CHAPTER 11 MULTIVARIABLE FUNCTIONS
AND THEIR DERIVATIVES

11.1 FUNCTIONS OF SEVERAL VARIABLES

1.

(a) Domain: all points in the xy-plane

(b) Range: all real numbers

(c) level curves are straight lines y — x = c parallel to the liney =x
(d) no boundary points

(e) both open and closed

(f) unbounded

(a) Domain: set of all (x,y) so that y—x>0=>y2>x

(b) Range: z>0

(c) level curves are straight lines of the form y —x = ¢ where ¢ >0
(d) boundary is \/y——-_- =0 = y = X, a straight line

(e) closed

(f) unbounded

. (a) Domain: all points in the xy-plane

(b) Range: z>0

(c) level curves: for f(x,y) = 0, the origin; for f(x,y) = c > 0, ellipses with center (0,0) and major and minor
axes along the x- and y-axes, respectively

(d) no boundary points

(e) both open and closed

(f) unbounded

(a) Domain: all points in the xy-plane

(b) Range: all real numbers

(c) level curves: for f(x,y) = 0, the union of the lines y = % x; for f(x,y) = ¢ # 0, hyperbolas centered at
(0,0) with foci on the x-axis if ¢ > 0 and on the y-axis if ¢ < 0 ‘

(d) no boundary points

(e) both open and closed

(f) unbounded

. (a) Domain: all points in the xy-plane

(b) Range: all real numbers

(c) level curves are hyperbolas with the x- and y-axes as asymptotes when f(x,y) # 0, and the x- and y-axes
when f(x,y) =0

(d) no boundary points

(e) both open and closed

(f) unbounded

(a) Domain: all (x,y) # (0,y)

(b) Range: all real numbers

(c) level curves: for f(x,y) = 0, the x-axis minus the origin; for f(x,y) = ¢ # 0, the parabolas y = cx? minus the
origin

(d) boundary is the line x =0
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(e) open
(f) unbounded

a) Domain: all (x,y) satisfying x2+y?<16

(

(

(c) level curves are circles centered at the origin with radiir < 4
(d) boundary is the circle x? + y% = 16

'(

(

f) bounded

8. (a) Domain: all (x,y) satisfying x> +y2 <9
(b) Range: 0<z<3
(c) level curves are circles centered at the origin with radiir <3
(d) boundary is the circle x> +y2 =9
(e) closed
(f) bounded

9. (a) Domain: (x,y) # (0,0)
(b) Range: all real numbers
(c) level curves are circles with center (0,0) and radii r > 0
(d) boundary is the single point (0,0)
(e) open
(f) unbounded

10. (a) Domain: all points in the xy-plane
(b) Range: 0<z<1
(c) level curves are the origin itself and the circles with center (0,0) and radii r > 0
(d) no boundary points
(e) both open and closed
(f) unbounded

11. (a) Domain: all (x,y) satisfying -1 <y-x<1
(b) Range: —%Sz 5%
(c) level curves are straight lines of the form y —x = ¢ where -1 <c <1
(d) boundary is the two straight linesy = 1+xandy = =1 +x
(e) closed
(f) unbounded

12. (a) Domain: all (x,y), z#0
(b) Range: —-%< z <7§r_

(c) level curves are the straight lines of the form y = ¢x, ¢ any real number and x # 0
(d) boundary is the line x =0

(e) open

(f) unbounded

13. f 14. e 15.

16. ¢ 17. d 18..
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22. (a)

23. (a)

24. (a)
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28. (a) (b)

Z=1+X+Yy 2

Z=l-X-y

29. f(x,y) = 16 —x* ~y? and (2v/2,v/2) > 2 =16 —(2¢/2) ~(v3) =6 =2 6 =16 —x>—y? = x> +y2 = 10
30. f(x,y) = Vx*—land (1,0) = 2=v1°-1=0=3>x*-1=0=>x=lorx=-1
y

31. f(x,y) = J L gt at (-v2, V2)=z=tan"ly —tan~lx; at (-v2,v/2) = z =tan™? \/5— tan~1(~+/2)

1+t2

=2tan"1y/2 = tan"ly —tan"lx = 2 tan! \/5

2. fxy) = 5 (B at (L) me=—Ll =Y iat(,2) 3r=p2 =252=g¥ oy ox=
V= Y ' 1 C) y=xi ’ oIt eT ATy T Y -=x=y
- “\¥
> y=2x

33. 34.

fand=steytezli=1




35.

37.

39.

fryd=x+z=1

2
f(x.y.z)t ayl=y

Sy ) =z-xteyla |
orzmx?eytel
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36. 2
fixyz)=z=1
38.
z
f(x.y,2) = 24-:.2-1 LR
SRR
S
SRR qgg?«; L eahater
S
Ol
i
x
40.
2z
2 2 2
f(x.y.2) -;—54»{5*%-1
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41.

42.

43.

44.

45.

46.

47.

48.

f(x,y,2) = /X—y—Ilnzat (3,-L,1)=>w=,/X~y—-Inzat (3,-1,1) >w=4/F-(-)—Iln1=2
=, /x—y—-lnz=2

f(x,y,z)—1n(x2+y+zz)at(—1,2,l)=>w=ln(x2+y+z2);at(—1,2,1)=>w In(1+2+1)=In4
Sha=ln(2+y+2?)=>P+y+22=4

g(x,y,2) = }: (X——i-ynl-at (In 2,In 4,3) => w= E (X+Y) =Xtz 44 (11121n43)=:~w—~e(l“2+‘“4)/3
n=0

=e8)/3 —gn2 gy g = ((xHV)/2 =>x-—-z—-y=ln2

Yy
g(xv Y1z) = J dé +

\/1 7 dt 1 (0,2,2)=>w=[sin_10]i+[sec'lt]z‘/5
J —

tv/t2 —

z—sec”(/2)=> w= sin‘ly—sin"1x+sec—lz—%; at (0,%,2)

%%s
o

=sin"ly —sin~! x + sec”

,_.

-11

= 1_gn-t g M _T o m_ gl
= w =sin 2 sin” 0 +sec” "2 =7 > 5=sn

y—sin"lx +sec™lz

f(x,y,2) =xyzand x=20—-t, y=t,2=20 = w= (20— t)(t)(20) along the line = w = 400t — 20t2
=>‘;li—w—400 40t; %Y—Oé‘wo 40t =0 =t =10 and ¥ a2 =——40forallt=yes, maximum at t = 10
= x=20-10=10, y = 10, z = 20 = maximum of f along the line is (10, 10, 20) = (10)(10)(20) = 2000

f(x,y,2) =xy—zandx=t—1,y=t—2, z_t+7=>w=(t—1)(t—2)—(t+7)=t2-4t—-5a.longtheline
=>%v:—2t—4,%v:-0=>2t 4= 0=>l:—2a.nd“ii—w—2forallt=>yes,minimumatt=2=>x=2—-1=l,
y=2-2=0,and z=2+7 =9 => minimum of f along the line is £(1,0,9) = (1)(0) -9 = -9

1/2 (290 K)(16.8 km)T/?
4(Th ( ) ) 1 o~
W= ( . ) = [—5 R /o ~ 124.86 km => must be £ (124.86) ~ 63 km south of Nantucket
The graph of f(x;,x5,%3,%4) is a set in a five-dimensional space. It is the set of points

(%9 X, X3, X4, £y, X9, X5, X4)) for (x;,X,X3,%,) in the domain of f. The graph of f(x,,Xy,Xg,...,X,) is a set
in an (n + 1)-dimensional space. It is the set of points (x,Xy,X3,..., Xy, f(Xy,X5,X3,...,%,)) for

X1y XgyXgyeen) in the domain of f.
19 X2 X3 Xa

49-52. Example CAS commands:

Maple:
with(plots):
fi= (x,y) -> x*sin(y/2) + y*sin(2#x):
plot3d(f(x,y), x = 0..3+Pi, y=0..3+Pi, axes=FRAMED, title = x sin y/2 + y sin 2x);
contourplot(f(x,y), x=0..5+Pi, y=0..5«Pi);
eq:= f(x,y) = {(3%Pi,3xPi);
implicitplot(eq, x=0..3xPi, y=0..10%Pi);
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Mathematica:
Clear[x,y]
<< GraphicsTImplicitPlot’
SetOptions[Plot3D, PlotPoints -> 25];
SetOptions[ContourPlot, PlotPoints -> 25,

ContourShading -> False);

flx_,y_] = xSin[y/2] + y Sin[2x]
{xa,xb} {0, 5 Pi};
{va.yb} = {0, 5 Pi};
{x0,y0} = {3Pi, 3Pi};
Plot3D[ flx,y], {x,xa,xb}, {y,ya,yb} ]
ContourPlot[ f[x,y], {x,xa,xb}, {y,ya,yb} ]
ImplicitPlot| f[x,y] == f[x0,y0], {x,xa,xb}, {y,ya,yb} ]

53-56. Example CAS commands:

Maple:
with(plots):
eq:= In(x"2 + y2 + z2) = 0.25;
implicitplot3d(eq, x=—1..1, y=—1..1,2=-1..1, axes=BOXED,scaling=CONSTRAINED);

Mathematica:
ContourPlot3D[ 4 Log[x"2+y™2+22],
{x,-1.1,1.2}, {y,-1.1,1.2}, {z-1.1,1.2},
Contours->{1.} ]

57-60. Example CAS commands:

Maple:

with(plots):

x:= (u,v) -> uxcos(v);

yi= (u,v) -> uxsin(v);

z:= (4,v) -> u;

plot3d([x(u,v), y(u,v), z(u,v)], u = 0..2, v = 0..24Pi, axes=FRAMED);
contourplot([x(u,v),y(u,v),z(u,v)],u=0..2, v=0..2%Pi);

Mathematica:
Note: While in Maple it is trivial to get contours from any 3D surface,
in Mathematica it is not obvious for parametric surfaces. In these examples,
z only depends on one parameter, so we can solve for that parameter in terms
of z, and substitute to get x & y in terms of z and the other parameter, then
parametrically plot level curves for several equally spaced values of z (using
“Table”).

ParametricPlot3D[ {u Cos[v], u Sin[v], u},
{u,0,2}, {v,0,2Pi} ]

ParametricPlot] Evaluate[Table[
{z Cos|v], z Sin[v]}, {2,0,2,1/3} ]},
{v,0,2Pi}, AspectRatio -> Automatic ]
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11.2 LIMITS AND CONTINVITY IN HIGHER DIMENSIONS

10.

11.

12.

13.

14.

15.

" oy 0,0 (X+Y+1

3x =y 245 _3(0%-0%+5 5

(x,y)—b(OO) 2+y2+2 02+0%+2 2

li x -0 _g
xy)=04) V3 Vi

VY -1=/32+42-1=24=26

lim
(x,y)—(3,4)
woim o (k3) =B+ =) =%

(x'y)li_)neoy%) sec X tan y = (sec 0)(tan %) =11 =1

2 3
x 1y ):cos(o +0 )=c050=1
1
lim &V =gl—In2 - eln(i) =1
(x,¥)-(0,In2) 2

; 22| 20172 —
(x,yl)l—r*rzl‘l) ln|1+xy |_ln|1+(1) (1) |_ln2

. Y si . 1 . 1
ol SHE= ) ((FE) =< i (85) =111

cos(W): cos(W):coa 0=1

lim
(x,5)=(1,1)

xsmy _1lsin0_0_,
(x.y)—»(lo)x+1 1241 72

i cosy+1 (cos0)+1 141 _
(x,y)= (§:0) Yy—sinx 0—sini%i -

x*—xy+y? lim (x y) 1=0
(x,y)-»(l 1) -3 (x,y)—¢(1 1) =y (x.y)—O(l 2) (x—-y)=( )=

x#y

. x-y? . (x+y)(x-y) . _ _
A TV T By XY T e,y (Y= 0AD =2

x#y

. Xy—y—2x+2 _ . (x-1)(y-2) _ 1
R T S WP (RTINS ) T . T ek i

x#1 x#1



900 Chapter 11 Multivariable Functions and Their Derivatives

28. (a) All (x,y) sothat x#y
(b) All (x,y)

29. (a) All (x,y) except wherex=0ory=20
(b) All (x,y)

30. (a) All (x,y) so that x* --3x+2;é0=>(x (z—-1)#£0=>x#2andx#1
(b) All (x,y) so that y # x?

31. (a) All (x,y,2) -
(b) All (x,y,2) except the interior of the cylinder 2+y?=1

32. (a) All (x,y,z) so that xyz >0
(b) All (x,y,2)

33. (a) All (x,y,2) w1thz;é0
(b) All (x,y,z) with x2 +22 #1

34. (a) All (x,y,2) except (x,0,0)
(b) All (x,y,2) except (0,y,0) or (x,0,0)

35. i - X = lim - = - I S _l__1.
B0 T R An = i AT i A= i -t

along y = x
x>0
lim X = lim ——X = lim le=-1
(x.9)=(0,0) RV T v o V2(=x) =0 2 /2
on,; =X
xs<y0
4 x* 4 4 4
36. lim o= lim 72— lim X __ = lim —X—= lim X
((0.0) Ay A 0T U () h00) KAy A L a2
along y =0 along y = x?
. )n{“—y2 . x4—(kx2)2 okt 1
37. (x,y%l—r'l}(),o) m = ’l‘% m = :l:—.o x—ﬂn ﬁf => different limits for different values of k
along y = kx?
. Xy
38. 1 = = l sifk t -
g’y)l_g%o’& |XY| x_‘o I;(—k;—l x—vO |kx2‘ 1m I_I if k > 0, the limit is 1; but if k < 0 the lmut. is =1
ong y =
k#o0
i =Y tim X=kx_1l-k : o . _
39. (x.y%l-»nto.o) Fy " ili% Py ik wndag different limits for different values of k, k # -1
along y = kx
k# -1
. x+y_ ... x+kx_1+k . - .
40. (x'y§erto,o) =y = }(1_13(1] il e g different limits for different values of k, k # 1
along y = kx

k#1



41.

42.

43.

44.

45.

46.

47.

48.

Section 11.2 Limits and Continuity in Higher Dimensions 901

2 2
lim X FY o gm XHC 1K o Gifferent limits for different values of k, k # 0
(x,¥)—(0,0) y x-0  kx k
along y = kx
k#0
2 2
: X JE T X __1 . .. .
(x'ygl_'nzo’o) " )](13(1) ToZST-% = different limits for different values of k, k # 1
along y = kx
k#1
In Eq. (1), if the point (x,y) lies within a disk

centered at (xo,yo) and radius less than §, then
|f(x,y) = L| < ¢ in Eq. (2), if the point (x,y)
lies within a square centered at (xg,yo) with the
side length less than 26, then |f(x,y) —L|< .
Since every circle of radius § is circumscribed
by a square of side length 26,

Vx=%)* +(y—¥0)* < 6 = |x %o | < 6 and

|¥ —¥o| < §; likewise, every square of side

length 2762 is circumscribed by a circle of radius

6 so that |x — x0|<\/_and|y y0|<7-

= 1/(x=%g)? + (¥ —yo)? < 6. Thus the requirements are equivalent: small circles give small inscribed

squares, and small squares give small inscribed circles.

lim g(x,y,2) = L if, for every number € > 0, there exists a corresponding é > 0 such that for all
(x,y,z)ﬂ(xo,yo,zo)

X,¥,2) in the domain of g, 0 < /(x —Xg)% + (¥ — ¥o)* + (2 — 7)? < § = |g(x,y,2) —L| < e. With four
0. 0 0.

independent variables and P = (x,y,z,t), lim h(x,y,z,t) = L if, for every number ¢ > 0, there exists
P"("ov Yo 202 to)

a corresponding 6 > 0 such that for all P in the domain of h, 0 < \/ (x— %) + (y — yo) + (2 — 2g)? + (t — to)?
<8 =|h{x,y,x,t)-L|<e

Let 6 =0.1. Then v +y2 <6 => /X2 +y2 <0.1 = x2+y2 <0.01 = |x2+y2 - 0] < 0.01 = |f(x,y) —£(0,0)|
<0.01 =e.

