T e———
16. Let y = kx, k # 0. Then (x,y)li»rfo,o) =y = kx)xﬁ(o 0) x(kx) X which gives different limits for
xy #0
different values of k => the limit does not exist.
- 2,2
17. Let y = kx. Then (x‘y)_.(o 0 :: +§ ;‘T_-;—lliTi 1- tz which gives different limits for different values

of k = the limit does not exist so f(0,0) cannot be defined in a way that makes f continuous at the origin.

. . sin(x —y) . sinx 1, x> o .
18. Along the x-axis, y = 0 and lim = lim = so the limit fails to exist
g Y (xy)=(0,0) [x+y[ ~ x50 TXI -1, x<0’

= f is not continuous at (0,0).

ag__ Og _ .
19.5 cosﬂ-{-sm(;‘,ao —r sin 6 +r cos 8



20.

21,

22.

23.

24,

25.

26.

27.

28.

29.

30.

3L
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_3
ﬁ_.l_( 2x >+( xz) XY X=y
Ox 2 242 3 ’
x“+y 1+(¥) x“+y° x+y +y
1
ﬁ_l( 2y )+ (¥)2=2 . _ X+y
F: ] G )
y x“+y 1+(§) x“+y° x4y x"+y
of 1 of _ 1 of 1
R, RI'OR, RI'OR; RZ

h,(x,y,2) = 27 cos (2mx +y — 32), hy(x,y,2) = cos (27x +y — 32), h,(x,y, z) = —3 cos (27x +y — 3z)

OP _RT 8P _nT 0GP _ nR B_P_ nRT
M-V OR - V’OT_V'av_  y?

£(r,6,T,w) = e‘/_ fy(r, 6 Tyw) = =] e2 I (6, T,w) = (—Z)(V%W)(ﬁ)
= VT = 4r€T\/— w(n 6Ty w) = (2re)\ﬁ(‘§w_3/2) ﬁ\/?rTW

QD
Q.

2 2 2 2
_x 0% _ 08 _o2x 08 0% __
1 y2§ x =0, y _;5’ yOx — 0x8y —

°’Ia%’

Q:| D

< iR
il

‘<NI —

=1
A

jo)
D

8x(X,¥) = €*+y cos X, g,(%,y) =sin X = g, (X,y) = €* —y sin x, gy, (x,¥) = 0, g, (%,¥) = By (%,y) = cos X

of

2. 2 2, 2 2.
oo 1yy L Ty« SN A

S+ T ax (2410 0 0 = oxdy

f(x,y) = =3y, f,(x,y) =2y —3x - sin y +7¢¥ = £ (x,y) =0, f, (x,y) =2 —cos y + 7%, £, (x,y) = vx (% ¥)

=-3

%w_ ycos(xy+1r), —xcos(xy+7r), dt-e‘,j{:—_}_—f
=>‘(1i—t=[ycos(xy+1r)]e +[xcos(xy+1r)](——1—1) t=0=>x=1landy=0
=>§dﬂ| =01+ (D) () =1

%—‘:_ey gv;—-xey+sinz, %z =y cos z +sin z, ((iix_t—1/2’%_1+t1"g: T

$((i:lt —eyt“1/2+(xey+smz)(1+ )+(ycosz+sm z)mt=1=>x=2,y=0,andz=m

=>‘ji—‘z| =1-14+(2-1+0)2)+(0+0)r =5
t=1

8 [
%:2005(2x—y)y%_v;z_cos(2x_Y)’%=1’%::=cos 8, 6—¥=S,6—§=r
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32.

33.

34.

35.

36.

37.

38.

ﬁ%:[? cos (2x —y)J(1) + [~cos(2x—y)l(s)i r=mand s =0 => x=7and y =0

= 3wl = (2 cos 27) — (cos 27)(0) = 2 = [2 cos (2x — y)](cos 8) + [— cos (2x — y)](x)
Bavsv . = (2 cos 27)(cos 0) — (cos 27)(7) =
aw ‘(ii::%’—‘ (_i —2—)(2e cos v); lx—v---(l=>x--2=to0w|(0 0 % %)(2):%;

ow _dw 9 =(2_1 =
6:7 H%E% (l-l,-:x " +1)( —2e" smv)=> | '0)—(5-—3-)(0)—0

z;£=y+z,(§ﬁ=x+z,%=y+x,§l{"-=—sint %¥=cost %=~2sin 2t

E'E = —(y +z)(sin t) + (x +2z)(cos t) —2(y +x)(sin 2t); t =1 => x =cos 1, y =sin 1, and z = cos 2

g{ = —(sin 1+ cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) —2(sin 1 + cos 1)(sin 2)

8w _ dw Os

__or Tb_ (5)dew=dﬂ%v3__(1)dw dW 8w 8W dw dw

Soy = 5 =

F —1—y cos xy

—1—x—vZ—si =—_1— -9y~ dy _ _Fy_
F(x,y) =1-x—y*—sinxy = F, 1 ycosxya.ndFy- 2y X €08 Xy = 4= = F, ™ Oy—xcosxy
_ l4ycosxy _ dy 141
= Sy oxcosxy at (x,y) = (0,1) we have = o = =-1
Fx,y)=2xy+etY -2 F, =2y +e** and F, --2:uc+e"'*"'=>cly Fe_ _2y+ety
F; 2x + eX 1Y
= at (x,y) = (0,1n 2) wehavea%l —2ln2+2_ g4
(0n2) 0+2-
o v s _ _1:_ 1. _ __12 _1_V2
V£ = (—sin x cos y)i — (cos x sin y)j = Vf'(%% =—3i §J=>|Vf|_ 5 _75_—2—,
u_.| g:l——él—ﬁj:flmreues most rapidly in the direction u——-{r-l—%_] and decreases most

V2, V2.

rapidly in the direction —u = I+T], uf)P°=| Vfl:l/ﬁ_?-and (D_uf)PO:-#;

_v_ Bi+4 _3. 4. = e = (_L1\(3) o (_1\(4)= _T
== = 58I~ O, = Veu =(-3)3)+(-3)(#)= -1
Vi=2xe Wi- 2% W = Vil o) =2i-2% = | Vil= /224 (-2)* = 2/%; “‘IVf'F— 7.,

= f increases most rapidly in the direction u = 71=i —71=j and decreases most rapidly in the direction

—-u =—7=1+7=] (Duf)P —lVfl 2\/_a,nd (D—uf)p =—2\/§,u =|l=7i1ii=ﬁi+ lj

141 2

1Y



39.

40.

41.

42,

43.

44.
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= (D,f)p, = Vi-u = (2)(%)+ (—2)(%) =0

- 2 . 3 : 6 et
Vf—(2x+3y+6z)""(ﬂ+3y+6z)3+(2x+3y+6z)]‘=> Vil(1,-1,1) = 24 31+ 6k;

u= |_g§| = ﬁz;_’—f;-‘-ﬁkfi = %i + %j + gk => f increases most rapidly in the direction u = %-i + %j +gk and

decreases most rapidly in the direction —u = —%i -—%j —gk; (D“f)Po =| V=17, (D_“f)PO =-T;

w==2i+3j+8k = (09 = (DDp =7

V= (2x+3y)i+(3x+2)j+(1 -2k > Vil o0 =2+k;u= Ig—gl = %j +713k = f increases most

rapidly in the direction u = :%j +ﬁk and decreases most rapidly in the direction —u = -2
i+j+k 1.

._L .
VARV
(DuDp, =1 V1= VB and (0_ufp, = ~VB s my == gty = aie S+
= (DD, = Vi'm, =(0)(JL§)+(2)(—‘173-)+(1)(%)=735= V3
r = (cos 3t)i+ (sin 3t)j + 3tk = v(t) = (—3 sin 3t)i+ (3 cos 3t)j+3k$v(§)=—3j+3k

> u= —ﬁj +71§k; f(x,y,2) = xyz = V{=yzi+xzj+xyk;t= % yields the point on the helix (—1,0,)

= Vil 0y =—1i = Vi- u=(—1rj)-(—715j+71§-k)=%

£(x,y,2) = xyz = V{=yzi+xzj+xyk; at (1,1,1) we get Vf=i+j+k => the maximum value of
Dyf|1,1,1) = Vil= 3

(a) Let Vf=ai+bjat (1,2). The direction toward (2,2) is determined by v; = (2—1)i+(2-2)j=i=u
so that Vf-u=2 = a=2. The direction toward (1,1) is determined by v, + (1 = 1)i+(1-2)j==j=u
so that Vf-u=~2 => —b = ~2 => b =2. Therefore V{=2i+2j.