Let 6 = 0.05. Then |x|< 6 and |y|< & = |f(x,y) —£(0,0)|= —o0|=|5E—|<y|<0.05 =
1 2+1 2=l

x+y

Let § = 0.005. Then |x{< 6 and |y|< 6 =>|f(x,y)— f(00)|_ Zi1

+1

Xty OI

.<|x+y|<|x|+|y]
< 0.005 + 0.005 = 0.01 =e.

lx+y| X+y

<l2+cos x|$|x+y|

<I1xI+|y|. Then|xi< 6 and|y|< 6= |f(x,y) —£(0,0)]= Zi:o)s,x_ﬂiz 2i‘l’0§xlgx|+|y|< 0.01 40.01

1
Let 6 = 0.01. Slnce—1<cosx<1=>1<2+cosx<3=> <2+cosxsl:>
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49,

50.

51.

52,

53.

54.

55.

56.

57.

58.

59.

=0.02=c¢

Let § = \/0.015. Then Vx> +y” +2 < 6 = |f(x,7,2) —£(0,0,0) | =|x* + y2 + 22 = 0| = |x? + y? + 22|

=(VZ+E+2) <(1/0015) = 0.015 = e.

Let 6 =0.2. Then|x|<$é,|y|<é,and|z|<$é =>!f(x,y,z)—f(0,0,0)|=|xyz_0|=|xyz|=|x”y“z|<(0_2)3
=0.008 =e.

+y+z
Let § = 0.005. Then |x1< 6, |y|<$, and |z]1< § = |f(x,y,2) —£(0,0,0)| = —iT——-—o
1¥1 [(,y ) ( 1)' x2+y +zg+1
_ X+y+z — —
= W <|x+y+3z|<IxI+]y|+121 < 0.005 + 0.005 + 0.005 = 0.015 = ¢.

Let § = tan™' (0.1). Then|x1<é,|y|<é, and|z|<§ => |£(x,y,2) —f(0,0,0)|=|tan2x+tan2y+tanzz
sltanzx‘+|tan2y‘+|tan2z|=tan2x+tan2y+ta,n2z< tan? 6 + tan? 6 + tan? 6 = 0.01 + 0.01 + 0.01 = 0.03

=¢€.

f(x,y,2) = (x+y —2) = Xo+ yo — 29 = f(X¢, g, 29) = { is continuous at

lim lim
(x,¥,2)=(x0, ¥, 20) (x,¥,2)~(xgy ¥012)

every (Xg,Yo» 2q)

f(x,y,2) = (X2 +yi+ 22) = x?, + yﬁ + zg = f(x0, ¥y 2p) = f is continuous at

lim lim
(%,¥,2)=(xg, ¥:2) (x, sz)_‘("or}'():zg)

every point (Xg, Yo%)

L-xy? .. rPcos®d—(r cos 9)(1‘2 Sinza)_ . t{cos®8 — cos 9 sin24)
lim = lim -—_—

lim —_ =
(x,¥)=(0,0) x*4y? 10 1 cos?0 + 12 sin2 0 r—0

=0

3_y3 3.3 3.3 (cos®6 —sin34)
i XY - n r°cos"6—r°sin"8\_ | [rcosﬂ sm&]_ _
(x'y}ﬂo,o) cos(x2+y2)— l!l_r% cos(r—-ﬁ———-2 pow I pr sinzﬂ)_ }% cos| ————* =cos0=1

2

2 ;2
lim % = lim & S f — lim (sin28) = sin? 05 the limit does not exist since sin? 4 is between

(x,5)=(0,0) x*+y* r=0 r r=0

0 and 1 depending on 8

: 2x — 1 2rcos §  _ 1 2cosf _2cosd. -~ . —
(x,y%l—rorio,o) Tox +y2 = }1_13'6 Tatcosd x!l_t!(l) Trcos 0 058 ) the limit does not exist for cos § = 0

; by _ g -1flr cos 0| +|rsin 8} _ .. _1[|r|(lcos 61+Isin 81)].
o0 2" [?+—yz = jimg tan ) =g e |
if r — 0%, then lim tan~? Mﬂ]= lim+ tan~! [M—lﬁi—n—ol]=%;if1‘—»0-, then

r—0 r r—0



60.

61.

62.

63.

64.

65.

66.

67.

68.
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= lim_tan~!
r—0

. _1[it1(lcos 81 +!sin 61)
rl—%l_ tan 2

g (Icos 9|j—r|sin 9|)

_T PP 4
—2=>the limit is §

2_y? 2 .0e2 2 2
: X =Y _ im Iocos®f—rfsin®f _ 20 _ain2p)= 1 .
(x’yﬁx_r’rao,o) " 1!1—15(1) 2 = ‘!1_% (cos 6 —sin26) = }21‘1) (cos 20) which ranges between

—~1 and 1 depending on 8 = the limit does not exist

lim In 3x2— ;(2)’2 ;— 3y? = lim ln(3r2 cos? § —1* coszg sin? 4 + 3r? sin? 0)
(x,¥)—(0,0) x“+y r=0 r

= 31—13(1) 1n(3 —1? cos? 8 sin?6) = In 3 => define £(0,0) =1In 3
2xy? . (2rcos 0)(1'2 sin26)

. — . .2 —_ -
(x,y%l—rfzo,ﬂ) oy = 1113(1] 7 = r11_1-‘% 2r cos 6 sin“@ = 0 = define £(0,0) =0

No, the limit depends only on the values f(x,y) has when (x,y) # (%g,g)

If f is continuous at (Xg,Yg), then lim f(x,y) must equal f(xg,yo) = 3. If f is not continuous at
(xvY)—‘(xnr Yg)

(Xg:¥o), the limit could have any value different from 3, and need not even exist.

2m _ 2tand
14+m? ™ 1+tan?d

angle of inclination.

(a) f(x,y) ]y —mx = =sin 26. The value of f(x,y) = sin 26 varies with 6, which is the line’s

(b) Since f(x,y) ]y R sin 26 and since —1 < sin 26 < 1 for every 0, f(x,y) varies from —1 to 1

lim
(x,¥)—(0,0)
along y = mx.

|xy (2 —y2)| = xy || %2 = ¥ | <1xipy 1|2 +¥2 = V2 VA2 |32 492 | < V432 VR R [ 4y

2_ 2 2, ,2)2 2_,2
2, 2)? xy(2-y?)| (2 +y?) 2, .2 2, .2y xy(x*-y?) 2, .2
={x“+ S < =x“+4 = —(x“+ <L el < X +
( ¥y ) x2+y2 b x2+y2 y ( y )_ x2+y2 _( Y)
2_,2
. X" -y . . . 2 2
=> lim Xy ——=5 = 0 by the Sandwich Theorem, since lim 4 (x4 = 0; thus, define
0,0 YTy e Ao,qy (< +3%)=0; thus,

(0,0) =0

lim (1 —ﬁ) =1and lim 1=1= lim tan— xy =1, by the Sandwich Theorem
(x,¥)=(0,0) 3 (x,¥)=(0,0) xy)=(0,0 D '

2,2 2,,2
n- () ()

. — — L= i Xy =
x>0, (x,yglffo,o) I (xyygl—l'rzoyo) v (x,y%l—x'r%oyo) ( 6 ) 2 and
x2y? x2y?
2|xy| 21“'“(*6‘ . A

2=2;ifxy <0,

oy R0,0) T~ (x,5)500,0) x93 0,0) YT (x,3)(0,0) =Xy
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. Xy . 2|xy| ) 4—4 cos /Xy .
= == d I = — v
s (2F) =200 fimo ) T2 lm s 2 by the Sandwich

Theorem

m(%)| <l=-1< sin(,l—() <1=-y<y sin(—i:)s yfory>0,and -y >y sin(,l—()z y for

69. The limit is 0 since

y £0. Thus as (x,y) — (0,0), both —y and y approach 0 = y sin ()l() — 0, by the Sandwich Theorem.

cos(%)|§1ﬁ—lgcos(%)gl:—xgxcos(%)SXforxzo,and —xecos(%)Zx

for x < 0. Thus as (x,y) — (0,0), both —x and x approach 0 = x cos (31,-) — 0, by the Sandwich Theorem.

70. The limit is 0 since

tan~! Xy . . . tan™! Xy
71. The graph for f(x,y) = —<—= in Exercise 67 supports that lim =1.
grap (=,y) Xy PP .
4—4cos . /[xy 4«4 cos | /[x;
The graph f(x,y) = —Tl in Exercise 68 supports that (x,y%i—'o!to,o) __p:'ﬂ'_y_l =2,
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The graph for f(x,y) =y sin % in Exercise 69 supports that ( l)in%0 o) y sin )1—(= 0.
x,y)-(0,

I
7

1. . s s 1
The graph for f(x,y) = x sin 5 in Exercise 70 supports that lim xsin ¢ =0.
grap! (%) y ppo 0. 0) ¥

11.3 PARTIAL DERIVATIVES

1. %=4x,g—§=—3 2. %=2x—y,%=—x+2y

3. %=2X(Y+2)»g—£=x2—l 4, %=5y—14x+3,6—§=5x—2y~6
5. SL=2y(xy-1), ;,—”; = 2x(xy ~ 1) 6. 2L =6(2x-3y), % = —9(2x — 3y)?
7 of Y g Of . 2x of _ 1

. ﬁ = X ===
ox \/XT+ y2’ 6y \/XT+ y2

R )
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10.

11.

12. ===

13.

14.

15.

16.

17.

18.

19.

21.

22.

23.

of _ 2 _ of _ ) -

T R ST T T B T T
)0 -x(20) _ y -x? g (P+y?)(0)- —x(2y) 2y

5= +y?f R+ (@ay) (< +y2)

of _ _(xy-1(1)— (x+y)() _ -y’ -1 af _(xy-1)(1)- (x+9)(x) . —x?-1

Ox (xy —1)2 T xy-1)%’ ay (xy —1)2 T (xy-1)2

CRETRETF S S B

) T @] Y @ T )] T

% = o(xH+y+1) ,%(x +y+1) = lxHyH), % (xHy+1) 6 (x +y+1) = elxty+D)

of _ _ -x -x of _ -x
x =t sin(x+y)+e cos(x+y),a?_e cos(x +y)

#F_ 1 .0 1 &__1 .9 __1
x=THY T T TEy gy TxFy Hy * ) =x4y

of

af_e""-—i(xy)-lny=yexy In Yigy = e*y. 8(xy) Iny+e*Y. y_xexy lny+-y!

ox = ox

K4

. 2 sin (x — 3y) 2 sm (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - —(x 3y) =2 sin (x — 3y) cos (x — 3y),

= 2 sin (x — 3y) - By sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - 3—(x 3y) = —-6 sin (x — 3y) cos (x — 3y)

e%’l&

=2 cos(3x y2) —cos(3x y )= —2 cos (3x—y2) sin(3x—y2)-i(3x-y2)
ox

Q’I&

= —6 cos(3x — y2) sin(3x — y2),

% =2 cos(3x —yz)-% cos(3x—y2) = -2 cos (3x—y2) sin(3x —yz)-b%(3x - y2)

= 4y cos(3x — y?) sin(3x -y?)
— ypy~1 Of _ Inx _, Of 1 8 _ —Inx
=yx¥~!, oy = x¥ In x 20. f(x,y) rﬁ = 3— —E}- and 5;'- W

a"lSa Fl=

—g(x), % =g(y)

)= (xy)“,|xy:<1=f(Xv&)=13xy=>% oy e = g e
of _ (l-xy)=—E
dy (1 xy) F (1-xy)

fx=1+y2. f,=2xy,f,= 42 4. fy=y+z,f,=x+zf,=y+x
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2. f,=1,f, = ——Lg, f, = ——=2
X *ly vtz 'tz Vi+z
-3/2 -3 =
26. £, = —x(x? +y2 +122) / , fy=~y(x2+y2+zz) /27 £, =—2(2+y? +7?) 3/2
27. 1, Y 3 X
V1—x%y%2’ \/1 — x%y%5? V1 —x%y%?
28. f, = 1 L, = z = Y
* |x+yz|\/(x+yz)2—1 Y |x+yz|\/(x+yz)2-—1 * |x+yz|\/(x+yz)2—1
— 1 _ 2 — 3
29. f"_x-}-2y+3z’fy"'x+2y+32’fz_X+2y+3z
0., =ye o) = U0 g =i () 4y 2 In () =2 In () + 3 () =2 () 45
f,=y In(xy) +yz -g In (xy) =y In(xy)
2,2, 2 2,.2,,2 2,2, 2
31 f, = -2xe"(x +yi4e ), fy=—2ye_(x Hytte ), f,= —2ze—(x +4?)
32. f, = —yze ™% f, = —xze V%, f, = —xye ™V
33. f, = sech? (x + 2y + 32), f, = 2 sech? (x + 2y + 32), f, = 3 sech? (x + 2y + 32)
4. f, =y cosh(xy—zz), f,=x cosh (xy —zz), f,=-2z cosh(xy —zz)
35. I = —2m sin (27t - a), B = sin (2t - )
SN MEXCRNTCH EPWCOR: SPCTRINEXCTRN X6t BPWCTRRPWCT
37.%:sind)cosa,g—g:pcos¢cos€,-g—g=—psin¢sin0
og _ og _ . og
38.E—l—cos9,5§..rsm9,g_—1
_2Vév _ Vév vév?
39. Wp =V, WV_P+2g Ws_ 2g , W, = e = ’wg___2—g?—
OA_ 1, 0A_9d 0A _m OA _k, OA_ km_ h
W =M R =2 k- om AT 6 g T2
P O _g 0% _g 0% _ 0% _
A G = 14y gy =1%o a3 = 0550 5y8x = axoy =
42, of _ =y cos Xy af—xcos xy 62f=——y2 sin xy ﬁ:—ﬁ sin xy a2f azf = co08 Xy — Xy sin X
ox " by ' 8x? ' 8y? ' Bydx — 0xdy y y
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g 2 8% o _ 0% _ o%
43. 3—-_2xy+ycosx,6y x -smy+smx,a =2y —y sin x, 6y2_-cosy,m_m_2x+cosx

2
14, 90 v Oh oy g 0% 0%y 0%h _ 0%h

paty -y
ox =% oy ox? oyl ' Byox oxby  ©
45. 001 or_ 1 oh_ -1 r__ -1  8h _ 84 =1
Ox —XFY' 9y  X+Y px (x+y)% ay2 x+n? Bydx ~ Oxdy x+y)?