(b) The direction toward (4,6) is determined by v; = (4 —1)i+ (6 -2)j =3i+4j > u= %i + %j
= Vfi.u= -%é

(a) True (b) False (c) True (d) True
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45. Vf=2xi+j+2zk =

s Ray+gl=0
Vil 1 _1y=j—2k T
0,-1,-1) ’ Yooy =4 +2k

VfI(O,O,O) =j,
Vfl((],—l,l) =j +2k

_v

x
Yo-1,-n =4~ 2%

46. VI{=2yj+ 2zk =

Vilz,2,00= 4
Vfl(z,_m) = —4j,
Vl(3,0,2) = 4k,

Vfl(Z,O,—2) = ~4k

V2= -4k

47. Vf=2xi—j-5k = Vf|(2'_1,1)=4i—j—5k=>Tangent Plane: 4(x—-2)—(y+1)-5(z—1)=0
= 4x —y -5z =4; Normal Line: x=2+4+4t,y=—-1~t,z=1-5t

48. Vi=2xi+2yj+k = Vfl; ;) =2i+2+k = Tangent Plane: 2(x~1)+2(y—1)+(z—2) =0
= 2x+2y+7—6=0; Normal Line: x=1+2t,y =142, z=2+t

Oz 2y Jo 24
d £2 = eyt = S5
x24+y? 7 Oy (0,1,0)

R
0,1,0) 2
2(y—1)~(z—0)=0o0r2y-z—-2=0

49, 92 _ _2x oz

B Z4 y2 = o = 2; thus the tangent plane is

50. g_)z( = —2x(x? +y2)-.2 = g__’z(_| N = —-% and % = -2y(x? +y2)_2 = g& = ~%; thus the tangent
I #(na4)

plane is —%(x—l)-—%(y—l)—(z—%):[]or X+y+22-3=0
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51. Vf=(—cos x)i+j= Vfl(y)=i+]j=> the tangent M
lineis (x—7)+(y—1) =0 =>x+y =7+1; the 2

y=x-m+]

normal lineisy—1=1(x—7) =>y=x-7+1 y=1ysins

52. Vi=—xi+yj= Vfl(y j)=—i+2j = the tangent
lineis —(x—1)+2(y~2) =0 = §x+g, the normal
lineisy—2=-2(x—1)=>y=-2x+4

53. Let f(x,y,z)=x2+2y+2z—4 and g(x,y,z) =y — 1. Then Vf=2xi-+-2j+2k|(1 ll)=2i+2j+2k
bg
i j k
and Vg=j= VixVg=| 2 2 2 |=-2i+2k=thelineisx=1-2t,y=1,2=1+2
1 0
54. Let f(x,y,z) =x+y>+2z—2 and g(x,y,2) =y—1. Then Vi=i+2yj+k|, ,\=i+2j+kand
)
i i k
Vg=j= VixVg=| 1 2 1 |=-i+k=thelineisx=2-t,y=1,2=1+¢
0 1 0

— _1 R . 1
55. ( ) 3 x(%,%)_cosxcosy|(ﬂ_/4,”/4)—§,fy(%,%)——smxsmy|(ﬂ_/4vw/4)_—§

975

= L(x,y) = 1, %(x——?)—%(y 4) %+;x 5% fox(X,¥) = —sin x cos y, fyy(x,y) = —sin x cos y, and

2

f,,(%,y) = —cos x sin y. Thus an upper bound for E depends on the bound M used for |f,, |, | y| and |

With M = 12_3 we have | E(x,y)| < %(4)(|x - §l+|y —%l)z < 4(0.2)2 <0.0142;

with M =1, |E(x,y)|5%(1)(|x—§|+1y—§|)2 =127 =002

56. f(1,1) =0, f,(1,1) = 1, fy(1,1)=x—6yl( =-5=Lxy)=(x~-1)=-5(y—-1)=x-5by+4;

V=
fou(%,¥) =0, £y, (x,y) = =6, and £, (x,y) = 1 => maximum of [ £+ |fyy|, and lfxylis 6=>M=6

= |E(xy)|<30) (1x-11+|y - 1) =1(6)(0.1+0.2)? = 0.27

y|
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57.

58.

59.

60.

61.

62.

63.

64.

£(1,0,0) =0, £,(1,0,0) = y — 3z |(1‘0,U) =0, ,(1,0,0) = x+2z| =1,1,(1,0,0) =2y — 3x|(1 0.0)= -3

(1,0,0)
= L(x,y,2) = 0(x = 1) +(y ~0) = 3(z— 0) =y — 35; (1, 1,0) = 1, £,(1,1,0) = 1, £,(1,1,0) = 1, £,(1,1,0) = —
= Lxy,2)=1+(x-1)+@Fy-1)-1z-0)=x+y—-z—1

f(0,0,%):l, fx(O,O,-}):—\/isinxsin(y+z)|(0,0‘§)=0,f (0 0, 4) \/icosxcos(y+z)|(00 )= =1,

fz(0,0,) ﬁcosxcos(y+z)| )_I:L(xy,z)—l+1(y 0)+1(z—z)_1+y+z__,
(350 =P (G 50)=- % 0 (550)- L 0(5:50)-F
:>L(X,Y,Z)=¢T§—¢(X—§)+—\é—g(y—%)+§(z—0)=\/T§—\/T§x+#y+§z

V =nr’h = dV = 2xth dr + mr? dh = dV | ; 5 1p5) = 27(1.5)(5280) dr + 7(1.5)? dh = 15,8407 dr +2.25 dh.

You should be more careful with the diameter since it has a greater effect on dV.

df = (2x ~y) dx + (—x + 2y) dy = df|(1 9= 3 dy = f is more sensitive to changes in y; in fact, near the point

(1,2) a change in x does not change f.

di=fav -%’7 dR = dIl =Ll gv —0— dR = dI. = —0.01 + (480)(.0001) = 0.038,

(24,100) 100 dV = ~1,dR = —20

or increases by 0.038 amps; % change in V = (100 ~ —4.17%; % change in R =( — 100) = —-20%;
4

20
)
—05 = 0.24 => estimated % change in I = f}I x 100 = 000238 x 100 ~ 15.83% = more sensitive to voltage

change.

A=mab=dA=7bda+madb= dA](lo'm) = 167 da+ 107 db; da = £ 0.1 and db = +0.1

= dA = £267(0.1) = £2.6r and A = 7(10)(16) = 1607 = ‘%x 100|= | 26m 100,~ 1.625%

(2) y =uv = dy = v du +u dv; percentage change in u < 2% = |du| < 0.02, and percentage change in v < 3%

= ldvl< 0.0y =y dutudv

du v o |9, 500] = 42 x 100 + 4 x 100 < 48 x 100 |+ 4 x 100

<2%+3% = 5%

(b) z—u+v=>d—Z_g—Ei————3—v %+ﬁ%_v_v_d_u+dv (since u > 0, v > 0)

= |4 x100| < |48 x 100 + 9¥ xloo}_|dyx1oo}

7 (—0.425)(7) _ (=0.725)(7)
C= 71.84w0- 425,078 =C, = 7184w 1225 ,0.725 and Cp = T1.84w0- 26,1725
=dC=—=2915 ___ 4y +—:—5—'075— dh; thus when w = 70 and h = 180 we have

71.84w 1.425 hO .725 71.84W0'425 hl.725

dC |(70,180) ~ —(0.00000225) dw — (0.0000149) dh = 1 cm error in height has more effect
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f(x,y)=2x-y+2=0and f,(x,y) =—x+2y+2=0=>x= ~2 and y = -2 = (—2,~-2) is the critical point;
fou(-2,-2) =2, f,
of f(~2,-2) = ~8

o(=2,-2) =2, £,(-2,-2) = -1 > ff,, — fZ, = 3> 0 and f,, > 0 = local minimum value

f(x,y) =10x+4y+4=0and fy(x,y) =4x -4y -4=0=x= 0 and y = —1 = (0,—1) is the critical point;
£,(0,—1) = 10, £,4(0,~1) = —4, £, (0,~1) = 4 = £, — %, = —56 < 0 = saddle point with (0, ~1) =2