Os [ 1 1.0(¥\_(_3% 1 J._—¥ _ 8_ O (D) (L= x
E Rl 40V
s __y(x) _ 2y g% _ —x(2y) 2y

2 (2] Ryl W (24 (Rayd)

&% (YD) +y(@y) _ y2-x?
ayax 9xdy ~ (x2 +y2)2 (x2 +y2)2

47. 0w _ 2 ow 3 82w -6 and O%w —_=6
T 8x T +3y’ 8y Zx+3y’ Oydx (2x+3y)§’ oxdy (2x + 3y)?

ow _ Yy 0w _x w _ _1.1 9w 1
48.a—x—ex+lny+x,a—y—y+lnx,m—— —Y+§,5.ndax0y y+x

ow _ 24 ow _ 2 3,3 w 2
49, B = y? +2xy° + 3x“y "oy = 2xy + 3x%y? + 4x’ W = 2y + 6xy? + 12x%3, and

*w _ 2 2.3
Bxy = 2y + 6xy*“ + 12x°y

ow _ ow . Pw _
50. % =siny-+ycos x+y, By =x cos y +sin x +x, 6y(9x_008y+cos x+1, and
9w

axay_cosy+cosx+l

51. (a) x first (b) y first (c) x first (d) x first (e) y first (f) y first

52. (a) y first three times (b) y first three times (¢) v first twice (d) x first twice

_op H1402)-f(1,2) . [1-(1+h)+2-6(1+0)?]-(2-6) .  -h—6(1+2h+h?)+6
53. £.(1,2) = }11% T = lflllm h = 11,1_% I
— iy —13h—6h% _ . e oy
_}lxl—r:!lJ b _1111_1_%( 13 —6h) =

LRI Y Ut LICR) et CR2)) il B

2= ] ho0 h h=0

= Jim (-2)=-2

(2-6—2h) ~(2-6)
b

4. f(-21) = Jimg f(—2+h,l}2—f(—-2,1): Jimy {4+2(-2+h)—3—h(—2+h)]—(—3+2)

(Gh—1-h)+1_ .
lim === lim 1=1,



55.

56.

57.

58.

59.

60.

61.

62.
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- ~f(~ —4-3(1+h)+2(1+h?)]-(-
£(-2,1) = lim [CRLHNIERD o [4-4-30+h)+2(1+h?)]-(-3+2)
y h—0 h h—0 h

_ 2 2
ol (S3—3h+2+4h+2h0)+1 o b4 oh
h—0 h h—0 h

= Jim (1+2h)=1

f(XOy Yos 20 + h) - f(xo,)'m ZO) .
h k]

f(x0 Yo 20) = Jimy
23+h)-f(1,2,3) _ . 28+h)?-2(9) . L
£1,2,3) = Jim Mﬁ%@:gﬂ G+ ) ®) = lim 12h+2h = lim (12+2h) =12
. f(xgy¥g +h,20) — f(X0:¥ 00 Z0)
fy(xm}'(pzo)z hm ConYo 0[3 w0,
f(~1,h,3) —f(-1,0,3 2 - .
£,(-1,0,3) = ( ) 108 = Jim (2 +l?h) O im (20+9)=
2 0z 9z _ —ov)02 — _,_,3 2 _ _;_
y+( a)x-}-z 2ya 0 = (3xz? 2y)‘9 y—2° = at (1,1,1) we have (3 2)(9)(_ 1-1or
0z _ _
ox 2
ox y - Y _o.)0x _ _ 1. _1_ 6x _
(E)z+x+(f) 3— 0=>(z+x 2x)—5— x = at (1,—1,-3) we have (-3 -1 ) =-lor
ox_1
0z 6
az=b2+cz—2bccosA=>2a=(2bcsinA)% Ba bCsmA,alsoO._% 2ccosA+(2bcs1nA)
= 2ccos A~2b=(2bcsin A) IR = JA —ccos A=b
(smA) 2 _acos A
a_ __b ___5_—________ Oa _ = Ja _acos A
AT mmB Sn” A 0=>(smA) acos A=0= 2 =200 ; also

1 \da _ da _ _ .
(sinA)ﬁ_b( cschotB)ﬁﬁ— b csc B cot B sin A

Differentiating each equation implicitly gives 1 = v, In u +({{)u, and 0 = u, In v +(§)v, or
1 3
(nu)v, +(Fu=1 0 Inv Inv
=V = = —
($)ve+(nv)u, =0 Inu (o u)(ln v) ~1
¥ Inv

Differentiating each equation implicitly gives 1 = (2x)x, — (2y)y, and 0 = (2x)x, —y,, or
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1 -2y
(2x)x, — (2y)y, =1 0 -1 -1 1
Xy = T T+ oxy X -4x and
(2x)x, ~ Yu=0 2x -2y ¥ Y
2x -1
2x 1
2x 0
— - =2x __2x _ 1 _ Js ox oy
Yu= —2x+4xy T -2x+4xy  2x-—4xy  1-— 2y,nexts x? +y = Bu —2x8u+2y
- 1 1 1 2y 1+2y
_2x(2x—4xy)+2y(1—2y) Tt T-5 =T—%
af of of % _, 8% % % | 9% _ 0%
63. —2 =2y, 5 =4z 5 =2, 2— 4= E+ LS4+ =242 4(—4) =
By TN mT T 52T 52T R o o top =224 =0
of _ o Of _ f _6,2_ P _ g, O _ e, 8 _ o4 | 8% , 8%
64. %= 6xz,a 6yz,a 622 3(x +y) a2 6z, oy = 6z,—az— 12z = 8x2+§i )
=—6z-6z+12z2=0
O _ge-2y g9 Of _ _ -2y O _ 4y af 4e=2Y %, 8%
65. = 2e sin 2x, ' By = —e cos 2x, B A 4e~“Y cos 2x, cos 2x a2 (—9;5
= ~4e™% cos 2x + 4™ cos 2x =0
af y 8% _ ¥ -x2 9 xP-y? 9% 8% _ yi-x? | xt—y?
66.5; = St =t =

—_x of_ - - —
TP yP Oy Ty e T (2 2 By? (2+y2) T 0x7 Oy’ (24 2) (2 +y2)

~3/2 ~3/2 ~3/2
67. «%f( = —%(x2 +y2+22) (2x) = ~x(x% + y2 +22) ! , 3_52 —%(x2 +y?+22) / (2y)

=-y(P+y*+ zz)—3/2, % = _%(xz +y2 + ZZ)_sn(?z) =—z(x®+y*+ zz)-3/2;

—3/2 2)-5/2

2. - — 2.
§—f=—(x2+y2+z2) 3/2+3X2(x2+y2+z2) 5/2 ﬂz_(x2+y2+z2) +3y2(x2+y% 42

ox? ' by?
ik 2.2, 232 g002, 2 2\8/2_, 8% 0%  O%
ot _ _ 3

o2 (2 4+y2+22) " 32 (x2 + y2 + 22) =:»(9—xf+ay o
=[_(x2+y2+z2)-3/2+3x2(x2+y2+Zz)“5/2]+[_(x2+y2+zz)‘3/2+3y2(xz+yz+z2)'5/2]
-i~[—(x2 +y2+ z2)_3/2 + 3z2(x2 +y? +zz)—5/2] =-3(x2+y2+ zz)—-s/z +(3x2 +3y? + 322)(x2 +y2+zz)_5/2

=0

2
68. L1 = 3e3%+4Y cos Bz, Of _ 4e3%x+4y cog 5z, gf —5e3*x+4Y gin 5z, u = 9e3*+4¥ ¢og 5z, g f — 16634 cos 5z,

"oy

D% | 0% | O™ _ 43x4Y cog 54 1663+H4Y cos 5z — 25654 cos 5z = 0

o< oy oa?

o
ox
g = —25e3*H4Y ¢og 5z =



69.

70.

71.

72.

73.

74.

75.

76.

7.
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2 2 2
%;‘%: cos (x + ct), %—Y: ¢ cos (x +ct); %}-{%: —sin (x + ct), %tw = —cZsin(x+ct) = %Tgv:cz [~ sin (x + ct)]
=2 0w
ax*

2
Qyw =-2sin(2x + 2ct), 3 = —2c sin (2x + 2ct); —7 = —4 cos (2x + 2ct), %Tvzv = —4c? cos (2x + 2ct)
=> %T‘g = c%[—4 cos (2x + 2ct)] = cz%};“f'
%% = cos (x + ct) — 2 sin (2x + 2ct), %_vtv = ¢ cos (x + ct) — 2¢ sin (2x + 2ct);
2 2
% = ~sin (x + ct) — 4 cos (2x + 2ct), a—% = —¢? sin (x + ct) = 4c? cos (2x + 2ct)

2
= B_w_ = c2[—sin (x + ct) — 4 cos (2x + 2ct)] = g—v;
X

at?
ow__1 _ odw__c Ow__-1 &w —? L otw_ of =1 J_.28
Ox X+ct' gt x+ct’ (x +ct)?’ 2 (x+ ct)2 BT |(x+ct)? ax?
%‘)% = 2 sec? (2x — 2ct), %—VZ = —2¢ sec? (2x — 2ct), = 8 sec? (2x — 2ct) tan (2x — 2ct),

2
%%v = 8¢c? sec? (2x — 2ct) tan (2x — 2ct) = %}—v = c2[8 sec? (2x — 2ct) tan (2x — 2ct)] = c? Z—‘;’
X

W _ 15 o x+ct Ow _ _ . xtet, 02w _ _ x+ct
=15 sin (3x + 3ct) + X7, - = 15¢ sin (3x + 3ct) + ce* T s 45 cos (3x + 3ct) + X7,

ox

6____ 2 2 xdct _, 0w _ 2[_ xtct]_ 2 %W

o = 45¢c? cos (3x + 3ct) + c“e =>a§-—c[ 45 cos (3x + 3ct) + et =c a2
X

8

_ Of du _ 9% 22 0% Ow_0f Qu_ Of  _ 8w %
Tduot (“):atz"( )( )(u)-ac Bu2' 0x _ Oudx  Ou a:axz"( 3u)

—a2 O O 202 O (26f) 20w
ou? 6t2 o ou® ox?
If the first partial derivatives are continuous throughout an open region R, then by Eq. (3) in this section of the
text, £(x,¥) = f(xq,¥o) + (%01 ¥o) A% +fy(x0,yo) Ay + €,Ax + €;Ay, where ¢,, ¢; — 0 as Ax, Ay — 0. Then as
(x,¥) = (xq,¥g)s Ax — 0 and Ay — 0 =
(%g,¥o) in R.

lim f(x,y) = f(xq,¥) = f is continuous at every point
(ny)—’(xonyD)

fYY’

fx(x’ y) = x(x01 yO) + fxx(x{)i yO) Ax+ i‘xy(x0’ yO) Ay + cle + €2Ay and
f,(x,y) = £, (X0 ¥o) + T,x(x0:¥0) A + £y (xq, Yo) Ay + €,Ax +€,Ay. Then lim f.(x,¥) = (0, ¥0)

d li f, (x'y)_'(XO'yo)
an (x)y)_l'x(r’to’yo) y(X».Y)— y(xov)’o)-

Yes, since f,

! fxy, and fyx are all continuous on R, use the same reasoning as in Exercise 76 with
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11.4 THE CHAIN RULE

1. (a) g‘;‘v_.2x, By _2y,gt-—sint,g—i’:cost:%—?:—2xsint+2ycost=—2costsint+2sintcost
0

=0; w=x?+y? = cos t+sin2t=1=>%“£'-=

() E(m =0

2. (a) %‘;(1:2’(’ ‘g—‘;:Zy, g—%:—sin t + cos t,g—{——sm t—cos t = 9%
= (2x)(—sin t + cos t) + (2y)(—sin t — cos t)

dt

= 2(cos t -+sin t)(cos t —sin t) —2(cos t —sin t)(sin t +cos t) = (2 cos?t — 2 sin?t) — (2 cos?t — 2 sin?t)
=0;w=x>+y? = (cos t +sin t)2 + (cos t —sin t)? =2 cos?t + 2 sint =2 = AW — ¢

d dt
& S =0
w _1 dw_1 dw_—(X+y) dx _ _ . dy dz _ _1
3. (a) it il 2l i o ds 2costsmt,dt—2smtcost &=y
2 2 ;2
:%%: 2costsmt+%smtcost-(-x;;zy_%:l- %4—%: °1 t+s“i t:t:d—‘;:v=1
(;f)t (E) (E)
) (3 =1
ow _ 2x Ow _ 2y ow _ 2z dy dz _ o,-1/2
4. (a) ox 2 Ty +zz ay X +y2+z§» 8z = 2 Ty +z2’dt —sin t, dt_cost, dt—2t
o dw_ _—2xsint + 2y cost 4547112 :—2cos1;smt+2sintcos1;-{-4(4t_1/2)1;_1/2
dt x4 y2 422 T 24y 4g? P yligl cos?t +sin?t + 16t
:14%(1&;w:ln(x2+y2+zz)=ln(c082t+sin2t+16t) ln(1+16t):> 1_:61“
) EE) =13

dy 4yte* x t
5. (a) 6w_2yex 6w_2ex aw _l dx 2t = Zil’%zet l(ii_‘;'v Y 2¢ e

Oy "8z~ T dt

-1 2 2
(4t)(tan )(t +1) 2(t +1) e—=4ttan‘1t+l;w=2ye"—lnz=(2tan"1t)(t2+1)—

t2+1 241 €
(®) & (1)-(4)(1)(%) +l=n+1

oe»
+
—_
[=¥

) t24+1)+(2 tan"1t)(2t) = 1 = 4t tan~1t +1

6w ow _ Ow _q dx dy _1 dz _ -1 _ dw _ X cos Xy
(a) = —Y cO0s Xy, 6y_—xcosxy,— 1, i 1, Pag=e g = Ycosxy——F—

t cos (t Int) set-l

+et71

= —(In t)[cos (t In t)] — —(In t)[cos (t In t)] —cos (t In t) +e*!; w = z —sin xy

=e"1—sin (tIn t)=>—a—_e —[cos (t In t)][lnt+t(l)] el —(141nt) cos(t In t)

) L) =1-a+0)=0



Section 11.4 The Chain Rule 913

[ 4e* ) X gi
0 f= G B = i) (i = s

4(u cos v) In (u sin v) +4(u cos v)(sin v) _
usinv

= (4 cos v) In(u sin v) + 4 cos v;

[%) —u si X X
g—- g’% %’5+3—; a—z (4¢* In y)( uucg‘snvv)+(4—§—)(u cos v) = — (4% In y)(tan v) + deT0cos v U8y

2
Mﬂw (—4u sin v) In (u sin v)+w,

= [—4(u cos v) In (u sin v)](tan v) + sy e

z =4e" In y = 4(u cos v) In(u sin v) = 6_z = (4 cos v) In (u sin v) +4(u cos v) (M)

usin v
= (4 cos v) In (u sin v) + 4 cos v; also gz = (—4u sin v) In(u sin v) + 4(u cos v) (_-_‘li g’; 3)
= (—4u sin v) In (u sin v) +___—4“SI‘;;’SV v

(b) At(2,%)- g—z_4c0911n(2 sin )+4cos——2\/_ln V2+2¢/2=/2(n 2+2);
(4)(2)(cos 4)

Oz _ _ . { 4 SN 4] _ _
3_\21_( 4)(2) smIln(Z sin Z)+ (sin-}) =—4y/21n y/2+4y/2=-2\/2(In2-2)
1 =%
bz _ (y) (y ) . _ycosv in v _ (u sin v)(cos v) — (u cos v)(sin v)
S i [ el T z =0

o_| ()

=X
_2 .
ol (~usin v) + (y2 ) ucosv:_%_x%ws;/
v x\2 " o e e 2
(¥) +1 (3) +1

_ —(usin v)(usin v) — (ucos v)(ucos v) _

402 2y —_1: 2 = tan=1 (%) = tan~1 Oz _
7 —sin®v —cos®v = —1; z = tan (y)_tan (cot.v)ﬁa—“—()

and g—é = (#)(_csczv) =_'2—'__1__2_ = -1

1+cot?v sin“v + cos“v

. Oz _ 9 _ _
(b) At(l.3, ) fi=0and &= -1

av

0 (@) Qr=Gr e Gu I Ay n)(1)+ (D)D) ++DW) = x4y 24 vy +3)
Ow 0x , Ow Oy | dw Oz

=(u+v)+(u—v)+2uv+v(2u)=2u+4uv,3— % 0v+5y_8_v+32 Fe
=@y +2)()+x+2)(-1)+(y+x)(u) =y —x+(y +X)u = =2v + (2u)u = =2 +2u%
w=xy +yz +xz = (u = v2) + (u?v —uv?) + (u?v + uv?) = u? = v2 + 2u v:@-—2u+4uv and

%‘lz«2v-{~2u2
®) At (31): §E=2 (%—)+4(%)(1)=3andg—$=—2(l)+2(%)2=—%
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ow _ 2 : 2y v . 2
10. (a) a—rlv-_ (m)(ev sin u + ue” cos u)+(m)(e cos u —ue sin u)+(m)(ev)

2ue” sin u
= e’ sin u +ue¥ cos u
(u2e2V sin?u + u%e?" cos?u + uZe?’ ( )

2ue’ cos u v v o
+ T T ov (e €OS U —ue’ sin u)
u2e?" sin®u + u%e?” cos?u + uZe?”