£,(x,y) = 6x2 + 3y = 0 and f,(x,y) = 3x+ 6y? =0 = y = —2x” and 3x+6(4x?)=0=x(1+8x3)=0
=x=0andy=0,0rx= —% and y = —% = the critical points are (0,0) and (-—%,—%). For (0,0):

y = —9 < 0 = saddle point with

£,4(0,0) = 12x| 00=" £,,(0,0) = 12y |(0 0= 0, £,,(0,0) =3 = f,, £, —f2

£0,0) = 0. For (~4,~3) =6,y = =6, £y =3 = ffy, ~ ;= 27> 0 and £, <0 = local maximum

1 _1\_.1
value Off(_f’—f)_ 1
f,(x,¥) =3x?-3y=0and fy(x,y) = 3yl—3x=0=>y=x’andx*-x=0=> x(x3=1) = 0 = the critical

points are (0,0) and (1,1). For (0,0): f,,(0,0) = 6x|(0 0= 0, f,,(0,0) = 6y|(0 o) =0, £,,(0,0)=-3

= fdyy —fiy = —9 < 0 = saddle point with (0,0) = 15. For (1,1): f,,(1,1) =86, f,,(1,1) =6, fy(1,1)=-3
= fedyy — fiy =27 >0 and f,, > 0 = local minimum value of f(1,1) = 14

f(x,y) = 3x? 4 6x =0 and f,(x,y) =3y —6y=0=>x(x+2)=0and y(y—2)=0=>x=0o0r x=-2and
y =0 or y = 2 = the critical points are (0,0), (0,2), (—2,0), and (-2,2). For (0,0): £,,(0,0) =6x+ 6|(0 0)

=6, £,,(0,0) =6y -6 ‘(0,0) =-6,1,,(0,0) =0=ff, —f;‘:y = —36 < 0 = saddle point with £(0,0) =0. For

(0,2): £,,(0,2) =86, fyy(0,2) =6, fxy((),Z) =0=f,f —f,z(y =36 > 0 and f,, > 0 = local minimum value of

£(0,2) = —4. For (=2,0): f,(~2,0) = —6, f,,(~2,0) = —6, £,,(—2,0) = 0 => f,.f —f2 =36>0andf,, <0

XXyy Xy
= local maximum value of f(~2,0) = 4. For (=2,2): f,,(~2,2) = -6, f,,(-2,2) =6, fxy(—2,2) =0
= ff,y — {2, = —36 < 0 = saddle point with f(~2,2) =0.
£(x,y) = 4x* —16x = 0 = 4x(x? —4) = 0 = x =0, 2, =2 {,(x,y) =6y —6 = 0 = y = 1. Therefore the critical
points are (0,1), (2,1), and (—2,1). For (0,1): f,,(0,1) = 12x% - 16|(0'1) = —16, f,,(0,1) = 6, £, (0, 1)=0

= ffyy —fiy = —96 < 0 = saddle point with f(0,1) = —3. For (2,1): f,,(2,1) =32, f,,(2,1) =6,

fog(2,1) =0 = £, £, — 2, =102 > 0 and £, > 0 = local minimum value of (2,1) = ~19. For (~2,1):
fox(—2,1) = 82, £, (=2, 1) =6, f,,(~2,1) =0 = £ f ~£2 =192 > 0 and f,, > 0 = local minimum value of

xx'yy ~ Xy
f(—2,1) = —19.
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71, (i)

(i1)

(iii)

(iv)

72. (i)

(i)

(iit)

(iv)

)

73. (i)

On OA, f(x,y) =f(0,y) =y* + 3y for 0< y < 4
> f(0y)=2y+3=0=y=-35. But o,—%)
is not in the region.

Endpoints: £(0,0) =0 and £(0,4) = 28.

On AB, f(x,y) = f(x,—x +4) =x? - 10x + 28
for0 <x<4=f(x,—x+4)=2x—-10=0

= x =35, y =—1. But (5,—1) is not in the region.
Endpoints: f(4,0) = 4 and £(0,4) = 28.

On OB, f(x,y) = f(x,0) =x? —3x for 0 < x < 4 =>f'(x,0)=2x—3éx:%andy:ﬂ:(%,O)isa

critical point with f(g,o) =-3. Endpoints: £(0,0) = 0 and £(4,0) = 4.
For the interior of the triangular region, f,(x,y) = 2x+y —3 = 0 and f(x,y) =x+2y+3=0=x=3
and y = ~3. But (3,-3) is not in the region. Therefore the absolute maximum is 28 at (0,4) and the

- o 9 3
absolute minimum is -1 at (7_5,0).

On OA, f(x,y) =f(0,y) = —y® +4y + 1 for 0< y <2

= f(0,y)=—2y+4=0=y=2and x=0. But y
(0,2) is not in the interior of OA.

Endpoints: f(0,0) =1 and (0,2) = 5.

On AB, f(x,y) =f(x,2) = x> —2x +5for 0 < x < 4
=2>f(x2)=2x-2=0=>x=1landy=2= (1,2)
is an interior critical point of AB with £(1,2) = 4.
Endpoints: f(4,2) = 13 and £(0,2) = 5.

On BC, f(x,y) =f(4,y) = ~y* + 4y +9for 0<y <2 = f'(4,y) = -2y +4=0=> y =2 and x = 4. But
(4,2) is not in the interior of BC. Endpoints: f(4,0) =9 and (4,2) = 13.

On OC, f(x,y) = f(x,0) =x* —2x + 1 for 0 <x <4 = f/(x,0) =2x-2=0=>x=1and y = 0 = (1,0)
is an interior critical point of OC with f(1,0) = 0. Endpoints: £(0,0) = 1 and f(4,0) = 9.

For the interior of the rectangular region, f,(x,y) = 2x ~2 = 0 and f,(x,y)=—-2y+4=0=x=1and
y =2. But (1,2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4,2)
and the absolute minimum is 0 at (1,0).

On AB, f(x,y) =f(-2,y) =y’ ~y—4for ~2<y <2
= f(-2,y)=2y-1=y =%and x=-2= (—2,%)
is an interior critical point in AB with f (—2,%)
=17

=—-

Endpoints: f(—2,-2) =2 and £(2,2) = -2.
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On BC, f(x,y) =f(x,2) = =2 for -2 <x<2 = f/(x,2) = 0 = no critical points in the interior of BC.
Endpoints: f(—2,2) = —2 and f(2,2) = 2.

On CD, f(x,y) =1(2,y) = y?—5y+4for -2<y<2

=>f(2,y)=2y-5=0=>y= % and x = 2. But (2,%—) is not in the region.

Endpoints: f(2,-2) = 18 and (2,2) = 2.

On AD, f(x,y) = f(x,-2) =4x + 10 for -2 <x <2 = f'(x,~2) = 4 = no critical points in the interior
of AD. Endpoints: f(—2,-2) =2 and f(2,-2) = 18.

For the interior of the square, f,(x,y) = -y +2 =0 and fy(x,y) =2y—-x—-3=0=>y=2andx=1
= (1,2) is an interior eritical point of the square with f(1,2) = —2. Therefore the absolute maximum

is 18 at (2,~2) and the absolute minimum is ——14—7 at (—2,%).

On OA, f(x,y) = f(0,y) =2y —y* for 0 <y < 2

= f'(0,y)=2~2y=0=>y=1andx=0=(0,1)
is an interior critical point of OA with f(0,1) = 1.
Endpoints: £(0,0) = 0 and £(0,2) = 0.

On AB, f(x,y) = f(x,2) =2x —x? for 0 < x < 2

= f(x,2)=2-2x=0=>x=1andy =2 = (1,2)

is an interior critical point of AB with f(1,2) = 1.
Endpoints: £(0,2) = 0 and f(2,2) =0.

On BC, f(x,y) = f(2,y) =2y ~y2 for 0<y <2 = f(2,y) =2-2y=0=>y=1and x=2

= (2,1) is an interior critical point of BC with f(2,1) = 1. Endpoints: £(2,0) =0 and £(2,2) =0.

On OC, f(x,y) = f(x,0) =2x —x® for 0 <x < 2 = f(x,0) =2 -2x =0 => x=1and y =0 = (1,0)

is an interior critical point of OC with f(1,0) = 1. Endpoints: f(0,0) =0 and (0,2) = 0.

For the interior of the rectangular region, f (x,y) =2—2x =0 and fy(x, y)=2-2y=0=>x=1and

y =1 = (1,1) is an interior critical point of the square with £(1,1) = 2. Therefore the absolute maximum
is 2 at (1,1) and the absolute minimum is 0 at the four corners (0,0), (0,2), (2,2), and (2,0).