+ 2ue" ( )= 2,
u?e?” sin?u + uZe?” cos?u +uZe?v w

ow _ 2 : 2y 2
O_Y/V = (m’m)(uev sin u)+(m)(ue" cos u)+ (m)(uev)

2ue’ sin u ¥ sin u)
= ue¥ sin u
(u2 2 sin? u + ue?” cos?u + uZe?” (

2ue” cos u v
+( 26%V sin®u + u%e?¥ cos? u+u2e""")(ue cos u)
2 9w —

+(u2e2" e +ﬁ}"—§2v v s uzez")( e¥) = 2; w = In(u%e?"sin? u + u2e?’ cos?u + u 262V) = In(2u2e?¥)

=ln2+ 21nu+2v:%=%anda‘:,v=2
(b) At (~2,0): 6w——2=—1andg—?,'=
_Oudp Hudq  fudr 1 r—p P—q _q-r+r—p+p-gq
1 oty = — 0
e T R e EE L
du 3u6p+aut?q Q_qﬂ__ 1 __r-p P-4 _q-r—r+p+p—-q_2p—2r
Oy~ 0pdy " 0qdy T or by (a- r)2 (a-1)? "~ (a-1)? (a-1)?
(2x+2y+2z) (2x+2y-22) 8u5P+6u5q+8u or
(22 — 2y)? (z—y)2 82 Op 82z "8q 0z ' Or 8z

=1 . f-P _P—-q _g-r+r—p-p+q_2q-2p_ -4y y__.
T=T q-1% (q-1)? (q-1)? @07 (@2-29?2 (z-y)7
a=P-9_ 2% iy o =) -y __ , and(';’u (z—y)(0) ~y(1)

e A S T P R oy @-v
— y

(z-y)*

L Ou_qgOu_ 1 _ Oou_ -2 _
(b) At(+/3,2,1): 3;_0,3;_(—172)7_1,m.daz_(—l-_—z-)?_

12. (a cos x) + (re™ sin™1p)(0) + (qe™ sin~1p)(0 e cosx y‘:°sx--y' if —T<x<Z;
() Tﬁ( ) +( (0)+( )(©0) = m 0l 5

2(1\ =
1\ 22 . 2% re® sin~1p 2 (i)y X -1,
3y T=-1(0) +(re sin P)(?) +(qe® sin~1p)(0) = v =—— = xzy*

’

-1
= qu;=7(0) +(re% sin~ 1p)(22 In y) +(qe® sin~? p)(——) (22re® sin~ 1p)(ny) - 9T sin"'p
- P

72
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21 z
=(2z)(%—)(y‘xlny)—(z—i)—;)—(Lk=xy’1ny;u=e"h‘ysin"1(sinx)=xy’if—%5x$%:>g—§-=y",
Z
%3 = xzy*~}, and % = =xy’Ilny from direct calculations
1 1\ 8u_ (1YY _ s ou_(m\(_ 1\ VP V2 gu_my (172 (L
® ac(3h-3) £2=G) =vaq=0(-)0E) =-572=(0E) =)
_ 1r\/§In2
=X
de _ Oz dx 924y dz _ 0z du, Ozdv  Ox dw
1B §=5xd Toyat 14 F=5udt T ovdt T ow dt
z
Z 2
du 0
u w
du dw
dt ot

ow _dwdx_ dwdy , Ow 8z
15. fu ~ Ox H‘FW 6u+3—z_ Su

16, 0w _ 0w Or | 9w 8s | Ow B ow _ 0w Bt 0w Os | Ow Ot
“Px " Or 9x T 9s ox T Bt Ox Oy —0r 9y s by T Bt oy

.
/o at
as
f s t
i a4
¥ ¥
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dw Oy

ow _ 9w &
17. 3y Bu

du ~ Bx du

+

18. aw _ Ow 6u+3w v
Ox T Bu dx ' Bv Bx

w
aw aw
du av
u v
A N
ax ox

19, 9z _ 02 0x , 9z Oy
9= ox ot Toy ot

Ow _ 0w du_ dw Ov
By T ou 8y " dv dy

w
oW
ey o
']
u
> ¥

y

9z _ 82 8x_ 0z Oy
b5~ 0x 8s By Bs

dw _ dw du
2. s~ du ds
,«_w
du
'i
2

e



29. Bw _ow 6x+0w oy 0w oz
~3x 0p ' Oy 8p 9z dp

x 0s ' Oy
w
-y
x
x®

26. Let F(x,y) =xy +y2-3x-3=0=F (x,) =

dy =
= a;(-—l,l) =2

Section 11.4 The Chain Rule 917

Ow_dwdx  Owdy _owdy —
Bs 6xds+3yds Ty&smceag_o

25. Let F(x,y) =x3 =2y’ +xy =0 = F (x,y) = 3x® +y

— dy _ Fy_ 3x2+y
and Fy(x,y)——4y+x=>&——F—y——(_4y+x)

dy _4
=5 =3

dy Fx y-=3

y—38and Fy(x,y) =x+2y = ¢ %= 3T

Fy 2x+y

d
27, Let B(xyy) = +xy +y2 =7 =0 = By(xy) = 2x+y and Fy(,y) =x+2y > =~ =~ {5y
y

dy __4
ﬁ&(1,2)— 5
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28. Let F(x,y) =xe¥ +sin xy +y—In 2 =0 = F,(x,y) ey+ycosxyandFy(x,y)=xey+xcosxy+1
dy _ F, e¥ +y cos xy dy _
T &SR, i Axcsxy+1 7 (O =-2+n2
29. Let F(x,y,z) =

22 —xy+yz+y® —2—0=>Fx(x,y,z) -y, Fy(x,y,z)=—x+z+3y2,
=>5z_ Fx =y

F(x,y,2) =32 +y
=—PE=-—gil = Y = (111) z Fy ._--J(~l*2+3y2_x—z—3y2

ox Fy 3x +y 322 +y B_ _1‘: 3zz+y 3z2+y

Oz
:ay(l,l 1) =

30. Let F(x,y,z) =}—(+%+%—1 =0 = F,(x,y,2z) = —

-1
8z__Fx__< )__2_2 Oz -0 02_ Fy_ ( yz)_ 22 _ 0z _
»f-_p= )_ L= 8@u0=-9%=- z_—(_L =55 2036=4

Fy(x1 Y z) _;' FZ(X, Yiz) -z'l—g

Sl xul"

2
31

z
Let F(x,y,2) =sin (x +y) +sin (y +2) +sin (z +2) = 0 = F (x,y,2) = cos (x + y) + cos (x + z),
Fy(x,y,2) = cos (x +) + cos (y +2), F,(x,y,2) = cos (y +2) +cos (x +z) =

ox~ " F,
_cos(x+y)+cos(x+z) 5, _ .0s_ Fy_ cos(x+y)+cos(y+z)
cos(y+z)+cos(x+z):E(”’”'w)__l’b_;_‘r,_ cos(y+z)+cos(x+z):T(W’W’W)
32.

Let F(x,y,z) = xe¥ + ye +21nx—2-3ln2=0=>Fx(x,y,z)=ey+,2(, y(x,y,z)-—xey+e F,(x,y,z) = ye

N F, _ (e”'??)

o =4 oV xeie o =B
TR Ty T ahbe Y=gy =R =T a 2 gy 2 3) = - gy
Ow _Owox , OwOy 8w oz
B m=oxortayor

Y b i 2(x+y+2z)(1)+2(x+y+2)[- sin (r +s)] + 2(x + y + z)[cos (r +8)]
= 2(x+y+z)[1—sm(r+s)+cos(r+s)] =2[r —s+cos(r +s) +sin (r +5)][1 —sin (r +8) + cos (r +8)]
> %Vr“ =2(3)(2) = 12

=1,8=~1

Ow _ 9w 9x , 9w Oy Ow bz _ v 1 2v), v 8
34. v =~ 9x 8v+3_ 62 av - ( )+x(1)+(7)(0) (u+v)(u) T:Fg
=-8

wmmtoma = DD+ ()

35. 6w _ 0w Ox 6w5y (

= 1 — 2 -2
=GR E (2o Bw=[re-nrn- Rt L
= %—:,V- =-7

u=0, v=0

X 3 ng( g:‘l + g; gy = (y cos xy +sin y)(2u) + (x cos xy + x cos y)(v)

= [uv cos(u vV 4 uv )+sin uv](2u) +[(u2 + vz) cos(u3v+uv3)+(u +v )co- uv](v)
9z

=0+ (cos 0+cos 0)(1) =2
=Bl g =0 w



37.

38.

39.

40.

41.

42.

Section 11.4 The Chain Rule 919

](2)

6z dz 8x _ ( )e o 02
Tdxou \1+x 1+ (e +1nv) uly—ingvm 1‘*(2)2

0z _dz Ox _ l_ (l)=>_(?1
ov _dx ov 14 xz V 1+e+lnv) v v

=1

u=In2,v=l [l + (2)2]

az _dz 09 _ (l) Vv+3)_ 1 Vv+3)_ 1
Fdqdu T \U\ 112 v+3tan~Tu/\ 1+u? (tan=2u)(1 +u?)
-1

=1 _2.0:_ds%_(1)tan"lu
u=l,v=-2 (tan_ll)(1+12) T ovdqov (q)(2f§v+3)

%ﬁ?ﬁﬁ)(%) i =5 =

ROV OV _ 1 dV _0Vdl_ OVdR _gdl
V=IR =T 'R“ds_—l’dt aldt+5"a‘ RG+IGE

= (600 ohms) + (0.04 amps)(0.5 ohms/sec) : t= —0.00005 amps/sec

9z

= bu

1
2

u=1,v=—2

= —0.01 volts/sec

4V _8Vda, OV b, OV ds_
e b e b f

= d_d‘T/ = (2 m)(3 m)(1 m/sec) + (1 m)(3 m)(1 m/sec) + (1 m)(2 m)(—3 m/sec) =3 m3/sec.
a=1,b=2,c=3

and the volume is increasing; S = 2ab + 2ac + 2bc = % gﬁ %§+ g—s- da‘lﬁ)‘ +52 gf gt

=2(b+c) dt+2(a+c) db 4 9(a +b) dt:%ﬁ

Vv =abe = + (a.c) + (ab)%'ti

a=1,b=2,c=3
= 2(5 m)(1 m/sec) + 2(4 m)(1 m/sec) + 2(3 m)(—3 m/sec) =0 m?/sec and the surface area is not changing;

/T3, dD_0Dda, 8Ddb_ D dc_ 1 da_pdb,  dc)_ dD
AN S G TG dt T dt T G At el +c( LrvPref) =R

= (v’l% m)[(1 m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = —VGTZ m/sec < 0 => the diagonals are

a=1,b=2,c=3

decreasing in length

ox —ouox T ovox Towox au

aw’
3;(1)+3;(0)=-—+3——, and

8f 8 du , Of 9v Of Ow _ (1)+6f(0)+ Bf( 1) - af

of _ of du  Of ov  Of ow
8y 3_3—+0v8y+6w6y (_1)+

Of _98f fu, Of ov , Of Ow _ of of | of of . of _
5= Budutov st Owon - au(°)+ L+ =-F+f=F+ L+ =0
(a) 6w_ 5-+f —_.f cos 8 +f, smaand%o_ x(—rsin0)+fy(rcosa):%%%:—fxsin0+fycos0
b 3—w-s1n0._f sin 6 cos 6 +1, sin?§ and €08 8)OW _ ¢ gin § cos 0 +£, cos?f
T )9 T x y
= (sin 6) %—":+(@)%%, then %W =1, cos 9+[(sin )] %‘%4'(@%_9) %—‘g](sin 0) = f, cos 0

=%”—(sin20)%—vr!—(sm 9rcos 0)%%=(1 —sin28) %w (sin 0rcos 19)%z'=>f = (cos 0)——(%0)%—3
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(©) (£)7 = (cos?0) Q) — (2ein feos 6)(Ow g_g)+(@;;_0)(6_g)2 and

() = (sin? ”(%_w) +(2 sin ¢ cos 9)(%_ %%)+(cos:9)(%g_)2 - (fx)2+(fy)2 =(?9_Y)2+;1§(a—g)2

Ow _ 9w du , dw Bv __ 6_ _ 0w 0 (0w 0 (ow
B W T Gudx T ovox "au”a wxx*au“ax(au)*yax(av)
_ O%w Bu | 8%w dv O?*w Bu , 8w Ov)_ Ow 3w, . w w , 0w
_+x(a 3x+6v3u6x)+y(6u6v3_+~7_x =Gyt "a—u?“Lyavau +y 6u6v+ym

=%n »
_Ow_ 208w 2w 2 8w 0w _0wodu, dwdv__ __ 0w w
=autx Su 2+2xy(9v('3u-lpy 3v2’w - y_a 8y v dy ~ Yout¥Ey
=>w = 0W_ 62_w3u *w ov 6_ 2w dv

W7 u du? Oy tovo 3)’ v Oy 6v2 %
_ 0w _ 82w 8w 9w a_w ow 26_w_ 9w 2 9w
YT ( YVouZ +x6v6u)+x( y(')u +x av? )— Tty Hu? 2x XY Bvda ¥ v 2,thus