On AB, f(x,y) = f(x,x+2) = —2x+4for -2<x<2
= f'(x,x + 2) = —2 = 0 = no critical points in the
interior of AB.

Endpoints: f(~2,0) = 8 and f(2,4) = 0.

On BC, f(x,y) =f(2,y) = —y24+4yfor0<y<4
=f(2,y)=-2y+4=0=>y=2andx=2=(2,2)

is an interior critical point of BC with f(2,2) = 4.
Endpoints: £(2,0) = 0 and f(2,4) = 0.

On AC, f(x,y) =f(x,0) = x?—2x for =2<x <2
= f'(x,0) = 2x —2 = x =1 and y = 0 = (1,0) is an interior critical point of AC with £(1,0) = —-1.
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76.
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Endpoints: f(—2,0) = 8 and (2,0) = 0.
For the interior of the triangular region, f (x,y) = 2x —2 = 0 and f,(x,y) =-2y+4=0=x=1and
¥y =2 = (1,2) is an interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum

is 8 at (—2,0) and the absolute minimum is —1 at (1,0).

On AB, f(x,y) = f(x,x) = 4x? — 2x* + 16 for -2 < x < 2
= f'(x,x) =8x—8x>=0=>x=0andy=0,0orx=1
andy=1,or x=-1andy = -1=(0,0), (1,1), (-1,-1)
are all interior points of AB with £(0,0) = 16, f(1,1) = 18,
and f(—1,-1) = 18.

Endpoints: f(—2,-2) =0 and f(2,2) = 0.

On BC, f(x,y) =f(2,y) =8y —y*for -2 <y <2
>f(2y)=8-4°=0=>y=32andx=2=(2,%/2)
is an interior critical point of BC with f(2,3\/§) =6%/2.
Endpoints: f(2,-2) = —32 and £(2,2) = 0.

On AG, f(x,y) = f(x,~2) = ~8x —x* for -2 <x <2 = f(x,~2) = —8-4x3 =0=>x=3/"Z and y = -2
=( 3\/——2, —2) is an interior critical point of AC with f{ 3/=2, -2)=63%/2. Endpoints:

£(~2,-2) = 0 and £(2,~2) = —32.

For the interior of the triangular region, f,(x,y) = 4y — 4x% = 0 and fy(x,y) =4x—4y3=0= x =0 and
y=0,0orx=1andy=1. But neither of the points (0,0) and (1,1) are interior to the region. Therefore

the absolute maximum is 18 at (1,1) and (—1,—1), and the absolute minimum is —32 at (2,-2).

On AB, f(x,y) =f(~1,y) = y® - 3y? + 2 for -1 <y <1

= f(-L,y) =3y —6y=0=>y=0andx=—1,0ry = 2
and x = —1 = (—1,0) is an interior critical point of AB
with f(—1,0) = 2; (~1,2) is outside the boundary.
Endpoints: f(—1,~1) = —2 and f(~1,1) = 0.

On BC, f(x,y) =f(x,1) = x*+8x2 — 2 for -1 <x <1 = f'(x,1) =3x2+6x =0 > x=0and y =1, or
x=2andy=1=>(0,1) is an interior critical point of BC with f(0,1) = —2; (2,1) is outside the
boundary. Endpoints: f(—1,1) =0 and £(1,1) = 2.

On CD, f(x,y) =f(1,y) =y - 8y* + 4 for -1 <y <1 =f'(1,y)=3y>—-6y=0=y=0and x = 1, or
y=2and x =1=>(1,0) is an interior critical point of CD with f(1,0) = 4; (1,2) is outside the boundary.
Endpoints: f(1,1) =2 and f(1,~1) = 0.

On AD, f(x,y) = f(x,~1) =x*+3x* —4 for -1 <x <1 = f/(x,~1) =3x®+ 6x =0 = x = 0 and y = ~1,
orx=-2andy=—1= (0,-1) is an interior point of AD with f(0,—1) = —4; (~2,~1) is outside the
boundary. Endpoints: f(—1,~1) = ~2 and f(1,-1) = 0.
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(v) For the interior of the square, f,(x,y) = 3x% 4+ 6x =0 and f,(x,y) = 3y2—6y=0=>x=0o0rx=-2, and
y=0ory=2=>(0,0) is an interior critical point of the square region with f(0,0) = 0; the points (0,2),
(=2,0), and (—2,2) are outside the region. Therefore the absolute maximum is 4 at (1,0) and the

absolute minimum is —4 at (0,~1).

(i) On AB, f(x,y) =f(-1,y) =y -3y for -1 <y <1
= f(-1,y) =3y’ ~3=0=>y= +tlandx= -1
yielding the corner points (—1,—1) and (—1,1) with
f(~1,-1) = 2 and f(~1,1) = 2.

(i) On BC, f(x,y) =f(x,1) =x* +3x+2 for -1 <x< 1
= f/(x,1) = 3x% + 3 = 0 = no solution.

Endpoints: f(—1,1) = -2 and f(1,1) = 6.

(ili) On CD, f(x,y) =f(1,y) =y*+3y+2for -1 <y <1
= f/(1,y) = 3y? + 3 = 0 = no solution.
Endpoints: f(1,1) =6 and f(1,—1) = —2.

(iv) On AD, f(x,y) = f(x,~1) =x3—3xfor -1<x<1=F(x,—~1)=3x*>-3=0=>x=*landy=-1
yielding the corner points (—1,—1) and (1,—1) with f(—1,~1) = 2 and f(1,-1) = -2

(v) For the interior of the square, f (x,y) = 3x2 +3y =0 and fy(x, y) = 3y2+3x=0=>y = —x? and
x24x=0=>x=0o0rx=-1=>y=0o0ry=—1= (0,0) is an interior critical point of the square
region with £(0,0) = 1; (~1,—1) is on the boundary. Therefore the absolute maximum is 6 at (1,1) and

the absolute minimum is —2 at (1,—1) and (-1,1).

V= 3x%+2yj and Vg = 2xi+2yjsothat Vi=2Vg = 3x%+2yj = M2xi+2yj) = 3x? = 2x) and

2y=2yA=>A=1lory=0.

CASE 1: A=1=>3x2=2x$x=00rx=%;x=0=>y= + 1 yielding the points (0,1) and (0,—1);x=%
>y= :I:—? yielding the points (%,\/Tg) and (%,—%5)

CASE 2: y=0=x*~1=0=> x = %1 yielding the points (1,0) and (-1,0).

3'=73
maximum is 1 at (0, +1)and (1,0), and the absolute minimum is -1 at (-1,0).

Evaluations give f(0, £1)=1, f(2 :l:ﬁ) = %%, £(1,0) = 1, and f(—1,0) = —1. Therefore the absolute

Vf=yi+xjand Vg=2xi+2yjsothat Vf=AVg= yi+xj=M2xi+2yj) = y=2x and

x=2y = x=2X(2xx) =4\ x > x=00r4x2=1.

CASE 1: x = 0 =y = 0 but (0,0) does not lie on the circle, so no solution.

CASE 2: 4A2=1=>/\=%or)‘=—%. ForA:%,y:x:1=x2+y2=2x2=>x=y= iLyieldingthe

V2
i L -—1— 1 -1 . F /\=—l = — 1= 2 2 — 9x? = 1
P°lnts(7'2=v\/§)“1d( \/5’ 73) or 5y X = x“+y 2x° = x :i:7§and
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ieldi ; 11 L1
y = —X yielding the points (—7—, )and ( s __.),
2'V2 2" 2

Evaluations give the absolute maximum value f| (—‘}—5.715) = (— - L) = % and the absolute minimum

value f(—ﬁ%) = f(ﬁ,—ﬁ): -1.

8l. (I) f(x,y) =x*+3y>+2y on x*+y? =1 = Vf=2xi+ (6y+2)j and Vg = 2xi+2yj so that Vi=AVg
= 2xi+(6y+2)j = M2xi+2yj) = 2x=2xA and 6y +2=2yA = A=1orx = 0.

CASELl: A=1=6y+2=2y=>y= —%andx: :l:\/Tgyielding the points(i#,—%).

CASE 2: x=0=y’=1=>y = %1 yielding the points (0, % 1).

Evaluations give f( i#,—%) = %, f(0,1) = 5, and f(0,—1) = 1. Therefore % and 5 are the extreme
values on the boundary of the disk.