2) a +(x +y )(9_W (x2+y2)(wuu+wvv) =0, since w,, +w,, =0

wxx+wyy=(x2+y 82=

44, 8% = £()(1) + /(¥)(1) = £(u) + (v) = Wy = P(u)() +£"(¥)(1) = () + (v}
T = D) + /(=) = wy, = () () + (1) (2) = /() = g"(+) = Wy +w,, =0
' . d
45. £.(x,y,2) = cos t, {,(x,y,2) =sin t, and f,(x,y,z) = t2 +t 2 : g’f{ ?1)tc+ gf] d{ g: gl
= (cos t)(—sin t) + (sin t)(cos t) +(t2 +t —2)(1) = t> +t -2 %: 0=>t2+t—-2=0=t=—2
ort=1; t = -2 = x = cos(~2), y = sin (—2), z = —2 for the point (cos (—2),sin (=2),—2); t =1 = x = cos 1,
y =sin 1, 2 =1 for the point (cos 1,sin 1,1)

46, dw 0w dx+5w dy +0wdz (2xe? cos 3z)(— sin t) +(2x2%2 cos 3z)(t_}_2)+(—3x2e2" sin 32)(1)

“dt T Gx dt " Fy dt T 8z dt
= —2xe?Y cos 3z sin t+2x_et’;%s3z_ 3x%e% sin 3z; at the point on the curvez =0 = t =z = 0
2
4
a o 2P0 _,
t1(1,In2,0)
47. (a) ?9_ 8x — 4y andg =8y - 4x=>dT g’ig’:+%2i{"(8x—4y)(—sin t) + (8y — 4x)(cos t)
2
= (8 cos t — 4 sin t)(—sin t) + (8 sin t — 4 cos t)(cos t) = 4 sin®t — 4 coszt=>%=16 sin t cos t;
Ht'_(’:’“"‘ t—4coszt=0=>sin2t=coszt:sint:costorsint:—cost:t:{-,‘%’ 3T 7Ton
the interval 0 < t < 27
2
4T —16 smzcos4>0=>Thasam1mmum at (x,y) = (\45,4),

dt? |,



(b)

48. (a)

(b)

Section 11.4 The Chain Rule 921

ST) g in3F cos B2 . (_ V22 )
-af‘;f_.l(ism cos 7 < 0 = T has a maximum at (x,y) = L

2
q =165in—-c035—">0=>Tha.saminimumat (x,y):(—i,—ﬁ);

dt 1=51 2 2
ST _igein T cos I (i _ﬁ)

prell 16 sin - cos - <0 = T has a maximum at (x,y) = R

=T

T = 4x? — 4xy + 4y% = gT = 8x — 4y, and 6_’2 = 8y — 4x so the extreme values occur at the four points

found in part (a): T(—i i_) (‘/_ ‘f) () 4(—%)+4(%)=6,themaximumand

22
\/5\/5)_(\/5 \/5)_1 1\, 4(1) = .
T(T’T =1(- 37— ) =4(5) - 4(3) +4(3) = 2 the minimum
%;1; yandaa’yr_xndT ‘?’Ig’:+g’§g—{—y(—2\/§sint)+x(\/§cost)
=(\/§sint)(—2 2sint)+(2\/5cost)(\/§cost):—4sin2t+4c052t=—4sin2t+4(1—sin2t)
=4—88in2t=>(;—2’§=—lﬁsintcostt;%=0:4-8sin2t=0=>sin2t=%=>sint= i-\};:t:%

34" L1 74” on the interval 0 < t < 27;

%}‘- - = —8 sin 2(7745) = —8 => T has a maximum at (x,y) = (2,1);

%i% ¢=3T’l‘= -8 sin 2(-3:—}) =8 = T has a minimum at (x,y) = (-2,1);
idzt_’zf - = 8 sin 2(87) = ~8 = T has a maximum at (x,y) = (~2,-1);
fT;r i = —85in2(7T) =8 = T has a minimum at (x,y) = (2,-1)

T=xy—-2= %,)I(‘— =y and %—3 = x so the extreme values occur at the four points found in part (a):

T(2,1) = T(—~2,-1) = 0, the maximum and T(-2,1) = T(2,-1) = —4, the minimum

dx = Gu dx T Bx dx

49. Gu,x) = j g(t,x) dt where u = f(x) => 4G = 88 du  0G dx _ oy 1yp/(x) 1 I g, (t,%) dt; thus

x2

o2
F(x)=Imdt?F'(x)= (x )+x (2x)+J LTS dt = 2/ + % +J 3 4
)

02 t* 4+ x

x2

1
50. Using the result in Exercise 49, F(x) = J VEFLC dt=— J VEF 2 dt = F(x)
1

x
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1

m(zx)_.[ VE+L dt = J 7%—-idt—2x\/;6—+—xf

' t°+x

X

Lo

11.5 DIRECTIONAL DERIVATIVES, GRADIENT VECTORS, AND TANGENT PLANES
of -
%= -1, &= By = =1= Vi=

—it+j;£(2,1) = ~1 1

V=14
= —1 =y —x is the level curve 2f Yoxm-l
T @n
.

V) *
-1
/]
of 2x 6f 2y
2. == 11 ‘1
ox x2+y ( ) x§+'yz
. 46) 1)=1=> Vf=1+_|;f(l,1)=]n2=>ln2 Y

ln(x +y )=> 2 = x2 + y? is the level curve

wx’oy'-z
9 _ =
3.a—x_—2x: ( 10)_2—_1 ,
= Vg=2i+j; g(~1,0)= -1 S
= —1 =y —x? is the level curve

4 %

4 8 og

=X (VB =VEig=- afor
=>5‘5( 1)=-1= Vg \/—l— ie(vz1)=} \ /<-f=--l
=3 —-y?— or 1 = x2 —y? is the level curve

|
RN
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5. F-Zx-!—i: 9(1,1,1) =3; ‘9"",z>y=>‘9‘°(111)_2,(9 _-4z+1nx=>g§(1,1,1)=_
thus Vf=3i+2j—4k

af _ of _ 1,8t _ af e O 2 a(2 2
6. 5;—‘6"”%:_(1'1'1)—‘7 P gy =6z = 5 (LL1) =65 =62 ~-3(? +y )+x223(—“;_1
= %(1,1,1) = thus vi=-Lli-6+]k
Bf _ x 1 of _ 2. Of _ y 1_ of 23
7. e x 10y = 2600V 1 0, 923
ox (2 +y? +22 3/2 0x 27’ 9y (x2 +y2 422 3/z27Y 7 gy 54
of _ z af
———+ =5 ( -1,2,-2) = ——,thus vi=-28i42 _] k
9z~ (x2+y2+z2)3/2 54 27 54
8 _ oxty Y+l oot VB B ety in~1x = 8 (0,0,1)= V3,
8. i cosz+$== ax(OO )_ 3 +1; By e*TY cos z +sin an(o,O,g)_ i
of _ _ox+ of 1, _(\/§+2) ﬁ.__
5= "ysmz:a(ooﬁ) 2,I:hus Vi= 3 i+%j ly
=%—7ﬁ4‘+3’ L4355 £,00y) = 2y = £(5,5) = 10; f(x,y) = 26— 6y = £,(5,5) = -
= Vi=10i-20j = (Df)p, = Vi-u= 10(3)-20(3)=-4
n=¥= S8 345 y) = x> (L) =4 fxy) =2y > (-1 1) =2
\/ 2+ (—4)?
> Vi=—4i+2=> (Df)p, = Viu=—E-f=—4
1245 _12;. 5 253
11. =_v_= =i+ X, —1+ + = 1,1)=3; X,
Rl iy wdab X +13d5 8x(x:¥) oY/ v | 2:(1,1) = 3; gy(x,y)
_ % 2X\/§ _ ai s _ w—36_5 _31
_—T‘Fm?gy(l,l)——l:? Vg-—31 ]:}(D“g)Po— Vg Il—13 13_T3

=32 (:21) (%)‘/g =hy(1,1) =

=%-—-\7—:(=2—\/— \/—J, h(x,y) = ()+1 \/1_(%),2)

&), B
CEweEy

. . 6
hy(x,y) = >h(L1) =3 = Vh=li+dj= (D), = Vh-u=23w_m

i+6j— 2k .6
13 u= L=t =3i+8i-2K (v 0) =y 42 2 L(L-12) = L f(xy,2) = x+3

;732 +62+(—2)%
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14.

15.

16.

17.

18.

19.

20.

= 4L =3 f0ya) =y+x > §(1,-1,2) =0 Vi=i+3i= (DHp, = vr-u=%+%=a

v i+ji+k 1.,1., 1
NI R B T A T AN ) = = (L L) =% f(xy,2) =4
Vi 1251241 \/5 \/gJ 75 (X, ¥,2) ( ) ; y(xyz) y

> LILLY) =4 Gxy0) = -6z > (1,1,1) =~6 > VI=2i+4j-6k > (Dyf)p = Vf-u
RGN

u :l-:,L': Zitj— 2%k %1+31 - k 8x(%,y,2) = 3¢* cos yz = g.(0,0,0) = 3; 8y(x,y,2) = —32¢" sin yz
;;22+12+( 2)2

= 8,(0,0,0) = 0; g,(x,y,2) = —3ye* sin yz => g,(0,0,0) =0 = Vg=3i=> (D“g)p0 =Vg-u=2

_ i+t 1.9

hy(x,y,2) = —x sin xy + ze¥* = hy(l,O,%) =§; h,(x,y,2) = yeyz+%- = hz(l,O,%) =2= Vh= i~+%j +2k

u=5

]+3k hx(x,y,z)_—ysmxy+ :>h( %):1;

= (Dgh)p, = Vh-u=%+%+%=2

Vi=(2x+y)i+(x+2y)i= Vi-1,1)= -i+j=u =%= Ziti ],fincreases
;;( 1)”+12

I N 1., 1. 1: 1.

most rapidly in the direction u = — i+ —=j and decreases most rapidly in the direction ~u = i——=j;
P ‘\75 \/5] pidly 7 \/2‘31

(Duf)p, = Vi-u=|Vil=y/2 and (D_f)p, =2

Vi=(2xy +ye sin y)i+(x? + xe*¥ sin y + ¥ cos y)j = Vi(1,0) =2 = u= | gfl =j; f increases most

rapidly in the direction u = j and decreases most rapidly in the direction —u = —j; (Duf)P = Vf-u=| Vf|

=2 and (D_“f)P0 =—

1. x - . pe vf i-5—-k
Vi=gi-[S+z)i-yk=> VI4,],])=i-5j~k=>u=YL =
y (y2 ) ! IVfl ;12+(_5)2+( 12

_1
j— k f increases most rapidly in the direction of u = i—- —==k and decreases
7 7 33 3f f

1 . 5 .
3\/"1 \/— \/— ( “f)P ‘u= | | and

most rapidly in the direction —u = —

(D_nf)p0 =-3/3

— oY v 1) = 0549 _ Vg 2i+2j+k =254
Vg =e"i+xe'j+ 2zk = Vg(l,]n 2,2) i+2j+k=>u= |Vg| ——2 T gi 3_1+ k
g increases most rapidly in the direction u = %—i +%j +%k and decreases most rapidly in the direction

—u=-—§i—%j—%k; (Dug)P0= Vg-u=|Vg|=3and (D_“g)PO: -



22.

23.

24.

25.

26.

27.

28.

29.

30.
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) w:(% 1)1+(§+)1,)j+( )k=> VE1L,1L,1) =2+%+2%k>u= 2L =L L;

f increases most rapidly in the direction u = —1—1 ———k and decreases most rapidly in the direction

V3 \f Y
—u=—ﬁi——-\}—§j—ﬁk;(Duﬂpuz Vi-u=|Vil=2y3and (D_f)p = -2v3

vn:( 2x 1)i+( 2 1+1)j+6k=> Vh(1,1,0) = 2i+3j+ 6k > u =L - A +3i+6k
-

x4y - [Vhl™ T 32462
=% 25 + ? j+= 7 k h increases most rapidly in the direction u = %1 + ? B3] + 6 k and decreases most rapidly in the

2:_3

direction —u = —7i—7j—7k; (D“h)P0= Vh-u=|Vh|=7and (D_ h)p0= -7

= X i y i z =3 i+-4 5412,
Vf_<x,2+y2+z2)l+(x2+y2+zz)']+(x2+ 2+z2)k: V1(3,4,12) = 1551+ 1593 *+ 169

_v__ 8i+6—-2k 3. 6. 2 -9 _ —(_9 ~
T T =3i+85-2k= Vi-u=pfppand df=(Vi-u) ds =(gf5)(0.1) ~ 0.0008

2% +2j— 2%

V= (eX cos yz)i—(ze* sin yz)j — (ve* sin yz)k = V£(0,0,0) =iju=pq=
722_'_22_'_(_2)2

v
i+—= k= Vf-u= ddf =(V{-u) ds =—==(0.1) = 0.0577
=/ 75 A= (Vi) ds= (0

Vg=(1+cosz)i+(1—sinz)j+ (—x sin z—y cos z)k => Vg(2,-1,0) =2i+j +k; va;IE‘1 =-2i+2j+2k

v —2i+%+2%

ﬁu:l"l:m = - \/_l+\/—]+\/-k=> Vg- u_Oanddg-(Vg u) ds = (0)(0.2) =0

Vh =[—my sin (mxy) +zz]i—[7rx sin (7xy)]j + 2xzk = Vh(-1,-1,-1) = (7 sin 7 + 1)i+ (r sin 7)j +2k

—i42k;v=PP, =i+j+kwhere P, = (0,0,0) > u= Y =——Hitk L, 1 1

k
M= 2+ V3 V3

= Vh- u—7 3 and dh = ( Vh-u) ds = /3(0.1) ~ 0.1732

S

(a) Vf{=2xi+2yj+2zk = V1(1,1,1) = 2i + 2j + 2k = Tangent plane: 2(x—1)+2(y—1)+2(z—1)=0
>x+y+z=3;
(b) Normal line: x=1+2t, y =1+2t,2=1+2t

(a) Vf=2xi+2yj—2zk = V£(3,5,—4) = 6i+ 10j + 8k = Tangent plane:. 6(x —3) + 10(y —5) +8(z +4) =
= 3x+ by +42 =18; )
(b) Normal line: x =3 +6t, y =5+410t,z = -4+ 8¢

(a) Vf=-2xi+2k=> V£(2,0,2) = —4i+ 2k = Tangent plane: —4(x—2)+2(z—2)=0= —4x+2z+4=0
= —2x+z+2=0;
(b) Normal line: x =2—4t,y=0,2=2+42¢

(a) V= (2x+2y)i+(2x—2y)j+2zk = V{(1,~-1,3) = 4 + 6k = Tangent plane: 4(y+1)+6(z—3)=0
=>2y4+32=T;
(b) Normal line: x =1,y =—-1+4t,z2=3+6t
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31

32.

33.

34.

35.

36.

37.

38.

39.

40.