(ii) For the interior of the disk, f,(x,y) = 2x = 0 and f,(x,y)=6y+2=0=>x=0andy= —%
= (0, -—-%) is an interior critical point with f| (0, —%) = —-%. Therefore the absolute maximum of f on the

disk is 5 at (0,1) and the absolute minimum of f on the disk is —% at (0, —%)

82. (i) f(x,y) =x>+y’~3x—xyonx?+y’ =9 = Vi=(2x-8~-y)i+(2y —x)j and Vg = 2xi+ 2yj so that
Vi=AVg= (2x—3—y)i+ (2y —x)j = M(2xi+ 2yj) = 2x— 3 —y = 2x) and 2y —x =2y)
=>2x(l—z\)—y=3a.nd—x+2y(1—A)=0=>1—A=;—ya.nd(2x)(%)—y=32x2—y2=3y
= x%=y2 43y, Thus,9=x2+y2=y2+3y+y2:2y2+3y—9=0=>(2y—3)(y+3)=0
=>y=-3,%. For y = -3, x2+y2=9=>x=0yieldingthepoint 0,-3). Fory:%,x2+y2=9

= x? +%= 9 = x? =24—7 > x= 32£ Evaluations give (0,-3) = 9, f(—¥,3)= 9+274—\/§

~ 20.691, and f(32ﬂ g) =9 —214[3- ~ —2.691.
i) For the interior of the disk, f,(x,y) =2x—-3—y =0 and {, X,y)=2y-x=0=>x=2andy=1
X y
= (2,1) is an interior critical point of the disk with f(2,1) = ~3. Therefore, the absolute maximum of f on

the disk is 9 +%/§ at (—%—5,%) and the absolute minimum of f on the disk is —3 at 2,1).

83. Vif=i—-j+kand Vg=2xi+2yj+ 2zk so that VIi=AVg=i—j+k= A2xi+2yj + 22k) = 1 = 2x),

~1 =2y, 1=2z,\=>x=-y=z=%. Thus x? 4y 422 =13 3% =12 x= ivlgyielding the points

l__ 1 1 and(~-1_ 1 __ L . Evaluations give the absolute maximum value of
( 3TV \/5) V3V s &
1

f(ﬁ,—vl-, ): % = \/g and the absolute minimum value of f(—ﬁ,ﬁ,~71§) = —\/5.

w
w
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84. Let f(x,y,z) = x> +y% + z2 be the square of the distance to the origin and g(x,y,z) = 22 —xy —4. Then
y

85.

86.

87.

Vf = 2xi+2yj+2zk and Vg = —yi~xj+2zk so that Vf=2AVg = 2x = —)y, 2y = —-Ax, and 2z = 2)z

=>z=0o0rA=1

CASE 1: z=0=>xy=—4=>x=—%a.ndy=—-;1—(=> 2(—%)=—z\yand2(—%):—/\x=>§=y2and%=x2
>y=x*=>y=+x But.y:x:x2=—4lea,dstonosolution,soy=—x$x2=4=>x= +2
yielding the points (~2,2,0) and (2,-2,0).

CASE 2: ,\=1=>2x=—yand2y=—x=>2y=—(-§)=>4y=y=>y=o=>x=o=>z2—4=0=>z= +2
yielding the points (0,0,—2) and (0,0,2).

Evaluations give f(—2,2,0) = (2,-2,0) = 8 and (0,0, —2) = f(0,0,2) = 4. Thus the points (0,0,—2) and

(0,0,2) on the surface are closest to the origin.

The cost is f(x,y,2) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then Vf=2AVg
= 2ay + 2bz = \yz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy = 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and
2bxz + 2cyz = Axyz => 2axy + 2bxz = 2axy + 2cyz => y = (%)x Also 2axy + 2bxz = 2bxz + 2cyz = z = (&)x.
1/3 1/3 1/3
b 38_V . width — x = €V —v—(b) &V b?
Then x(gx)(%x) =V=x’= c_b = width =x = (%.B-) , Depth=y = (—6)(c =( V) , and

al ab ac
1/3 1/3
2: 2
Reight =2 = ()Y =(%?V) .

The volume of the pyramid in the first octant formed by the plane is V(a,b,c) = —%(%—ab)c = %abc. The point
(2,1,2) on the plane = %+%+% =1, We want to maximize V subject to the constraint 2bc + ac + 2ab = abc.
Thus, VV =%C-i+%°—j+§6b-k and Vg=(c+2b—bc)i+(2c+2a—ac)j+(2b+a—ab)kso that VV=2Vg

= b= A(c+2b—bc), % = A(2¢ + 22 - ac), and ab = \(2b +a —ab) = 2B€ = A(ac + 2ab - abc),

122 = A(2bc + 2ab — abc), and a__gg = A(2bc + ac — abc) = Aac = 2Abc and 2)ab = 2Abc. Now X # 0 since

a#0,b30,and ¢ # 0 => ac = 2bc and ab = bc = a = 2b = c¢. Substituting into the constraint equation gives
2,22

£+5+5=1=>2=6 = b =3 and ¢ = 6. Therefore the desired plane is’ﬁ—(+%+%=lor x+2y+2z=6.

Vi=(y+z)i+xj+xk, Vg=2xi+2yj, and Vh=1zi+xksothat Vi=AVg+uVh

=.‘>(y+z)i+xj+xk=)\(2xi+2yj)+p(zi+xk)=y+z=2z\x+;4z,x=2)\y,x=yx:x=0

oru=1.

CASE 1: x = 0 which is impossible since xz = 1.

CASE2: p=1=>y+z=2)x+z=>y=2)xand x=2ly =y =(2))(2Ay) > y=0or
4)2=1. Ify =0, then x? =1 => x = £ 1 so with xz = 1 we obtain the points (1,0,1)

and (~1,0,-1). 43> =1, then A= %1. ForA:—%,y:—xsoxz+y2=1:x2=%

=>x= iﬁ withxz=1=>z= :I:\/E, and we obtain the points (%,—ﬁ,ﬁ) and
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(—ﬁ,%,—ﬁ). ForA:%,y:x:x =%=>x= :i:71;withxz=1=>z= :i:ﬁ,

and we obtain thepomts(\/_ 7 \/5) nd(—ﬁ,—vl—i,—ﬁ).

Evaluations give £(1,0,1) = 1, f(=1,0,~1) = 1, f(# -Lﬂ) 1 ( -V2\=
v vV ) e (e
f(%,ﬁ,ﬂ):%,andf(—&_—,—%,— 2):%. Therefore the absolute maximum is%at

va—n

1

(ﬁ,vli, ﬁ) and (—%,-\/Li,—\/i), and the absolute mlmmum 1s at (—%,ﬁ,—ﬁ) and

88. Let f(x,y,2) = x? +y? + 22 be the square of the distance to the origin. Then Vf= 2xi + 2yj + 22k,
Vg=i+j+k, and Vh=4xi+4yj—2zk so that Vf=AVg+uVh = 2x = A+4xp, 2y = A+ 4yyp,
and 22 =2 —2zp = A = 2x(1-2u) =2y(1 - 2p) = 22(1+2u) > x=yor p = 1

2
CASElix=y=>2=4x?=> 2= +2x so that x+y+z=1=x+x+2x=lorx+x-2x=1
(impossible) = x=% >y =%and z =%yielding the point (%,%,%)

CASE2:y=%=>,\=0=>0=2z(1+1):z=0sothat2x2+2y2=0=>x=y=0. But the origin

(0,0,0) fails to satisfy the first constraint x + y+z=1.

\ Therefore, the point (%,%,%) on the curve of intersection is closest to the origin.

2672 and 7 = x2— y =>5w 8w6x+6w3y ow 8z

dy ~ Ox Oy ' 9y Oy ' 0z Oy
= (2xey’)g—;‘ +(2x2 eyz)(l) +(yx2 eyz)(O), z=xt—y? = 0=2x &—2y = O i? therefore,

oy dy —
(%%)z = (2xeyz)(g) + zx%e¥? = (2y + zx2) Y™

89. (a) y, z are independent with w = x’

2% and 7 = x2 — y? :> _ 0w 8x 6W3Y+Q_vggz_

(b) 2, x are independent with w = x =ox 010y 0a T B B2

= (2xe"z)(0) +{2x%e®) %y;+ (yxzey’)(l); z=x’-y?=>1=0-2y _8_y => L4 —— therefore,

5 9~
( 0z ) (z 2‘ZW)( 21)') yxzeyz = xzeyz(y - 2%)
x

2 Ow_dwodx , Owdy_ ow oz

. . 2.y _
(c) z, y are independent with w = x%¥? and z = x?> —y? = % " ox ozt oy By 3—+ 52 Be

= (ery’) +(zx ey")(O) +(yx%?)(1);z=x>—y? = 1 =2« gx 0= % 8x 2—, therefore,

(82), = (s ()40 = (14 x3y)
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91.