(a) Vi=(-msin mx— 2xy+ze"’)i+(—-x2 + z)j +(xe** +y)k = V£(0,1,2) = 2i + 2j + k = Tangent plane:
2(x—0)+2(y-1)+1(z-2)=0=>2x+2y+z-4=0;
(b) Normal line: x =2,y =1+2t,2 =241

(a) Vi=(2x~-y)i—(x+2y)j—k = V{(1,1,-1) = i—-3j —k = Tangent plane:
1(x—1)—3(y—1)—1(z+1).—_0 > x-3y~z=-1;
(b) Normal line: x=1+t,y=1-3t,z=-1—t

(a) Vf=1i+j+kfor all points = V£(0,1,0) =i+j+k = Tangent plane: 1x-0)+1(y—-1)+1(z—-0)=0
=>X+y+z—-1=0;
(b) Normal line: x=t,y=1+t,z=t

(a) Vi=(2x-2y—1)i+(2y—2x+3)j—k = V{(2,-3,18) = 9i — 7j —k = Tangent plane:

I(x—2)-T(y+3)—1(z—18) =0 = 9x~-Ty —z = 21;
(b) = Normal line: x =2+9%,y=~3—-Tt,z=18—t

Z =f(x»)') = ln(x2+y2) = fx(xvy) =

2 -2
2 fyz and fy(x,y) = m = £,(1,0) =2 and fy(l,ﬂ) =0 = from

Eq. (9) the tangent plane at (1,0,0) is 2(x —1)—z=0o0r 2x—2z—~2=0

2,.2 2,2 2,2
z =f(x,y) = e_(x ty )= f(x,y) = —2xe'(x 1y )and f,(x,y) = —2ye_(x +y )=> £,(0,0) = 0 and £,(0,0) =0
=> from Eq. (9) the tangent plane at (0,0,1)isz—1=0o0rz=1

2=1(2,y) = F=%X = £5y) ==F (=0 and f,(x,y) =S (y - 0)"V2 > £,(1,2) = -§ and £,(1,2) =1
=> from Eq. (9) the tangent plane at (1,2,1) is —%(x—- l)+%(y—2) —(z-1)=0=>x~-y+22-1=0

2 =1(z,y) = 4’ +y? = {,(x,y) = 8x and f,(x,y) = 2y = £,(1,1) = 8 and £, (1,1) = 2 = from Eq. (9) the
tangent plane at (1,1,5) is 8(x —1)+2(y—1)—(z—5)=0or 8x+2y—z—-5=0

Vif=2xi+2j= Vi(v/2,v2)=2v/2i+2/2j
= Tangent line: 2\/§(x—\/§)+2\/2-(y-—\/§)=0 L w282

= V2x+/2y =4

Vi=2xi—j= Vi(/2,1)=2/2i-j y
= Tangent line: 2¢/2(x—/2)—(y—1)=0
= y=2\/ix—3




41.

42.

43.

44.

45.

46.
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Vi=yi+xj=> VH2,-2) = -2i+2j
= Tangent line: —2(x—2)+2(y+2)=0
>y=x-4

Vi=(2x-y)i+ 2y —x)j = VI{(~1,2) = —4i+5j
=> Tangent line: —4(x+1)+5(y—2)=0
= -4x+5y—~-14=0

Vi=i+2yj+2k = V{(1,1,1) =i+2j+ 2k and Vg =i for all points; v= Vfx Vg

i j k
=v=| 1 2 2 |=2j—2k = Tangent line: x=1,y=142t,z2=1-2¢
1 0 0

Vi=yri+xzj+xyk= VE1,1,1) =i+j+k Vg=2xi+4yj+6zk = Vg(1,1,1) = 2+ 4j + 6k;

i k
=>v=VixVg=| 1 1 1 |=2i—4j+2k = Tangent line: x=1+2t,y=1—4t,z2=1+2¢
2 4 6

Vi=2xi+2+2%k = Vf(l,l,%)=2i+2j+2k and Vg =j for all points; v= Vix Vg

i h] k
>v=| 2 2 2 =-—2i+2k=>Tangentline:x=1—2t,y=1,z=%+2t
0 1 0

Vi=i+2yj+k= Vf(%,l,%)=i+2j+kand Vg = j for all points; v= Vx Vg

2v=| 1 2 1 =-i+k=>Tangent1ine:x:%—t,y:l,z=%+'t

927
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47. V1 =(3x? +6xy® + 4y)i+(6x%y + 3y + 4x)j — 22k = V£(1,1,3) = 13i + 13 — 6k; Vg = 2xi -+ 2yj + 22k

i ] k
= Vg(1,1,3) =2i+2j+6k; v= Vifx Vg=>v=[ 13 13 -6 |=90i—90j => Tangent line:
2 2 6

x=1+4+90t,y=1-90t,z=3

48. Vi=2xi+2yj = VI(v/2,1/2,4)=2/2i+2v/2j; Vg=2xi+2%j~k = Vg(/2,/2,4)

i j k
=242i+2V2-k;v= Vix Vg=>v=| 2¢/2 22 0 [=-24/2i+24/2j = Tangent line:
242 22 -1
=/2-2/2t, y=/2+2/2t,2=4
49. Vi=yi+(x+2y)j = V£(3,2) =2i+7j; a vector orthogonal to Vfis v=Ti—2j = u= % Sl

7 - 2 - 7 . 2 . . . . .
= i—- and —u = — i+ are the directions where the derivative is zero
V53 5 V53 /53’

50.Vf=

(x2+y2)2 ( 2y )2_]=> V1(1,1) =i-j; a vector orthogonal to Vfisv=i+j
Su= Y= i+j =1 + 1 jand —u= —Li—Lj are the directions where the derivative is zero
NMTVIZEE V2 V2 V2 2

51 V= (2x—3y)i+ (=3x +8y)j = V(1,2) = —4i+13j = | V(1,2)|= 1/(—4)% + (13)? = /185 no, the
maximum rate of change is 1/185 < 14

52. VT =2i+(2x—2)j-yk= VT(,-1,1) =-2i+j+k =| VI(1,-1,1)|= 1/(=2)* + 12+ 1% = 1/6; no, the

minimum rate of change is —\/(_i > -3

53. Vi=£(1,2)i+1,(1,2)j and u; = %: %i+:%j = (D D(1,2) = fx(1,2)(715)+fy(1,2)(\—};)

=2vZ = £,(1,2) +1,(1,2) = 4 uy = = = (D, H(1,2) = £,(1,2)(0) +£,(1,2)(-1) = -8 = —£,(1,2) = -3

= £,(1,2) = 3; then f,(1,2) +3 =4 = £,(1,2) = 1; thus V(1,2) =i+3andu=(¥= —i-2

Mo+ (o

. 9. _ __1_ 6 __.1
—ﬁl—%_] = (Dubp, = V=T Fo=— T
. (2) (D Dp=2V3=1Vil=2yBu=% = itik k; th Vi
54. (a) (Dyfp \/_3| | \/_ v m \/— \/-J T thus u = R
= Vi=|Vilu=sVi= 2\/'(%' +-Lj —Tk)=2i+2j—2k
=1i+) 11:—"—=—i_tj—=L = u = 1 1 =
®) v=itisu=g= \/—+7=J=?(Duf)1> Vi ( 2)+2( 2) 2(0) = 21/2



55.

56.

57.

58.

59.

60.
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(a) The unit tangent vector at (%, \ég) in the direction of motion is u = @1 —%

= (sin 2y)i+ (2x cos 2y)j = VT(1 \/_) (sin v/3)i+{cos \/3)j = D, T(% %) VT-u

= —@ sin /3 —% cos /3 x 0.935° C/ft

(b) x(t) = (sin 2t)i+ (cos 2t)j = v(t) = (2 cos 2t)i— (2 sin 2t)j and |v| = 2; 4L = 9T d—X+g"£ ‘(’1{

= VT-v:(VT Ivl)|v|=(D“T)|v|, where u = -¥-; a (1 ‘/_) we have u——\/-él—fj from part (a)

vp
= %—f:(@ sin 3-—%(:05 \/5)2 = /3 sin /3 —cos /3 ~ 1.87° C/sec

V{=2xi+2yj = 2(cos t +t sin t)i+ 2(sin t —t cos t)j and v = (t cos t)i+ (t sin t)j => u =l%|
(t cos t)i+ (¢ sin t)j

B \/(t cos t)2 + (t sin t)?

= 2(cos t + t sin t)(cos t) + 2(sin t —t cos t)(sin t) = 2

= (cos t)i+ (sin t)j since t > 0 = (D“f)p0 = Vf.u

V= 2xi+ 2yj + 2zk = (2 cos t)i+ (2 sin t)j + 2tk and v = (—sin t)i+ (cos t)j+k = u =|—3-‘
_ (—sint)i+(cost)j+k (—sin t)i_'_(cos t

\/(sm t)2 + (cos t)? + 12 V2 75-) Vik = (Duf)P = Vf.u
= (2 cos t) (_7m15£)+ (2 sin t)(c:;it)+ (2t) (;%5) = % = (D,f) (_T") = ﬁ;, (Duf)(0) =0 and
(D“f)( ) 2f

(a) VT = (4x —yz)i— xzj — xyk = VT(8,6,—4) = 56 + 32j — 48k; r(t) = 2t%i + 3tj — t?k => the particle is
at the point P(8,6,—4) when t = 2; v(t) = 4ti+ 3j — 2tk = v(2) = 8i+3j—4k > u=

IVI

\/_ TJ k=:>DT(86 —4)= VT- u—\/—[56 -8+32-3-48-(— 4)]—-‘%2= C/m

4T _ o dx aTdy _ (136 _ 736°C/s
) F=E g+ F = VT v=(VT 0 vz att=2, dt_D“TIt=2v(2)_(78—9-)\/8_§_736 C/sec

If (x,y) is a point on the line, then T(x,y) = (x —xg)i+ (¥ — ¥o)j is a vector parallel to the line = T-N=10
= A(x —Xg) + B(y —¥o) = 0, as claimed.

(2) r-\/fl+\/__|—-(t+3)k=>v—it_1/21+§t'1/2j——k t=1=>x=1,y=1,2=-1= Py=(1,1,-1)
and v(1)=§i+§j~1k;f(x,y,z)=x +y?—2-3=0=> Vi=2xi+2yj—k = V{1,1,-1) = 2i+2j—k;
therefore v = 41( V{) = the curve is normal to the surface

() r=VEi+vEi+ @ -Dk= v=2t7 542474 2kt =1 > x=1,y=1,2=1= Py =(1,1,1) and

v(1) = l+2J+2k f(x,y,2) =x2+y2—z2—1=0= Vf=2xi+2i=k= Vf(1,1,1) =2+ 2j-k;
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therefore v- Vf= %(2) +%(2) +2(—1) = 0 => the curve is tangent to the surface when t = 1

61. The directional derivative is the scalar component. With V{ evaluated at P, the scalar component of V{ in
the direction of uis Vf-u= (Duf)Po.

62. Dif = Vi = (fi+fj+£k)-i=1,; similarly, Df = V{-j=1, and Dyf = V{.k=

63. (2) v (k) = XD, ‘7(“7 + 200, k(g’f()x-i—k(gf) +k(%)k=k(g—fc.+f’f1+F )=ka

Oy
8(f+s) 3(1' +s) L+e) (af Bg) o % of , Og
(b) V(f+g) = i+ 5 k=\gta )it aytay i+\5+3, )k
_of. s Og. of, 0% af.  of Og; %8, Og.\_
ﬁlﬁ'al"’g‘]‘l’g‘]*’yk-}- k= 3—1+6_y"+6zk + 3}1+6y Ek = Vf+ Vg

() V(f—g)= Vf— Vg (Substitute —g for g in part (b) above)

@ v =204 2, 20, (a +g§f) <3fg+§§f)1+(g§g+"5f)k

= (o) (zzf) (% )J+(yf):+(ys>k+("sf)k

dg.  dg. Og of.  of. &
f(ﬁ_'+3y’+azk)+g(6x'+79—]+6 k) fVg+gVI
f f o Og of _ ;08 & g0
n_0@). a(F). 0() 8oy~ 8oy~ fay 5,5
© V(§)=3 i+ 50t 2 S\ e a )k

a 0, of. of. of 0 ol
(gaxl+gay]+ggf ) (5“ g]+fagk) g(axl+ay1+azk) f(a—gl+ay +ng)
g

g g g

gV fVg gVIi—{fVg
e

11.6 LINEARIZATION AND DIFFERENTIALS

L (a) £(0,0) =1, f,(x,y) = 2x = £,(0,0) = 0, f(x,y) = 2y = £,(0,0) =0 => L(x,y) = 1+ 0(x - 0) +0(y - 0) = 1
(b) f(1,1) =3, £,(1,1) =2, £,(1,1) =2 = L(x,y) =3 + 2(x -~ 1) + 2(y — 1) =2x + 2y — 1
2. (a) £(0,0) = 4, f(x,y) = 2(x +y +2) = £,(0,0) =4, f,(x,y) =2(x +y +2) = £,(0,0) =4
= L(x,y) =4+4(x—0)+4(y—0) =4x+4y +4
(b) £(1,2) = 25, £(1,2) = 10, £,(1,2) = 10 = L(x,y) = 25 + 10(x — 1) + 10(y — 2) = 10x + 10y — 5
3. (a) £(0,0) =5, f,(x,y) = 3 for all (x,y), f,(x,y) = —4 for all (x,y) = L(x,y) =5+ 3(x —0) —4(y —0)
=3x—4y+5
(b) £(1,1) = 4, £,(1,1) = 3, f,(1,1) = =4 = L(x,y) = 4 +3(x— 1) —4(y — 1) = 3x — 4y +5
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- (8) £(1,1) = 1, f(x,y) = 3x%y* = £(1,1) = 3, f,(x,y) = 4x%y® = £,(1,1) =4
=2 LXy)=1+3(x-1)+4(y-1)=3x+4y—6
(b) £(0,0) =0, £,(0,0) = 0, £,(0,0) = 0 = L(x,y) =0
. (a) £(0,0) =1, f,(x,y) = e* cos y = £,(0,0) =1, fy(x,y) =—e*siny = fy(0,0) =0
= L(x,y)=14+1(x—-0)+0(y—0)=x+1
(b) f(o,g) =0, fx(o,g) =0, fy(o,g)= -1 = L(x,y) =0+ 0(x—0) ~ 1(y-g) =-y+%

- (2) £(0,0) = 1, £(x,y) = —e® 7% = £,(0,0) = -1, £,(x,y) = 2% "% = £,(0,0) = 2
=>Lx,y)=1-1(x-0)+2(y-0)=—=x+2y+1
(b) £(1,2) = €% £,(1,2) = €%, £,(1,2) = 2¢% = L(x,y) = ¢* — e3(x — 1) + 2¢%(y - 2)
= —e®x + 2e3y — 2¢%
- 1(2,1) =3, f,(x,y) =2x -3y = £,(2,1) = L, {,(x,y) = —3x = £,(2,1) = -6

= L(x,y) =3+ 1(x—-2) -6(y-1)= 7+x—6y; fxx(x!y) =2, fyy(xly) =0, fxy(xvy)
=3 = M=3; thus |E(x,y) | < () @) (x—21+[y - 1| <(3)@1+01?=0.06

Cf(22) =1L f(xy) =x+y+3 2 22 =7, ,(xy) =x+§-3 > £,(2,2) =0
= Lxy) = 11+ 7(x—2) +0(y - 2) = Tx = 3; f(x,¥) =1, £y (xy) =4, () = 1

= M = 1; thus lE(x,y)|_<_(%)(1)(|x—2|+|y—2|)2;{(%)(0.1+0.1)2 =0.02

. 1(0,0) =1, f(x,y) = cos y = £,(0,0) = 1, f(x,y) = 1 —x sin y = £,(0,0) = 1
=2 Lxy) =1+1(x-0)+1(y-0) =x+y+1; f,,(x,¥) =0, fyy(x,y) =-xcosy, f (x,y)=—siny=>M=1
thus | E(x,y)| < (%)(1)(“( 1y )P < (%) (0.2 +0.2)% = 0.08

. £(1,2) =6, f,(x,y) = y? —y sin(x — 1) = £,(1,2) = 4, £y(x,y) = 2xy +cos(x ~1) = £,(1,2) =5
= L(x,y) =6 +4(x— 1) +5(y — 2) = 4x + 5y — 8; . (x,y) = —y cos(x — 1), fy(x,y) = 2x,
fiy(x,¥) =2y —sin(x—1); |x-1]<0.1 = 0.9 <x < L.1and |y —2{< 0.1 = 1.9 <y < 2.1; thus the max of
|fxx(x,y) |on R is 2.1, the max oflfyy(x, ) | on R is 2.2, and the max of|fxy(x,y) | on R is 2(2.1) —sin (0.9 — 1)

< 4.3 = M = 4.3; thus |E(x,y)| < (%)(4.3)(lx —1l+]y - 2|)® £ (2.15)(0.1 +0.1)% = 0.086

- 1(0,0) = 1, f,(x,y) = €* cos y => £,(0,0) =1, f(x,y) = ~e* sin y = £,(0,0) =0
= L(x,y) =1+1(x—0)+0(y — 0) = 1 +x; f,,(x,y) = e* cos y, fyy(x, y) = —e*cosy, fxy(x, y) = —e* sin y;
(x1<0.1 = —0.1 <x<0.1and|y|<0.1 = 0.1 <y < 0.1; thus the max of |f,,(x,y)|on R is €% cos (0.1)
< 1.11, the max of|fyy(x,y)| on R is ¢! cos (0.1) < 1.11, and the max of|fxy(x, y) I on R is e®! sin (0.1)
<0.002 = M = 1.11; thus | E(x,y)| < (%)(1.11)(lx|+|y|)2 < (0.555)(0.1 +0.1)2 = 0.0222
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12,

13.