92. z

93.

94.

95.
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(a) T, P are independent with U = (P, V,T) and PV = nRT = §% = JU &F., 8U O¥. | OU IT

("U)(o) +( )(g¥) (%%)(1); PV=nRT = P g¥ =nR = g¥ BR. therefore,
(%), =(F)(F)+ 5
(b) V, T are independent with U = f(P,V,T) and PV =nRT = ou . ou Q_E+QQ6_V+B_U aT
(aU)(g{;) ( )(1) +( )(0)7 PV=nRT =V g—s (HR)(a—g) 0= g% = —%; therefore,
(F).=FN-0)+&F
Note that x =rcosfandy =rsinfd =>r= \/:—(7+_y2 and 0 = tan‘l(gl—(). Thus,
-t B - () ) ) () =0 G- G
ow
08

e o G5 0= () ) () () o0 ()

o=l B, Jr=af, +af,, andzy—fuz“ f,,g" b, — bf,

Ou _ du dw _dw du _ Ow _dwdu_dw _, 19w _dw 10w _dw
Bv—b"“dax‘“’ax‘dub" s qand Pr=qr N =b > i Gy = ad g Y =G0
=

10w _108w ow _ . Ow
B9x by " Pox- alay

ow _ 2x = 2(r+s) _ 2(r +s) = l Q_vg= 2y - 2(r—s) .
0x " x? 4+ y? 42 (r+s)2+(r—s)2+4rs 2(r? + 2rs +s%) 870y x2+y?+422 201 +s)? (r+s)%
and 9% — 2 —_1 6w 8w8x+6w3y Owdz __1 (2) = 2r+2s
0z +y5+22 (r+ss)2 TOoxOrTOyor dzor r+s (r—{—s)2 (r+s)2 (r+s)?

— ang 9% — 0w 6x+(_9_\1v_@+6w32 1 r—s
_r Os OxOs Oy Os 0z 0s r+s (r+s) (r+s)2

du

€% cos v—x =0 => (e cos v)a—x—(e“sin v)%:l; e sinv—y=0=(e"sin v)g§+(eu cos v)%:O.

Solving this system yields Ou _ o=u o5 v and &¥ = e~ sin v. Similarly, e cos v—x =10
g x

[23
= (e® cos v)g—y—(e sin v) Bv =0and e®sinv—-y=0= (e sin v) gu +(e" cos v)g—; =1. Solving this
. Ou _ -u v _ ,—u Qu. , Ou ov.
second system yields By = e~ sin v and oy = e~ cos v. Therefore ( ol + 3y']) ( ot + 6y )

=[(e™™ cos v)i+ (e~ sin v)j]-[(—e™ sin v)i+(e™™ cos v)j]= 0 = the vectors are orthogonal => the angle

between the vectors is the constant %
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97.

09 %%&*—ay 69_(—1‘ sin 6) 5——+(r cos 9) By

o’ _ il Ox 9% 9y of 9% x , 8% Oy . of
= W ( T sin 9)(6X2 30 ayax 50 (l‘ cos 0) 3_+(l' cos 0)(%7 %'*‘a—yiﬁ)—(r sin 0) a—y

_(—rsmﬂ)(a—--{- ) (rcos0)+(rcos9)(69 80) (r sin 6)
= (—r sin @ +r cos )(~r sin 6 4r cos §) —(r cos 6 +r sin 6) = (—2)(—2) —(0+2) =4—-2 =2 at

(x,9) =(2,g-).

+2)2+(z-x)?=16=> Vi=—2@z—x)i+ 2(y +2)j + 2(y + 2z — x)k; if the normal line is parallel to the
yz-plane, then x is constant = %:0 2> -202-x)=0=>z=x=>(y+2) 2 +(z-2)’ =16 = y+z= +4.
Let x=t =z =1t = y = —t £ 4. Therefore the points are (t,—t + 4,t), t a real number.

98. Let f(x,y,2) = xy +yz +2x —x—22 = 0. If the tangent plane is to be parallel to the xy-plane, then V{is
perpendicular to the xy-plane = Vf.i=0and V{.j=0. Now Vi=(y+z—1)i+(x+z)j+(y +x—22)k
sothat Vf-i=y4+2-1=0=>y+z=1=>y=1~3zand Vf-j=x+2=0= x = —z2. Then
—z(l—2)+(l—z)z+2(—2) - (—2) -2’ =0=>32-222 =0 :z:%orz:ﬂ. Nowz=%:¢x=—%andy=%
= (—%,%,%) is one desired point; z=0 => x =0 and y =1 = (0,1,0) is a second desired point.

99. V= A(xi+yj+zk) : =X = f(x,y,2) = —).x +g(y,2) for some function g = Ay = gf g?
= g(y,z) = 1z\y + h(z) for some function h = yz = gf % =h'(z) = h(z) = lAz + C for some arbitrary

—15,2,(1,y,2 =1 1 1 —1,.2
constant C => g(y,z) —2Ay + 2/\z +C )= f(x,y,2) _2Ax +§’\y +2Az +C = £(0,0,a) _-2—Aa +C
and £(0,0,—a) = -1-)\(—51)2 +C = £(0,0,a) = £(0,0,—a) for any constant a, as claimed.

100. (%i) = lm f(0+su1,0+su2,0+su3) 1(0,0, 0) >0

$/u,(0,0,0) 50
‘/su +s%u2 +8%ul -0
= !Ln‘é 3 ,8>0
s\/uf+u§+u§
= lim ——p—— = lim |u|=1;
8—0 8—0
however, Vf= X i+ Y j+ Z k fails to exist at the origin (0,0,0
B e g \/x2+y2+27] Vet + 22 gin ( )
101. Let f(x,y,2) =xy+2—-2 = Vf=yi+2zj+k. At (1,1,1), we have Vf=i+j+k = the normal line is

x=1+t,y=1+t,z=1+t,s0att=-1=>x=0,y =0,z =0 and the normal line passes through the
origin.
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102. (b) f(x,y,2) =x>—y?+22 =4
= Vf=2xi-2yj+2zk = at (2,-3,3)
the gradient is V{ = 4i + 6j + 6k which is
normal to the surface
(c) Tangent plane: 4x+6y+6z =8 or 2x+3y+3z=4
Normal line: x =2+4t, y = -3 +6t,z2=3+6t

CHAPTER 11 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

h

1. By definition, fxy(0,0) = 11\1_1{10 so we need to calculate the first partial derivatives in the

numerator. For (x,y) # (0,0) we calculate f (x,y) by applying the differentiation rules to the formula for

y—y? (2 +y?)(20) - (2 -y)(20) _xPy—y® 4%y 3
fx,y): f(xy) =YY 4 =XYoy L S s f(0,h) = -0 =
Goy): Gloy) =" r + 6 (x2+y2) 4y (x4 y2) A=

For (x,y) = (0,0) we apply the definition: f(0,0) = }llim f(—h—’—ol—;fﬂo—) = ll‘ir% % = (. Then by definition

—0
f (h,0)-£ (0,0
y(0,0) = Jim =B=0o 1. Similarly, £,,(0,0) = i SODHOD oo tor (x,9) # (0,0) we have

3 2 3.2
- 4 3 . . 1(0,h) —£(0,0
fy) =S8 % = b; for (x,y) = (0,0) we obtain £,(0,0) = Jim L_v_)h_(.__)

2 2

4y (k2 +y?)
= lim 020 0. Then by definition f,,(0,0) = lim h0= 1. Note that £,,(0,0) # £4(0,0) in this case.

2. %%:—:1+excosy=>w=x+e"cosy+g(y);g—¥=—e"siny+g'(y)=2y—exsiny=>g’(y)=2y
= g(y)=y’+Ciw=In2whenx=In2andy=0=>In2=In2+e"%cos 0+02+C=>0=2+C
=C=-2. Thus,w=x+e"cosy+g(y)=x+exc0sy+y2—2.