14,

15.

16.

17.

18.

19.

£(1,1) =0, f(xy) =L > (L) =1, {,(xy) =§ > ,(1,1) =1 = L(x,y) = 0+ L(x— 1) + 1(y - 1)
=x+y-2; fxx(x,y)=-l2,fyy(;gy):—#,fxy(x,y)=0;lx—1|50.2=>0.98_<_x51.2sothe max of

£y (x,y)|oans < 1.04 |y—1|<02=>098<y<12sothemaxof| (x,y)lonRis

(0. 98)2
a 98)2 < 1.04 = M = 1.04; thus |[E(x,y) | < (E)(1,04)(|x —11+|y - 1])* € (0.52)(0.2 + 0.2)? = 0.0832
A =xy = dA =xdy+y dx; if x > y then a l-unit change in y gives a greater change in dA than a l-unit
change in x. Thus, pay more attention to y which is the smaller of the two dimensions.
(a) f(x,¥) =2x(y +1) = £,(1,0) =2 and { (x,y) = x% = £,(1,0) =1 = df = 2 dx + 1 dy = df is more
sensitive to changes in x

= = dx 1= dx _ _1
(b) df_O¢2dx+dy_0:2dy+1—0=>dy— 3
Ty(x,y) = ¢’ +e7¥ and Ty(x,y) = x(e¥—e¥) = dT = T (x,y) dx + Ty(x, y) dy
=(e’ +e¥)dx +x(e¥ —e™¥)dy = dT |(2,1n 2)=2.5 dx +3.0 dy. If|dx| < 0.1 and |dy| < 0.02, then the
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude.

2
V,=2mhand Vy =7’ = dV =V, dr+V, dh > &Y S 2rthdrpmr dh 24, 1

d
+h hdh now’ ’ 100*<1a.nd

|db.100|<1 =>|d7V-100[g|(2 dr—f)(100)+(%)(100)|52]%-1oo|+]‘}l—h-100|52(1)+1=3 = 3%

V. =2nrh and V} = = dV = V,dr+Vy dh = dV = 2zrh dr + 7?2 dh = dV '(5,12) = 1207 dr + 257 dh;

ldr|< 0.1 cm and |dh|< 0.1 em = dV < (1207)(0.1) 4 (257)(0.1) = 14.57 cm?; V(5,12) = 3007 cm®

= maximum percentage error is =+ %%05: x 100 = +4.83%

V,=2nrh and Vy, = m? = dV = V,dr+Vy dh = dV = 27rh dr + wr? dh; assuming dr = dh

= dV = 2nrh dr + 712 dr = (2th + 7r2) dr; dV < 0.1 m® when r = 2 m and h = 3 m = [27(2)(3) + 7(2)?] dr
<0l=>dr< -1% 2 0.001 m (rounded down). Thus, the absolute value of the error in measuring r and h
should be less than or equal to 0.002 m.

df =f (x,y) dx + fy(x,y) dy = 3x%y? dx + 4x%y3 dy = dfl(l,l) = 3 dx + 4 dy; for a square, dx = dy
:>df=7dxsothat|df|§0.1$7|dx|50.1=‘>|dx|50.'7—1~0.014:forthesquare,lx—llSO.OMand
ly—1]<0.014

2
@ k=F -Pi—z=>——dR_——ﬁ7dR1———dR.2=>dR (R) dR, + (&2) dR,
() dR=R2[( )de+( )dRz]:de(mo 400)—R[(100)2dR1+de,]=>anllbemore

sensitive to a variation in R, since W (400)2
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2 2
21. From Exercise 20, dR = (%) dR, + (i) dR, so that R, changing from 20 to 20.1 ohms = dR, = 0.1 ohm
1 R,

1 100

and R, changing from 25 to 24.9 ohms => dR, = —0.1 ohms, R= R—+1%- =R= ohms

(100) (100)
= dRI(20 ) = o) 0.1) + 5)? (—0.1) 2 0.011 ohms => percentage change is —‘(20 25) % 100

=0.011 , 140 ~ 0.1%

)

2. (2) P =x"+y? > 2rdr=2xdx+2y dy > dr=F dx+ dy = dlgg ) = ()2 0.00+(§) 2000

( Lz) ®)

= 2007 w0014 [ 4x 10| =| £ 2100 = 028%,d9— dx+ dy
(y) +1

—4 _ :F 0 04, +0.03
_T_'_—x—dx — dy = o, 4 = (5 )(:I:OOI)+(25)(:I:001) +£508
= maximum change in df occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice

_ 007 9= tan=1 ) _|_£0.0028

versa) = df = 20T~ +0.0028; 6 = tan™" (§) » 0.927265218 = | x 100 | = |0 o008 100[
~0.30%

(b) the radius r is more sensitive to changes in y, and the angle ¢ is more sensitive to changes in x_

2. (a) {(1LL) =3, f(LLY) =y +3fy 1) =2 (L L) =x+a)y ;1) =2 GLLY) =y +x|q 1 ;) =2
= L(x%,y,z)=3+2(x—-1)+2(y—-1)+2(z~-1) =2x+2y +22~3
(b) £(1,0,0) = 0, £(1,0,0) = 0, £,(1,0,0) = 1, £,(1,0,0) = 1 = L(x,,2) = 0+ 0(x — 1) + (y = 0) + ( — 0)
=y+z
(c) £(0,0,0) =0, £,(0,0,0) =0, fy(0,0,0) =0, £,(0,0,0) =0 = L(x,y,z) =0

24. (a) 1(1,1,1) = 3, £(1,1,1) = 2x[(m,1) =2,f,(1,1,1) =2y |(1.1.1) =2, 1,(1,1,1) = 22 |(1.1.1) =2
= L(x,y,2) =3+2(x-1)+2(y-1)+2(z-1)=2x+2y +22-3
(b) £(0,1,0) = 1, £,(0,1,0) = 0, £,(0,1,0) = 2, £,(0,1,0) = 0 = L(x,y,2) = 1+ 0(x — 0) + 2(y — 1) + 0(z - 0)
=2y-1
(c) £(1,0,0) =1, £,(1,0,0) =2, f,(1,0,0) = 0, £,(1,0,0) =0 => L(x,y,2) = 1+ 2(x ~ 1) + 0(y — 0) + 0(z - 0)
=2x-1

=0,

25. ,0) =1, £,(1,0,0) = ——X =1,1,(1,0,0) = Y
OO O S T o VR

£.(1,0,0) = —==tees =0=Lxy,z)=1+1(x=1)4+0(y—0)+0(z—0) =
z( ) m}(loo) (x,Y,2) (x ) (y ) (2 ) =x

(b) £(1,1,0) = v/2, £,(1,1,0) = f £,(1,1,0) = f £,(1,1,0) =0

= Lox—1) 4o (y— 2—0)=-L_x+-L
:>L(x7y»2)—\/5+—\/—-§(x D5l =1)+0e-0) = —zx+ -y
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(© 11,2,2) =3 1,22 =} 1,229 =4 51,22 =5 Lxy2) =3+3x- D) +] (-2 +2(-2)

26. (a) f(g,l, )_1 f (7’1 1) ycosxyl(_11 =0,f (2’ ) xcosxy -0,

1)
f (2,1 1) —Slz!;Xy = -1 = L(x,y,2) =1+o(x—g)+o(y_1)_1(z_1) =2-3

(F1)
(b) £(2,0,1) =0, £,(2,0,1) = 0, £,(2,0,1) =2, £,(2,0,1) = 0 = L(x,y,2) =0+ 0(x —2) + 2(y = 0) +0(z — 1) = 2y
27. (a) £(0,0,0) =2, £,(0,0,0) = e*|(5,0,0) = 1, £,(0,0,0) = —sin (y +2) l(o,o,o) =0,
1,(0,0,0) = —s'u1(y+z)|(0 0,0)= 0= L(x,y,z2) =2+ 1(x-0)+0(y —0)+0(z—0) =2 +x
(b) f(o,g,o)z 1, fx(o,g,o)_l £ (o z 0)— -1, fz(o,£,0)= -1 = L(x,y,2)
=14+1(x— 0)—1( —%)—1(2—0)-—1( y—z+ +1

(©) f(o,§,§)=1,f( %%) ( %%):-1 f(o 4,4)——1 = L(x,y,2)

=1+1(x—o)~1(y~§)—1(z-§)=x-y—z+7+1

28. (a) £(1,0,0) =0, £,(1,0,0) = ———7— =0, fy(1,o,o)=L2‘ =0,
¥2)"+1(1,0,0) ()" + 1 0,0)
£,(1,0,0) = —=%— =0=L(x,y,5) =0
®y2)"+ 1 o,)

(b) £(1,1,0) =0, f,(1,1,0) =0, fy(l,l,O) & 0 f,(1,1,0) = 1 = L(x,y,2) =04+0(x-1)+0(y—-1)+1(z-0) =z
(¢) £(1,1,1) :%, £(1,1,1) =%, f,(1,1,1) _— £,(1,1,1) = => L(x,y,z) = 4 2(x— 1)+2(y-— 1)+7(z—1)
-1 1 3
x+2y+ Z+Z—§
29. f(x,y,2) = xz — 3yz + 2 at Py(1,1,2) = £(1,1,2) = ~2; f, = 2, f, = =3z, f, = x - 8y = L(x,y,2)
=-2+42(x—1)—6(y—1)~2(2—2) = 2x— 6y — 25+ 6; fy, =0, £, =0, £, =0, £, =0, f,, =~
= M = 3; thus, |E(x,y,2)| < (7)(3)(0.01 40.01 +0.02)2 = 0.0024
30. f(x,y,z) = x? +xy+yz+%z2 at Po(1,1,2) = £(1,1,2) = §; fy = 2x +y, fy =x+z,{, = y+%z

= L(x,y,2) =5+3(x—1)+3(y-1)+2(z—2) =3x+3y + 22 - 5; £, =2, f,, =0, f

1
! zz_'ﬁvfxy=1' fxz‘_‘o’

f,, =1= M=2; thus |[E(x,y,2)| < (%)(2)(0.01 +0.01+0.08)2 = 0.01

31. f(x,y,2) = xy + 2yz — 3xz at Py(1,1,0) = £(1,1,0) = I f, =y — 3z, f, =x+ 22, f, = 2y — 3x
> Lxy,2)=14+x-1)+@F-D)-(-0=x+y-z-1;f,=0,1,=0,1,=0,1 1, £, =-3,

s Ixx vy =

f,, =2 = M=3; thus |E(x,y,2)| < (%)(3)(0.01 +0.01 +0.01) = 0.00135



32.

33.

34.

35.

36.

37.

38.
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£(x,¥,2) = /2 cos x sin (y +z) at Po(x,y,%) = f(0,0,%) =1; f, = —/2 sin x sin (y + ),

f,= \/5 cos x cos(y +32), f, = \/5 cos x cos (y +2z) = L(x,y,2) =1 -0(x~0) + (y - 0) +(z —%)
=y+z—%+ L; fu = —V/2 cos x sin (y +2), f,, = —/2 cos x sin (y +z), f,, = —/2 cos x sin (y + z),

foy = —V/2 sin x cos (y +2), f,, = —1/2 sin x cos (y +2), f,,, = —1/2 cos x sin (y +32). The absolute value of
each of these second partial derivatives is bounded above by v/2 = M = 1/2; thus |E(x,y,2)|

<(1}(+/2)(0.01 +0.01 + 0.01)% = 0.000636.
2

1 3 4 4
_ _ px 3px’
(a) dS=8,dp+S,dx+S, dw+S, dh_C(—x113 dp+—=dx -5 w————-—dh)

4
PN Lo Law By (L s g 1 3
_C(m)(ﬁdp+idx—wdw—Edh)—So(mdp+x—odx—w—odw—h—odh)

= So(7hg dp+dx =5 dw—30 dh)), where p, = 100 N/m, xo =4 m, wo=0.2m, hy = 0.1 m

(b) More sensitive to a change in height

(a) V=mr?h = dV =2#rh dr + 7r? dh = at r = 1 and h = 5 we have dV = 107 dr + 7 dh => the volume is
about 10 times more sensitive to a change in r

(b) dV =0 => 0 = 27rh dr + 12 dh = 2h dr +r dh = 10 dr + dh =>dr=—11—0dh; choose dh = 1.5
=> dr = —0.15 = h = 6.5 in. and r = 0.85 in. is one solution for AV &~ dV =0

a b
f(a,b,c,d) = d =ad—-bc=>f, =d, fy = —c, f . =—-b,fy=a = df =d da—c db—b dc +a dd; since
c

|a|is much greater than |bl, [ci, and |d|, the function f is most sensitive to a change in d.