3. Substitution of u + u(x) and v = v(x) in g(u,v) gives g(u(x), v(x)) which is a function of the independent

v v v
variable x. Then, g(u,v) = I ) s> E=08du, JBdv (% [ £(t) dt) g—‘;+(% I () dt) dv
u u

u

= (- % I £(t) dt) quy (% l (t) dt) ¥ = —f(u(x)) 42 +£(v(x)) g = f(v(x)) v _ flu(x)) 2
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. . _df or or L df O% g . (&) oY df 0%
4. Applying the chain rules, x = dr B = fix ( )(ax) +dr5 . Similarly, fyy_<m ay +a—5—2
2 2 2 2 2, .2
f :(d f) or +§_£Q_{ Moreover, 9% = X :ﬂ: y +z ;&= y
=~ \ar? (&) +& oz’ x4yl T (SR, Y VYA
2 2,2 2 2, .2
= 9 _ X +3 ;and%_ £ >&i= =1l Next, £ +fyy+f“=0

(VTR 2 VYl T o () o

(%)(x ryiee )+(%)(ﬁfﬁ)+(—‘%)(ﬁ> (df)((\/x;+:’z+ 2 )
(g’?)(x +y% +22 )+(g§)((_;"x;\/—g—:—iﬁ)-2) 0= grf‘*(—\/}?ﬁ)a—_o = d_2+%%___0

=>i(f’)=(—2)f’, wheref’:g£=>gf,ﬁ 2dr:>lnf’———2 Inr4+ln C=f=Cr? or

df =Cr?2=10r) = _T+ b =%+ b for some constants a and b (settmg a=-C)

5. (a) Let u=tx, v=ty, and w = f(u,v) = f(u(t, x),v(t,y)) = f(tx, ty) = t*f(x,y), where t, x, and y are

independent variables. Then nt®~f(x,y) = g‘g ‘3‘: g—:}v % =x 6_w +y %ﬂ Now,

-G B )0+ ><o>—t3~=z:: (5. i

t?j_v;' = g_‘: gl;_ + %“f_ g_; = (6_u) (0) +(.6_v_) t) = W = (f)(%) Therefore,

nt“—lf(x,y)_xb_.g_y.g.. ( )(6w)+( )(‘g‘;) g‘;{v-i—v%. When t=1,u=x,v=y, and

and

=1x,y) = 4% = ang g“yv Ao nttxy)=x Ly 3~, as claimed.
(b) From part (a), ntn—lf(x, y)=x —+ y gw. Differentiating with respect to t again we obtain
n(n — D" 2(x,y) = x Ow E+ a‘?,g; ?9‘{ +y gugvv g‘t’+ _6_w % = x? ‘;—"Z+2xy 3—+y2 “,;’ .
o 5 0 0 8) 258 - 85 -(E)
= ()= A e T = 2 a"’yéi ~5G0=5( )= Sy il

— 42 9w 8w _w 8w _ 8 O*w _ 0w
¢ Hvou ( ) ax2 ~ 8u’ ( ) ay? ~ ov? » and (tz) dydx — dvdu

o n(n — 1)"(x,y) = ( )( ) (_23’)( ) (%7)(?92 )fo:t;eo When t =1, w = f(x,y) and

we have n(n — 1){(x,y) = x (g f)-l— 2xy( 3f )+ y (-@—21) as claimed.

6. (a) lim _s__1%_6_g_ lim sn:t_l where t = 6r
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£(0 + h,0) — £(0,0) (s—in}? h)— !

oy ,0)—1(0,0) _ .. — Yy Sin6h—6h __ ;. 6 cos 6h—6

(0) £0,0) = Jlm h B T T - ST A . S
= }llmb =36 sin 6h ls;n 6h _ o (applying ’Hopital’s rule twice)

sin 6r\_ (sin 6r

f(r,0 +h) —f(r,0) _ . ( 6r ) ( 6r )_ im 0 —
= lim = Jim ==0

h h—0 h h—0 h

© f5(r,0) = Jim

. (a) r=xi+yj+zk=>r=|r|=vxz+y2+z2and Vr=

X i+ 4 i+ z k
\/x2+y2+z21 \/x2+y2+zz-‘ B e
®) = (V< y v )

= V() =nx(x*+y*+12?)

="

]

2)—-1 2)-1 2)~1
=/2) i+ny(x2+y2+zz)(n/) j+nz(x2+y2+z2)(n/) k
2
(c) Let n =2 in part (b). Then%V(r2)=r=> V(%rz):r9%=%(x2+y2+zz) is the function.
(d) dr = dxi+dyj+dzk = r-dr =x dx+y dy +z ds, anddr=rxdx+rydy+rzdz=§dx+¥dy+%—dz
=>rdr=xdx+ydy+zdz=r-dr

() A=ai+bj+ck=A-r=ax+by+cz=> V(A-r)=ai+bj+ck=A

f d . . . dy. ., dy..
X f(g(t),h(t)):c:ﬂ:%:%g—’t‘ %a%z(%x+g—‘§])-(%’—gl+a%]),whereg—’:1+d—¥11sthetangentvector
= V1{is orthogonal to the tangent vector
. f(x,y,2) =x2> —yz +cos xy —1 = Vi=(22—y sin xy)i+ (—2 —x sin xy)j + (2xz —y)k = V£0,0,1) =i—j
=>thetangentplaneisx—yzo;r:(lnt)i+(tlnt)j+tk:r'=(%)i+(lnt+1)j+k;x=y=0,z=1

t=1=r(1)=i+j+k. Since i+j+k)-(i—j)=1'(1)- VI=0, ris parallel to the plane, and
r(1) = 0i + 0j +k = r is contained in the plane.

. Let f(x,y,2) = x> +y3 + 28 —xyz = Vi= (3x% —yz2)i+(3y? —xz)j + (322 —xy)k = V£(0,-1,1) =i+3j+3k
3
= the tangent plane is x+3y +3z2=0; r =(€I—2)i+(%—3)j+(cos(t—2))k
2
=>v =(3—Z—)i—(:—2)j—(sin(t—2))k; x=0,y=-1l,z=1=t=2=r/(2) =3i—j. Since
r'(2)- V=0 = r is parallel to the plane, and r(2) = —i+k = r is contained in the plane.

2
=3x2—9y=0a.ndg—;;=3y2-—9x=0=>y=%x2and 3(%){2) —9x=0=>%x4—9x=0

= x(x3-27)=0=>x=00orx=3 Nowx=0=y=0o0r (0,0)and x=3 = y = 3 or (3,3). Next

Oz

3

2 2 2 ! 2, 52 2. \2
% = 6x, g?:z =6y, and 6?(623' =-9. For (0,0), gx—é g—ﬁ—(a‘igy) = —81 = no extremum (a saddle point),

2 52 2. \? k 2
and for (3,3), g_x% gy—g_(a?(azy) =243 >0 and % =18 > 0 = a local minimum.
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12.

13.

14.

15.

f(x,y) = 6xye ¥ *+3) = £ (x,y) = 6y(1 — 2x)e”**+3) = 0 and f,(x,y) = 6x(1 - 3y)e™(®*+3¥) = 0 = x = 0 and

y=0,orx= % and y = % The value £(0,0) = 0 is on the boundary, and f(%,%—) = % On the positive y-axis,
e

£(0,y) = 0, and on the positive x-axis, f(x,0) =0. Asx — o0 or y — 0o we see that f(x,y) — 0. Thus the

absolute maximum of f in the closed first quadrant i 1s at the point (% ,%)

2%, 2., 2

Let f(x,y,z) = 2 +—2—— 1= Vfi= 71+BTJ +-7k => an equation of the plane tangent at the point

b
. (2xg 2yo 220 2x3  2yZ 242 %g
Po(Xg, Y01 ¥o) 18 =z x+ I~ y+ ?+F+c—2=2or )x+(b2)y+(?)z=l.
2 2
The intercepts of the plane are (X—O,O 0) (O,bT,O) and (0,0,;—). The volume of the tetrahedron formed
by the plane and the coordinate planes is V = (% ( )( )( ) = we need to maximize

(

Vix,y,2) = —Ql(xyz)_ subject to the constraint f(x,y,z) = -’-‘—i+ +Z—2 =1. Thus,

2 2 2
(abC) ](x yz) _)2( [ @Gﬂ'](m)=% A, and[ (abc) ] -—;—) %g-,\. Multiply the first equation

by a?yz, the second by b%xz, and the third by ¢?xy. Then equate the first and second = a?y? = b?x?