dp _bcda+acdb+abdc
P~ abc

db - d = dp
€b.100|= 2, and |4¢-100] = 2 = | $2-100]

p(a,b,c) = abc = p, = bc, p, = ac, p, = ab = dp = bc da + ac db+ab dc =

=daydbyde Now|d2.100]=2,

=|42-100+ 42100+ 92 100| <[42- 100] + |42 100 |+[4¢ - 100[ = 2+ 2+ 2 = 6 or 6%

V=lwh = V;=wh, V,, =lh, Vy =1w = dV = wh dl +lh dw + 1w dh = dV |5 5 » =6 dl + 10 dw + 15 db;

i =L i 1 1. _1 (Ll 1 1\_47 o3
dl_lm._uft,dw_lm._12ft,dh_21n._24ﬁ.:»dv.-6(12)+10(ﬁ)+15(ﬂ)_-ﬂ&

A=%ab sin C = An=%b sin C, Ab=%asin C, Ac=%ab cos C
= dA =(%b sin c) da+(}asin c) db+(%ab cos c) dC; dC =2°| =10.0349| radians, da =10.5| ft,
db ={0.5|ft; at a = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately

dA = 1(200)(sin 60°) [0.5]+ 2 (150)(sin 60") [0.5]+ 3 (200)(150)(cos 60°) [0.0349 | = =+ 338 ft?
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39. u, =¢, uyzxey+sin z,u,=ycosz =>du=¢e¥ dx+(xey+sin z)dy+(y cos z) dz

= dul(2 n3 1) =3 dx+7dy+0dz =3 dx+7 dy = magnitude of the maximum possible error

/In3,3
<3(0.2) +7(0.6) =
_1(2KMY M2 oM _1(2KMY %2 _1(2KMY Y2 —9kM

0. Q= 5(ZM) T (BE), au=3(BY) T (F), and au=3(%Y) X
_1(2KM\ Y2 /aM 1(2KMY /2 (2K 1/2KM\ V2 ( —2kM
= dq = §(ZM)T (B )ax + 5(HM) () am+ 3(2M) dh

_1/2KM\ V?[2m 2K 9KM
= J(2M) [h aK + 2K am - M an| > a0,
1/2

_j[egenT [(2)(20) ax+ 22 gy QD0

0.012 dK dM —
(0.05)? ] (0.0125)(800 dK + 80 32,000 dh)

= Q is most sensitive to changes in h
41, z = f(x,y) = g(xv}'7z) = f(xa)') —-z2=0= gx(xv}'!z) = fx(x1Y)y gy(x1Y)z) = fy(X,y) and gz(xv)')z) =
= 8,(X0r Yo T(%0s70)) = £x(%0: ¥0)s By(Xo, Yos E(X, ¥0)) = fy(X0,¥o) and g,(xg, Y0, f(gy ¥g)) = ~1 => the tangent

plane at the point Py is f,(Xg,¥o)(X — Xg) + £, (X0, ¥o)(¥ = ¥o) — [z — (X, ¥o)] = 0 or
2 = £, (X0, Yo)(x — Xo) + 1, (X0, Yo) (¥ — Yo} + (X5, ¥0)

11.7 EXTREME VALUES AND SADDLE POINTS

1. f(x,y) =2x+y+3=0and f(x,y) =x+2y —3=0=x=-3 and y = 3 = critical point is (-3,3);
fex(—3,3) = 2, £,,(-3,3) =2, £,,(-3,8) = 1 => £ f, — 2. =3 >0 and f, > 0 = local minimum of

Xy
(—3,3) = —

2. f(x,y)=2y—10x+4=0 and {, (x,y) =2x—-4y+4=0=>x= 3 2 and y=3 4 o critical point is (%,%).
fxx(%,%) = -10, f (3‘ 3) —4, fxy(§,3) 2= fxxfyy fxy =36 > 0 and f,, < 0 = local maximum of
G-

3. f(x,y) =2x+y+3=0and fy(x,y) =x+2=0=x=-2and y =1 = critical point is (—2,1);

fo(=2,1) =2, £,(=2,1) = 0, £ (-2,1) =1 = £, f, —f2 = —1 < 0 = saddle point

g=]

4. f,(x,y) =56y —14x+3 =0 and f (x,y) =5x-6=0=>x = Q and y = gg = critical point is (‘5—5,9—);

6 69 69 2 _ .
t(882) = -14, 1, (8.82) =0, £y ($82) =5 = fifyy — 3, = =25 < 0 = saddle point

oY

5. fx(x,y)=6x+6y—2=0a.ndf(x,y)=6x+14y+4=0=>x=—g dy=—%:>critical point is (%,—%);

1
13 _3 3_3 3_3 .
T (B -3) =6, £, (3, -2) = 14, 1, (B~ 3) =6 = £y, — 12, = 48 > 0 and £, > 0 = local minimum of



10.

11

12.

13.
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B-3)--%

. f(x,y) =4x+3y -5 =0 and fy(x,y) =3x+8y+2=0=>x=2andy=-1= critical point is (2,—1);

fou(2-1) = 4, £,y

f(2,-1) = —

(2,-1) =8, f,,(2,~1) = 3 => f, £, —f2 =23>0 and f,, > 0 = local minimum of

. f(x,y)=2x—-2=0and f (x,y) —2y+4=0=>x=1and y =2 = critical point is (1,2); f,.(1,2) =2,

fyy(1,2) = -2, xy(1 2)=0= 1, f —f2 = —4 < 0 = saddle point

XX Yy Xy
f (x,y) =2x—2y—2 =0 and {, (x,y) =-2x+4y+2=0=x=1and y = 0 = critical point is (1,0);
fu(1,0) = 2, £,,(1,0) =4, £,,(1,0) = -2 = £, f,, — 15, =4 >0 and f,, > 0 = local minimum of
£(1,0) = 0

. f(xy) =2-4x-2y =0and f, (x,y)=2-2x—2y=0=x=0and y =1 = critical point is (0,1);

fx(0,1) = =4, £,,(0,1) = =2, £,,(0,1) = =2 = f,, —f2

y Iy wdyy —fy = 4>0and £, <0 = local maximum of f(0,1) =4

f(x,y) = 3x2—2y =0 and f,(x,y) = —3y?—2%x=0=>x=0andy=0,0rx= —% and y = % = critical points
are (0,0) and (~§,-) for (0,0): £(0,0) = x| ) =0, ,(0,0) = ~6y | =0,5,(0,0) =~

= fodyy — 2, = —4 < 0 = saddle point; for (-3.2): £,(-33)=-4%, (—§§) =-4,1,(-32)=-2

170

= £,y — 2, = 12> 0 and f,,, < 0 = local maximum of f(~2,2)= 4

f.(x,y) = 3x2+3y =0 and fy(x,y) =3x+3y2=0=>x=0and y =0, or x=—1 and y = —1 = critical points

are (0,0) and (—1,—1); for (0,0): £,(0,0) =6x =0, f,(0,0) = 6y =0,1,,(0,0) =3 = ff,,—f
(0,0) vy ©, y fyy —fy
= —9 < 0 = saddle point; for (—1,—1): f,,(-1,~1) =—86, f

=27 >0 and f,, < 0 = local maximum of f(-1,—1) =1

(- 1—1)__—6,fxy( ~1,-1) =3 = ff

'Yy xxyy XY

f (x,y) = 12x — 6x% + 6y = 0 and fy(x,y) =6y+6x=0=>x=0andy=0,0rx=1and y=—1=> critical

points are (0,0) and (1,-1); for (0,0): f,,(0,0) = 12— 12x|(0 0= 12, £,,(0,0) = 6, fy(0,0) = 6 = f,.f,

xx'yy = xy
=36 >0 and f,, >0 = local minimum of £(0,0) = 0; for (1,-1): f,,(1,-1)=0,f

’ yy(
£ (1,~1) =6 = fxxfyy~f,2(y = —36 < 0 => saddle point

1,-1) =6,

f(x,y =27x* —4y = 0 and f,(x,y =y2-—4x=0=>x=03ndy=0,orx=4-a,ndy:g:criticalpointsare
y 9 3

(0,0) and (9,3) for (0,0): £,(0,0) =54x| ) o =0, £,,(0,0) = 2y|(0,0) =0, £,,(0,0) = —4 = ff, — 2,

= 16 < 0 = saddle point; for (,3): fxx(g,g) 24,1, (33)=% o (33) =1 = fufyy — 3y =48>0

and f,, > 0 = local minimum of f(4 4)

93 81



938 Chapter 11 Multivariable Functions and Their Derivatives

14.

15.

16.

17.

18.

19.

20.

f (x,y) = 3x2+6x=0=>x=0o0rx=-2; fy(x,y) =3y —6y=0=y=0o0r y = 2 = the critical points are
(0,0), (0,2), (—2,0), and (—2,2); for (0,0): f,,(0,0) = 6x+6|(0.0) =6, £,,(0,0) = 6y —6](0,0) = —6,
£y (0,0) =0 = f . f —f,z(y = —36 < 0 = saddle point; for (0,2): f_(0,2) =6, fyy(0,2) = 6, £,,(0,2) = 0
fuy —f?(y =36 >0 and f;, > 0 = local minimum of £(0,2) = ~12; for (-2,0): f,,(—2,0) = -6,
fy(=2,0) = -6, £, (~2,0) =0 = fexfyy —fiy =36 >0 and f,, <0 = local maximum of f(—2,0) = —4;

for (-2,2): f£4,(~2,2) = -6, f,,(-2,2) =6, fy(=2,2)=0=> 1 f —fﬁy = —36 < 0 = saddle point

» Ty

= f

f(x,y) = 4y — 4x3 =0 and fy(x,y) =4x—4y*=0=> X=y=> x(l —x2)= 0=x=0,1, —1 = the critical

points are (0,0), (1,1), and (~1,~1); for (0,0): £,,(0,0) = —12x?| 0.0 =0 fry(0,0) = —12y2 |(0 0= 0,

£(0,0) =4 = £ f . —fiy = —16 < 0 = saddle point; for (1,1): f,(1,1)=-12, fy(1,1) = -12, , (1,1) = 4
= feulyy —f?(y =128 >0 and f,, <0 = local maximum of f(1,1) = 2; for (—1,-1): f(-1,-1) =12,
fy(-1,-1) = -12,f, (-1,-1) =4 = fexfyy -—f?‘y =128 > 0 and f,, < 0 = local maximum of f(—1,—1) =2

£ (x,y) =4x%+4y =0 and £,(x,¥) =4y fdx =0 x=—-y=> B +x=0=x(1-x?)=0= x=0,1, -1
=> the critical points are (0,0), (1,—1), and (—1,1); f,(x,y) = 12x?, fp(xy) = 12y2, and fey(xy) =4

for (0,0): £,,(0,0) =0, f,,(0,0) =0, fy(0,0) =4 = faxfyy —fiy = —16 < 0 => saddle point; for (1,-1):
(1, —1) =12, £, (1,~1) = 12, £,,(1,~1) = 4 = f, £, —f2 =128 >0 and f,, > 0 = local minimum of
£(1,-1) = =23 for (=1,1): f(=1,1) =12, £, (~1,1) =12, o (~1,1) =4 = £, f, ~ 2, = 128 > 0 and
fyx > 0 => local minimum of f(-1,1) = -2

f(x,y) = _—2"2 =0 and f (x,y) = ___—_2yﬁ =0 =x=0and y =0 = the critical point is (0,0);
(x+y?-1) (P+y2-1) :
_ 4x?-2y% 42 _ —2x2 44y 42 6xy

= = Ay = i Tex(0,0) = =2, £, (0,0) = —2, £, (0,0) =0
Ty -1 Y (2421 Y (Ray?o1) i A
= £ by, — 12, = 4> 0 and f,, < 0 = local maximum of £(0,0) = —1

f(x,y) = -—é%—y =0and f (x,y) =x —}% =0=x=1and y = 1 = the critical point is (1,1);

f,

o= B by = % fy = L (L1 =2, £ (L,1) =2, £, (1,1) =1 = £, 8, 2 =3 > 0 and £, > 2 = local

minimum of f(1,1) =3

f (x,y) =y cos x =0 and f,(x,y) =sin x =0 = x = nm, n an integer, and y = 0 => the critical points are
(nm,0), n an integer (Note: cos x and sin x cannot both be 0 for the same x, so sin x must be 0 and y = 0);
f = -y sin x, fyy =0, f,, = cos x; f (07, 0) =0, fyy(mr,o) =0, fxy(mr,O) =1if n is even and fxy(mr,()) =-1

PR 2 _ it =
ifnis odd = f . f . —f;, = —1 <0 => saddle point; f(n7,0) = 0 for every n

£,(x,y) = 2¢?* cos y = 0 and f,(x,y) = —e?* sin y = 0 = no solution since ¢2* % 0 for any x and the functions
X Yy

cos y and sin y cannot equal 0 for the same y = no critical points = no extrema and no saddle points
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On OA, f(x,y) =f(0,y) =y’ —4y+1on 0 <y <2
f0,y)=2y-4=0=>y=2

£(0,0) = 1 and £(0,2) = -3

On AB, f(x,y) = (x,2) = 2x?—4x-3on0<x<;
fi(x,2) =4x-4=0=>x=1

£(0,2) = —3 and £(1,2) = -5

On OB, f(x,y) = f(x,2x) = 6x>~12x+1on 0 <x < 1;
endpoint values have been found above; f'(x,2x)
=12x—12=0=x=1and y = 2, but (1,2) is not
an interior point of OB

For interior points of the triangular region,

f(x,y)=4x—-4=0and f(x,y) =2y —4=0

= x =1 and y = 2, but (1,2) is not an interior point of the region. Therefore, the absolute maximum is
1 at (0,0) and the absolute minimum is —5 at (1,2).

On OA, f(x,y) =f(0,y) =y on 0 <y <2 f(0,y) =2y =0
= y =0 and x = 0; £(0,0) = 0 and £(0,2) =4

On OB, f(x,y) = f(x,0) =x2on 0 <x < 1; '(x,0) =2x = 0
= x=0and y =0; £(0,0) =0 and f(1,0) =1

On AB, f(x,y) = f(x,-2x 4+ 2) =5x* —8x+4 on 0 < x
P(x,-2x+2) = 0x-8=0=>x=¢andy=};£(}2
=4 and £(0,2) = 4

For interior points of the triangular region, f (x,y) = 2x =0 and fy(x, y)=2y=0

= x =0 and y = 0, but (0,0) is not an interior point of the region. Therefore the absolute
maximum is 4 at (0,2) and the absolute minimum is 0 at (0,0).

<y
)

On OC, T(x,y) = T(x,0) = x2—6x+20n0<x<5;
T'(x,0) =2x—6 =0 = x =3 and y = 0; T(3,0) = -7,
T(0,0) = 2, and T(5,0) = -3 y

On CB, T(x,y) = T(5,y) = y? +5y -3 on =3 <y <
T'(5,y) =2y +5=0=>y= —%andx=5; T(5,—g—)
=—31 and T(5,-3) = -9
On AB, T(x,y) = T(x,-3) =x—9x+ 11 on 0 < x < 5;
T(x,-3) =2x—9=0=>x=Jandy=-3; T(%,—:})
= —3T and T(0,-3) = 11

On AO, T(x,y) =T(0,y) =y’ +20n -3 <y <0
T/(0,y) =2y =0 = y =0 and x = 0, but (0,0) is not
an interior point of AQ

For interior points of the rectangular region, T, (x,y) =2x+y—6=10and T (x,y) =x+2y =0=>x=4
and y = —2, an interior critical point with T(4,—2) = —10. Therefore the absolute maximum is 11 at
(0,—3) and the absolute minimum is —10 at (4,-2).