>y= gx,x>0 equate the first and third = a2z? = ¢2x? = 2 = §x, x > 0; substitute into f(x,y,z) = 0
=>x=\/%$y=\/%=>z=\/§=>V=Tabc.

2(x—u)=-A\2(y-v)=A -2(x-u)=p,and -2(y —v) =2uv 2> x—u=v-y, x—u:%, and y —v=—pv

=>x—p=pv=§=>v=%or/.t=0.
CASEl:;z=0=>x=u,y=v,and/\=0'theny=x+1=>v=u+1andv2=u=>v=v2+1

S>viov4l=0=>v= 1£v1 =>norealso]utxon
CASE2:v=%andu=vzﬁu:%;x—%:%—yamdy:x+l=>x—z —x—%—:Zx-——%
=-1 7 1 11 T_1Y o3 ini i
= x= 8=>y--8 Thenf( 58'4’2) ( g 4) +(8 2) —2(8) => the minimum distance

is %\/5 (Notice that f has no maximum value.)

Let (xq,¥,) be any point in R. We must show lim f(x,y) = f(xg,¥g) or, equivalently that
{x,¥)—(xq,¥9)

(h,kl)i—»nto,o) |f(xo +h,yo + k) — f(xq,¥) [ =0. Consider f(x,+h,yg +k) — f(x4,y0)
= [f(xq + h,yo + k) ~ f(xq,yo + k)] + [f(xq, o + k) — £(xg,¥0)]. Let F(x) = f(x,yq + k) and apply the Mean Value
Theorem: there exists ¢ with x4 < £ < Xy +h such that F/(é)h = F(x, +h) — F(xg) = hf,(€,yo +k)

= f(xg +h,yo + k) — f(xg, ¥o + k). Similarly, kf,(xg,7) = f(xg,¥g + k) — f(x, ¥) for some n with



16.

17.

18.

19.

20.

21.
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Yo <1 <Y¥o+k Then|f(xo+h,yo+k) —f(xg,yo) | < |hfe(€,¥o +K) | + |kfy(x0)1) |- If M, N are positive real
numbers such that |f, [< M and |fy I <N for all (x,y) in the xy-plane, then |f(xo + h,yq +k) — f(x0,¥0) |

<MIhl+NIkl. As (hk) = 0, }f(xg+h,yo+k) —f(Xq,¥g) | = 0=  lim  |f(xo+h,yo+k) —f(x0,¥0) |

(h,k)—(0,0)
=0 = f is continuous at (x4,)-
At extreme values, Vfand v= dr are orthogonal because g{ vf. g: = 0 by the First Derivative Theorem for

Local Extreme Values.

of

= =0 = f(x, y) h(y) is a function of y only. Also, gy Fiid

=0 = g(x,y) = k(x) is a function of x only.

Moreover, aﬁfi = g; = h’(y) = k() for all x and y. This can happen only if h'(y) = k/(x) = ¢ is a constant.
Integration gives h(y) = cy +¢, and k(x) = cx + c,, where c, and c, are constants. Therefore f(x,y) =cy +¢c,

and g(x,y) =cx+c2. Then f(1,2) = g(1,2) =6 = 5 =2c+¢, =c+cy and f(0,0) =4 > ¢; =4 = c=%

=>c2=%. Thus, f(x,y) = 2y+4andg(x,y) §x+§

Let g(x,y) = Dyf(x,¥) = fu(x,¥)a +1f,(x,y)b. Then Dyg(x,y) = g,(x,y)a + g,(x,y)b
= £, (x,¥)a? + £, (x,y)ab + £, (x, y)ba + £,y (x,y)b? = £, (x,y)a? + 26, (x,y)ab + £, (x,y)b.

Since the particle is heat-seeking, at each point (x,y) it moves in the direction of maximal temperature
increase, that is in the direction of VT(x,y) = (e'zy sin x)i +(2e"2y cos x)j . Since VT(x,y) is parallel to

2e~% cos x

o = 2 cot x.
2Y sin x

the particle’s velocity vector, it is tangent to the path y = f(x) of the particle = f'(x) =

2
Integration gives f(x) = 2 In |sin x|+ C and f{T)=0=>0=2In|sin T +C$C=—2In£=ln 2
1 1 ) /2

=In 2. Therefore, the path of the particle is the graph of y = 2 In |sin x|+ 1n 2.

The line of travel is x =t, y = t, 2 = 30 — 5t, and the bullet hits the surface z = 2x? + 3y? when
30-5t=2t2+3t2 =2 t2+t-6=0= (t+3)(t —2) =0 = t = 2 (since t > 0). Thus the bullet hits the
surface at the point (2,2,20). Now, the vector 4xi + 6yj — k is normal to the surface at any (x,y,z), so that
n = 8i+ 12j — k is normal to the surface at (2,2,20). If v=1i+j— 5k, then the velocity of the particle

. . . 2v- 2-25 _ 400.
after the ricochet is w = v —2 proj, v=v —( I‘l,llzn) n=v —(W)n =(i+j-5k) - (—?Pl+%gl “%k)

—_191; 391. 995,
209" 2097 ~ 209

(a) k is a vector normal to z = 10 —x% — y? at the point (0,0,10). So directions tangential to S at (0,0,10) will
be unit vectors u = ai+bj. Also, VT(x,y,2) = (2xy +4)i+(x?+2yz + 14)j +(y>+ 1)k
= VT(0,0,10) = 4i + 14j + k. We seek the unit vector u = ai+ bj such that DT(0,0,10)
= (4i + 14j + k) - (ai + bj) = (41 + 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj
. . . . 1 . -
has the same directio: 4i+14j,oru= 2i + 7j).
n as 4i + 14j, or m( 3)
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22.

23.

24.

(b) A vector normal to S at (1,1,8) is n=2i+2j+k. Now, VT(1,1,8) = 6i+ 31j + 2k and we seek the unit
vector u such that D T(1,1,8) = VT -u has its largest value. Now write VT = v+ w, where v is parallel
to VT and w is orthogonal to VT. Then D,T= VT-u=(v+w)-u=v-u+w-u=w-u. Thus

D,T(1,1,8) is a maximum when u has the same direction as w. Now, w= VT —(—V—I—zi)n
{n|

= (6i + 31j + 2k) —(lij;g—af)(znzju) =(6-182)i+(31-182)5 +(2- )k

= _98;, 127, 58 —w__ 1 __ (9gi_197;
=-Fi+s5- 9k=>u_”v|-- 29,097(981 127j + 58k).

Suppose the surface (boundary) of the mineral deposit is the graph of z = f(x,y) (where the z-axis points up

. . OOy : . . O Ofs .. .
into the air). Then . dy j +k is an outer normal to the mineral deposit at (x,y) and 3x1+3?'] points in
the direction of steepest ascent of the mineral deposit. This is in the direction of the vector g%i +g—§j at (0,0)
(the location of the 1st borehole) that the geologists should drill their fourth borehole. To approximate this
vector we use the fact that (0,0, —1000), (0,100,—950), and (100,0,—1025) lie on the graph of z = f(x,y).

The plane containing these three points is a good approximation to the tangent plane to z = f(x,y) at the point

i j k
(0,0,0). A normal to this planeis| 0 100 50 |= —2500i+ 5000j— 10,000k, or —i+ 2j —4k. So at
100 0 -25

0,0) the vector ﬂi-ﬁ- ﬂj is approximately —i+ 2j. Thus the geologists should drill their fourth borehole
ox" ' dy

in the direction of ﬁ(—i+ 2j) from the first borehole.

w =e" sin x = Wy = ret sin 7x and W, = me't cos Tx = Wy = —n2e™ sin TX; Wy = "li'wv where ¢? is the
c
positive constant determined by the material of the rod = —n2%e™ sin mx = %(re"‘ sin 1rx)
c

2.3, |
= (r+c2n?)etsinmx=0=>r=-c?r’ > w=e"S" ¢sin mx
w = e sin kx = w, = re* sin kx and w, = ke™ cos kx = w,, = —k%¢™* sin kx; w,, = cl_zwt
. T
= —k2e™ sin kx = %(re"‘ sin kx) = (r +c2k2)e“ sinkx=0=r=~c%k? = w=e"S ¥t gin kx.
c

2,2 2.2 2 2
Now, w(L,t) =0 = ¢~ *"* gin kL = 0 => kL = n7 for n an integet:k:“%:#w:e'c nir%t/L sin(%z-rx).

2.2 2, 12
Ast — oo, w— 0 sincelsin(%x)‘s 1and e~S 0 /L5 _, o





